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PREFACE 


This book is intended to serve both as a text and as a reference book. 
The portions intended for classroom use have been written for courses in 
crystallography, particularly the courses offered to students of metallurgy. 
It is primarily intended for graduate courses, but a number of chapters 
are at a level appropriate for advanced undergraduate courses in applied 
x-rays, crystallography, and physical metallurgy (Chaps. I to IV, IX to 
XI, XIII). In an effort to make the book more readable, certain 
advanced topics on x-ray diffraction and various tables of data have been 
placed in appendixes, and laboratory manipulations that would not 
interest the general reader have been printed in smaller type. 

The first four chapters of this book explain the fundamentals of 
crystal lattices and projections, and the general principles of the diffrac- 
tion of x-rays from iprystals. Chapters V to VII cover the technique 
of x-ray diffraction, presenting the operating details of the methods 
that are in common use. Several chapter’s ai’C included on the applica- 
tions of x-ray diffraction in the field of physical metallurgy, covering 
techniques for determining constitution diagrams, identifying unknown 
materials, determining crystal structures, determining the orientation of 
single crystals, detecting and analyzing preferred orientations, and 
measuring stresses. 

One chapter is devoted to electron diffraction, its metallurgical 
uses, and the precautions to be observed in interpreting electron diffrac- 
tion data. The electron microscope receives only a brief mention because 
at the time the manuscript was written the metallographic technique 
for this instmment was still being rapidly developed and, except for 
particle-size determinations, the instrument had not yet achieved the 
status of a widely accepted tool in metallographic or crystallographic 
research. 

The last half of the book is devoted to the results of research and 
contains extensive reviews of fields that are of current interest. In 
assembling these summaries, an effort has been made to include an ade- 
quate number of references to the literature, to cover thoroughly the 
subjects that have not been extensively reviewed in readily available 
publications, and to maintain a critical but unbiased attitude toward 
the data and conclusions that are reviewed. The subjects treated include 
the following; principles governing the crystal structure of metals and 
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alloy's; supcrlattices and theii’ effect on properties; imperfections in 
crystals; the structure of liquid metals; the processes of slip, twinning, 
and fracture and modem theories of these processes, including the cur- 
rent “dislocation theory”; the effects of cold work and annealing on the 
stmeture of metals, including the effects on diffraction patterns of static 
and fatigue stressing, rolling, grinding, and polishing; the results of x-ray 
studies of internal stresses; preferred orientations resulting from cold 
work, hot work, recrystallization, freezing, elcctrodepasition, evapora- 
tion, and sputtering; directionality in commercial products and in 
single crystals and its relation to crystal orientation. 

The author is indebted to many colleagues and graduate students 
who have a.ssLsted directly and indirectly in the preparation of this book. 
He particularly wishes to thank Dr. R. F. Mehl, head of the Department 
of Metallurgy and director of the Metals Research Laboratory at Carnegie 
Institute of Technology, who guided the organization of the courses out 
of which the book evolved, encouraged publication of the material, and 
offered valuable criticisms of the manuscript. 

The author is also grateful for original prints furnished by a number 
of investigators and manufacturers. These are acknowledged indi- 
vidually in the text. Permission has been given to^ reproduce numerous 
illustration!# and extracts from books and journals, for which the writer 
wishes to ekpress his appreciation to the authors and publishers. Figure 
15/1 is from W. L, Bragg, “The Crystalline State,” by permission of 
The Macmillan Company; Fig. 20/1 is from R. W. James, “X-Ray 
Crystallography,” by permission of E. P. Dutton & Company; Figs. 4/XT 
and 5/XI are from W. Hume-Rothery, “Stmeture of Metals,” by per- 
mission of The Institute of Metals; Figs. 6/V, O/V, 7/V, and 14/VlI 
sire from R. W. G. Wj'koff, “The Structure of Crystals,” by permission 
of Reinhold Publishing Corporation; Figs. 9/I1I, 16/XI, and 17/XT are 
from G. L. Clark, “Applied X-Rays,” and Figs. 11/VT, 12/VI, 13/VI, 
15/VII, and 16/VII from W. P. Davey, “A Study of Crystal Structure 
and Its Applications,” both published by McGraw-Hill Book Company, 
Inc.; Figs. 10, 12 to 14, 17 to 21 of Chap. IV and Figs. 1/X and 13/Xxil 
are from the “Metals Handbook” of the Americal Society for Metals; 
Fig. 2/V is from the “Symposium on Radiography and X-Ray Diffrac- 
tion,” of the American Society for Testing Materials; and much of the 
material in Chap. X is from an article by the author in the Journal of 
Applied Physics. Appropriate references to the source of illustrations 
and data from the technical journals are given in the text. 

Chaklks S. Bakrktt. 

PiTTSBUROH, Pa. 

June, 1943. 
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CHAPTER I 

THE FUNDAMENTALS OF CRYSTALLOGRAPHY 

A crystal consists of atoms arranged in a pattern that repeats peri- 
odically in three dimensions. The regular repetition of the unit of stiiic- 
ture in a crystal is analogous to a pattern of wallpaper. The design of 
the wallpaper consists of a fundamental unit of the design placed in 
parallel fashion at each point of a two-dimensional lattice; the structure of 
a crystal consists of a unit of structure — an atom or group of atoms — 
placed in parallel fashion at each point of a three-dimensional lattice. 

Crystallinity is completely absent in a gas, owing to the kinetic and 
random motion of the atoms, but in a liquid the velocity of atomic move- 
ment is less, and some tendency to take a regular arrangement is apparent. 
If an instantaneous photograph of a liquid could be taken that would 
show the individual atoms, it would disclose several clusters in which the 
atoms have the close packing characteristic of the crystalline state. 
These clusters are potential nuclei of the solid phase, but above the melt- 
ing point they are unable to maintain their close-packed near-crystalline 
arrangement against the severe theraial agitation of the atoms of which 
they are composed and the bombardment of the impinging atoms. In 
some substances the liquid arrangement may be frozen in by rapid cool- 
ing, and the matciial hardens into the glassy state and is a supercooled 
liquid. The vitreous state acquired in this way then persists until the 
atoms are given an opportunity to rearrange themselves; annealing below 
the melting point permits a glass to crystallize (devittify) and become a 
true solid. 

Molten metals do not supercool to the glassy state, but it is possible to 
produce an amorphous or nearly amorphous condition in many metals by 
electrodeposition. Bridgman has also succeeded in disrapting almost 
completely the crystallinity of certain metals by extreme amounts of 
twisting, and there is some evidence (perhaps wrongly interpreted) that 
polished layers on metals are amorphous. It is safer to say that the grain 
size in these controversial cases is extremely small. The individual 
crystals in a polycrystalline aggregate may have any size from macro- 
scopic dimensions down to the umt of structure or less. Obviously, there 
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can be nd regular repetition in the atomic pattern if the grain size is of thqf 
order of one structural unit, and so the crystallinity would really be zerp. 
at the lower limit of grain size. It is thus inconsistent to speak of the 
crystal structure of a glass or of an amorphous body, even though a 
fundamental configuration can be found in it, for there is no periodicity to 
the configuration. Intermediate degrees of crystallinity are possible as 
the grain size increases above this lower limit. 

Carbon and various organic and inorganic substances may exist in 
semicrystalline states that possess periodicity in one or two dimensions 
but lack it in others. The mesomorphic state possessed by certain long- 
chain organic substances (also called “liquid cry.stals”) affords examples 
of various intermediate types of regidarity. A lack of periodicity in one 
dimension has been discovered in some varieties of mica and is character- 
istic of the early .stages of age-hardening in certain alloys. 

Space-lattices and Crystal Systems.^ — The atomic array in a crystal is 
conveniently described with respect to a three-dimensional not of straight 

lines. Imagine a lattice of lines, 
as in Fig. 1, dividing space into 
equal-sized prisms which stand side 
by .side with all faces in contact so 
SIS to fill space with no voids. The 
intersections <rf the lines are points 
of a space-lattice. Those points 
are of fundamental importance in 
descriptions of crystals, for they 
may be the positions occupied by 
atoms in crystals — as they arc in 
the common metals — or they may 
be points about which several 
atoms are clustered. Since prisms 
of many different shapes can be 
drawn through the points of a space-lattice to partition the crystal into 
cells, the manner in which the network of reference lines is drawn is 
arbitrary. They need not be drawn so that lattice points lie only at the 
corners of the unit prisms; in fact, it is found more convenient to describe 
some crystals with respect to prisms in which points lie not only at prism 
corners but also at prism centers or at the centers of prism faces. 

The important characteristic of a space-lattice is that every point of 
a spa4x-latUce has identical surroundings. The grouping of lattice points 
about any given point is identical with the grouping about any other point 

* Tlie space-lattices are also called “translation groups” because there are certain 
movements — “primitive translations” — which by repetition will lead from one lat- 
tice point to any other. Space-lattices are also referred to as “Bravais lattices.” 
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in the lattice. If it were possible for a tiny observer to hop about on the 
lattice points, he would be unable to distinguish one from another, for 
the rows and planes of points near each point would be identical; and if he 
wandered among the atoms of a solid metal or a chemical compound, he 
woidd find the outlook from any lattice point just like that from any 
other. 

There arc 14 space-lattices. No more than 14 ways can be found in 
which points can be arranged in space so that each point has identical 
surroundings. There arc, of course, many more than fourteen ways in 
which actual crystals may be built up of atoms piled together; i.e., there 
are a great many crystal structures. However, each of the structures 
consists of some fundamental pattern repeated at each point of a space- 
lattice. The schemes of I’epctition, the space-lattices, are very limited in 
number while the possible crystal structures are almost unlimited. Not 
infrcqiiently the term “lattice” has been loosely used as a synonym for 
“structure,” a practice that is incorrect and likely to be confusing. 

To specify a given arrangement of points in a space-lattice or of atoms 
in a stnicture, it is customary to give their coordinates with respect to a 
set of coordinate axes chosen with an origin at one of the lattice points. 
Cubic crystals, for e.xample, arc referred to a cubic set of axes, three axes 
of equal length that stand perpendicular to one another and that form 
three edges of a cube. Each space-lattice has some convenient set of 
axes that is conventionally used with it, 
some axes being equal in length and others 
uiUHiual, some standing at right angles and 
others not. Seven different systems of 
axes arc used in crystallography, each 
possessing certain characteristics sis to 
ccpiality of angles and equality of lengths. 

These are the basis of the seven crystal 
systems employed, for instance, in the 
classification of minerals. Rcfening to 
Fig. 2, the lengths of the three axes of a 
system are a, h, and c, respectively; the 
angles are a, /3, and y, with t^ic angle a opposite the a axis, etc. The 
crystal systems are listed in Table I, together with their axial lengths, 
angles, and some examples of crystals belonging t’o each classification. 
When a crystal structure is determined, definite values are found for the 
axial lengths, angles, and ratios c/a and 6/o; different substances crystal- 
lizing in a given system will have different values for these variables. 

The network of lines through the points of a space-lattice, as in Fig. 1, 
divides it into prisms called unit cells. Each unit cell in a space-lattice 
is identical in size, shape, and orientation with every other. It is the 
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Table I. — The (Jrystal Systems 

Examples 
KaCrOr 


0-S 

CaS04-2H20 
(Kypsiim) 

a-S 
Ga 

FcaC^ (cementite) 

/S-Sri (white) 

TiOa 

C^ii, Ag, All 
Fe 

NaCn 

Hexagonal Three axes coplanar at 120°, equal Zn, Gd 

Fourtli axis at right angles to these NiAs 

ai = 02 =* Os ^ e * 

(or ai = 6 ^ e, ct - — 90°, y =* 120° 

Rhombohedral Three axes ecpuilly iiiehued» not at right angles; As, Sb, Bi 
f trigonal) ' all equal Calcitc 

\a = b = c CL ^ (i ^ y 7 ^ 90° 

building block from which the crystal is constructed by repetition in three 
dimensions. Each face of a unit cell is a parallelogram (Fig. 2) ; the cell is 
a paralleleopiped with the axes a, 6, and c as edges. In the hexagonal 
system, two axes, a\ and a-i, are eciual in length and are at 120° to each 
other. These two, together with the c axis that stands 90° to each, form 
the edges of the unit cell; there is also a third axis, as, that is coplanar with 
a\ and and 120° from each, which is used when one wishes to show the 
full symmetry of the lattice. 

Unit cells are drawn with lattice points at all corners. Unit cells in 
some lattices are draU^n so as to have lattice points at the center of certain 
faces or at the center of volume in addition to the points at the corners. 
This is done as a matter of convenience so that the symmetry of the unit 
cell will be more closely that of the crystal. It is customary to specify 
the positions of the points in a unit cell by means of lattice coordinates) 
in which each coordinate is a fraction or a multiple of the axial length, a, 6, 
or c, in the direction of the coordinate. The origin of coordinates is 


System Axes and interaxial angles 

Trielinic Three axes not at right angles, of any lengths 

^ P ^ y ^ 90 ° 

Monoclinic Three axes, one pair not at right angles, of any 
lengths 

= 90° ^ y 

Orthorhombic Three axes at right angles ; all unequal 

(rhombic) a ^ h 9 ^ c . a — p = y — 90° 


Tetragonal Three axes at right angles; two ecpial 

a - h 7 ^ c a = p = y = 90° 

Cubic Three axes at right angles; all equal 

a = h = c Qf =^=7 = 90° 
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Fig. 3. — The 14 space lattices illustrated by a unit cell of each: (1) tricliiiic, simple; (2) 
monoclinic, simple; (3) monocliiiic, base centered; (4) orthorhombic, simple; (5) ortho- 
rhombic, base centered; (6) orthorhombic, body centered; (7) orthorhombic, face centered; 
(8) hexagonal; (9) rhombohedral ; (10) tetragonal, simple; (11) tetragonal, body centered; 
(12) cubic, simple; (13) cubic, body centered; (14) cubic, face centeied. 
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taken at the corner of a cell. A point at any other cell corner then has 
coordinates m, n, p, where these numbers are all integers. All points 
at the centers of unit cells have coordinates n + p + and in 

the cell at the origin this central point is at Points at the center of 

the c face (the face containing the a- and 6-axes) have coordinates 
m n -|- p; in the cell at the origin this point is at 
The other face-centered positions are ^0^ and 0-^^. Some writers 
enclose coordinates in double square brackets thus: [[mnp]]. 

The 14 space-lattices are pictured in Fig. 3 and listed in Table TI, 
together with standard notations for them. 


Table II. — The Space-lattices 


System 

Space-la ttiee 

Hermann-Maiigiiin 

symbol 

Schoenflies symbol 

Triclinie 

Simple 

P 

l\r 

Monoelinic 

Simple 

P 

r„ 


Base-centered 

r 


Orthorhoniliie 

Simple 

P 

r„ 


Base-centered * 

C 

r.' 


Face-e(»nt(M*(*<l 

F 

i\" 


Body-centered 

I 

Vo"' 

Tetragonal 

Simple 

P 

Vt 


Body-c(»nt ered 

I 

Vt' 

Hexagonal 

Simple 


Vh 

Rhombohedral 

Simple 

R 

Vrh 

Cubic 

Simple 

P 

Tc 


Face-centered 

F 

Vc' 


Body-centered 

I 

r.- 


* The face that has a lattice point in its ceiit«*r may be chosen as the c face (the A' Y plane) denoteil 
by the symbol C, or the a or 6 face denoted by A or since the choice of axes is uibitiuiy and does not 
alter the actual tianslations of the lattice. 


It will be noted that one space-lattice in each system is a “simple” 
one in that it has lattice points only at the corners. In the newer nota- 
tion all these, except the rhombohedral, are given the symbol P, meaning 
“primitive.” In the monoclinic system there is also a base-centered cell, 
in the tetragonal a body-centered, in the orthorhombic all types, and in 
the cubic all types save the base-centered. 

It might be supposed that a face-centered tetragonal lattice should bo 
added to this list, since such an arrangement fulfills the requirements for a 
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space-lattice. If one makes a sketch of this arrangement, however, it will 
become clear that with a different choice of axes the lattice may be 
described as a body-centered tetragonal lattice and thus it is not different 
from one of those listed. Similarly, it is unnecessary to list a base-cen- 
tered tetragonal lattice or an orthorhombic lattice centered on four sides, 
for these are equivalent to lattices already listed. 

The hexagonal unit cell is drawn as a parallelepiped having edges 
parallel to Oi, 02, and c, the heavier lines in Fig. 4. It is thus constructed 
like all the others, and it is not immediately apparent from the unit cell 
why it is called hexagonal. But if a number of these cells are packed 
together with axes parallel to one another, as in a space-lattice, a hexago- 
nal prism can be carved out of them as shown in Fig. 4. This prism will 
contain two whole unit cells and two halves and is in no sense a true unit 



Fid 4. — Relation of the unit cell in the 
hexagonal system (heavy lines) to a priwii 
with hexagonal symmetry. 



(!ell itself, for a pai’allel repetition of it will not build up the extended 
lattice. 

A common crystal structure among the metals is the hexagonal close- 
packed structure possessed by zinc, cadmium, and magnesium. In this 
structure the coordinates of atom positions are 000 and as shown 
in Fig. 5. A study of the drawing will reveal that the atom positions in 
this structure do not constitute a space-lattice, since the surroundings of 
the interior atom are not identical with those of the corner atoms. The 
actual space-lattice is simple hexagonal with a pair of atoms (000; f 7^) 
associated with each lattice point. 

Miller Indices. — It is necessary to have a system of notation for the 
faces of a crystal, and for the planes within a crystal or a space-lattice, that 
will specify orientation without giving position in space. Miller indices 
are universally used for this purpose. These indices are based on the 
intercepts of a plane with the three crystal axes (three edges of the unit 
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cell). The intercepts are measured in terms of the dimensions of the unit 
cell, which are the unit distances along the three axes, and not in centi- 
meters. For example, a plane that cuts the X axis at a distance from the 
origin equal to half the a dimension of the cell is said to have the X inter- 
cept and if it cuts the Y axis at ^6, its 1' intercept is regardless of 
the relative sizes of a and b. If a plane is parallel to an axis, it intersects 
it at infinity. To determine the Miller indices of a plane, the following 
steps are necessary: 

1. Find the intercej)ls on the three axes in multiples or fractions of the 
unit distances on each axis. 

2. Take the reciprocals of these numbers. 

3. Reduce to the three smallest integers having the same ratio. 

4. Enclose in parentheses, (hkl). 

Thus the plane shown cutting the axes in Fig. 6 has intercepts 1, 1, 1 and 
therefore indices (lit). A plane that has intercepts 2, <», and 1 has 



reciprocal intercepts 0, 1 and Miller indices (102). The figure shows 
some of the most important planes in relation to the unit coll, but it should 
be remembered that planes parallel to the crosshatched ones have the 
same indices. If a plane cuts any axis (for cxamole, the X axis) on the 
negative side of the origin, the corresponding index will be negative and is 
indicated by placing a minus sign above the index: (hkt). 

Parentheses, (hkl), around Miller indices signify a .single plane or set of 
parallel planes. Curly bi'ackets (braces) signify planes of a “form” — 
those which are equivalent in the crystal — such as the cube faces of a cubic 
crystal: { 100} = (100) + (010) + (001) + (TOO) -|- (OTO) -|- (OOT). 

The indices of a direction are derived in a different way. Consider 
a point at the origin of coordinates which must be moved in a given direc- 
tion by means of motion parallel to the three crystal axes. Suppose the 




THE FUNDAMENTALS OF CRYSTALUXiRAPHY 


9 


desired motion can be accomplished by goii||g along the X axis a distance m 
times the unit distance a on this axis, along the 1' axis a distance v times 
the unit distance h, and along the Z axis a distance w times the unit dis- 
tance c. If u, V, and w are the smallest integers that will accomplish the 
desired motion, they arc the indices of the direction and ai*c written with 
square brackets, [uvw]. 

Examples: The X axis has indices [100], the Y axis [010], and the Z axis 
[001]; a face diagonal of the XY face of the unit cell has indices [110], 
and a body diagonal of the cell has indices [111]. Negative iiulices <)(!cur 
if any of the translations are in the negative dii’ections of the axes; for 
example, the —X dire(;tion has indices [100]. A full set of oquivaltuit 
directions (directions of a form) are indicated by carets: <iivw>. 

It should be noted that reciprocals are not used in com])uting indices 
of a direction. A freciuent source of error is to assume that a direction will 
always be perpendicular to a plane having the same indices. This hap- 
pens to bo tme for all planes in the cubic system but is not tnic for other 
systems (except for a few planc's of the tetragonal system).^ 

Hexagonal Indices. — Two methods are in common use for specifying 
planes and directions in the hexagonal system, one using three numbers 
(Miller indices) and the other u.sing four (Miller-Bravais indices). To 
determine the indices of a plane in the three-indices system consider only 
the axes ai, a 2 , and c. Th<! reciprocals of the intercepts on th(*sc thi'ee 
axes, reduced to smallest integers, are the three required indices, just as 
with any other system of a.x('S. The indi(!es of a direction arc determined 
by finding the magnitude of the translations along the directions ai, a^, 
ami c, respectively, that will cause motion from the origin in the required 
direction. The translations must be the smallest integers that will do 
this and are always e.xpresscd as multiples of the unit distances along the 
respective axes. This, too, is identical with the procedure for other 
systems. 

Miller indices are often used for hexagonal crystals but are open to 
the objection that equivalent planes do not have similar indices. For 
instance, the planes (100) and (110) are both “prism planes of type I” 
and are equivalent. The same objection applies to the indices of direc- 
tions. For these reasons many crystallographers have preferred the 
Miller-Bravais system. 

The rules for determining Miller-Bravais indices arc similar to those 
enumerated above except that attention is given to all four axes, Oi, 02 , as, 
and c. When reciprocal intercepts of a plane on all four axes are found 
and reduced to smallest integers, the Miller-Bravais indices will be of the 

* Indices of a direction may be described as the lattice “coordinates” of a point on 
a line in the given direction through the origin. When the coordinates arc lowest 
integers, this is equivalent to the definition in the text above. 
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type {hkil), where the first three indices will always be related by the 
equation 

i = — (A + K). 



Since the third index is always completely determined by the first two, it is 
, - rflooi) iiot’ necessary to write it down, and the 

abbreviated style (hk • 1) may be used 
in which the third index is replaced 
(1120) by a dot. With this system equiva- 
■ lent planes are obtained by interchanges 
of position and sign of the first three 
(loio) indices; for example, the prism planes 
of type I are (1100), (1010), (0110), 
02 (TlOO), (TOlO), and (OlTO). Similarly, 
“prism pianos of typo II” are the 
Qi -aj planes having indices of the type 

Fio. 7. — Miller-Bravais indices of (1120). fiiXamplcS will be Seen in 
some planes in a hexagonal crystal. Fig. 7. 

Direction indices in this system are translations parallel to each of 
the four axes that will cause motion in the required direction. These 




Fro. 8. — Indices of directions in the hexagonal system. Three- and four-indices sys- 
tems are both illustrated; the former is gaining in popularity. Close-packed rows of atoms 
in hexagonal close-packed metals are along ai, a2, 03, the ‘*digonal axes of the first type.’* 


translations must be reduced to smallest integers and must be chosen so 
that the third index is the negative of the sum of the first two. In Fig. 8 
these translations are illustrated as arrows (vectors) laid parallel to the 
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axes, ami both kinds of indices are given for the principal directions. The 
axes Oi, 02 , and Os are often called “digonal axes of type I” and are 
the directions of close-packed rows of atoms in the hexagonal close-packed 
structure. Directions of the type [1010], 
which bisect the principal axes, are “digonal 
axes of type II.” 

Transformations of Indices. — It is fre- 
quently desirable to change from one set of 
axes to another and to transform the indices of 
a crystallographic plane accordingly. This 
presents no i)roblem when changing the 
indices of planes of hexagonal crystals from 
the Miller to Miller-Bravais indices, for the 
index i in the notation (hkit) is alway.s given 
by the equation i= —{h-\-k). To trans- 
form from Miller-Bi'avals to Miller merely 
requires dropping the third index, i. 

A direction in the hexagonal syst em may 
be written with cither three or four indices, as 
explained in the previous s(*<!tion, and [UVW\ in the one case will have 
the indices [wtw] in the other if' 

U = %i — t V = V — t W = w 

M = -|(2f/-F) v = i{2V-r) <=-((t + tO w = V/ 

Some crystals can l)e described on the basis of eitlu'r hexagonal or 
rhomboh('dral axes. If the (101 1) plane in the hexagonal cell is made the 
(100) face of tlie rhombohedral cell, then any plane (hkil) in the hexagonal 
syst-('m will be the plane {IIKL) in the rhombohedral system if 

If = 2/? h 1 K = k — h I Z/ = — 2/c — h I 

h = Mil - K) k = UK - L) z = -(A + k) Z = i(/y + + A) 

In the hexagonal system it is sometimes useful to refer planes tp axes 
at right angles, orthohexagonal axes. These define a unit cell, shown in 

’ "rhoso rolations may be doriv(‘d by considering the voedor, R, in the given direc- 
lion, which is the vector sum of the components along the crystal axes as follows: 

R = URi + VSi 2 + tRi + wc. 

R = t/ai + Vr 2 + Wc. 

Since the three vectors ai, a 2 > and as build an equilateral triangle, it follows that 

as = — (ai + as), 

which, together with the expressions for R and the relation i = — (u + v), gives the 
relations U u t, etc. For a comprehensive treatment of transformation of 
indices see M. J. Buerger, ‘'X-ray Crystallography, '' Wiley, New York, 1942. 



Fig. 9. — Relation of the 
simple hexagonal cell (heavy 
lines) to the orthohexagonal 
cell (light full linos) and the 
hexagonal prism. 
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Fig. 9, which is actually orthorhombic and for which the indices of a plane 
ipqr) are related to hexagonal indices for the same plane {hkil) by the 
relations 

p = A: + 2/i q = k r = I 

h = ~ s) k = q i = —{h k) I = r 

Law of Rational Indices. — Figure 10 represents a single plane of a 
lattice, say the plane containing the X and Y axes. Many sets of parallel 
planes extend thi’ough the lattice in different directions, and a number 
are indicated in the figure by parallel lines with different orientations. If 
all the planes indicated are parallel to the Z axis, their indices wll be as 
given on the drawing. Each complete set of parallel planes will pass 
through every point on the lattice, and, as a conse<iuencc of this, the set 
of planes that is most widely spaced will contain the fewest planes; each 
plane of this set will be more densely studded with lattice points than 



planes of any other set. Planes listed in the order of decreasing spacing 
will be in the order of decreasing numbei’s of lattice points per plane. 

In the natural growth of crystals it is the planes that are densely 
packed with lattice points that tend to become the crystal faces. Con- 
sideration of the example in Fig. 10 or of a three-dimensional model will 
show that these are always planes of low indices. Hence it is an empiri- 
cal law — the law of rational indices — that the commonly occurring crystal 
faces have indices that are small whole numbers. These are usually I, 2, 
or 3 and rarely exceed 6. This law can be considered the result of a 
tendency for crystal faces to be relatively closely packed layers of atoms, 
for atoms or groups of atoms are located on lattice points. 

Zones and Zone Axes; Crystal Geometry. — Certain sets of crystal 
planes meet along a lino or along parallel lines. For example, the vertical 
sides of a hexagonal prism intersect along lines that are parallel to the C 
axis. Such jdanes arc known as planes of a zone, and the direction of their 
intersection is the zone axis. Any two nonparallel planes will intemect 
and will thus be i)lanes of a z<»ne, for which their line of intensection is the 
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zone axis; but the important zones in a crystal will be those to which 
many different sets of planes belong. On the surface of a crystal the faces 
of a zone form a belt around the crystal; and, by placing the crystal on 
the graduated circle of a goniometer with the zone axis parallel to the 
goniometer axis, the angles between all faces of the zone can be measured 
directly on the circle. Zones are also useful in interpreting x-ray diffrac- 
tion patterns and in making projections of a crystal. 

There are simple rules governing the Miller indices of planes of a zone, 
given in Appendix I, which are a great convenience to crystallographers. 
They apply to all crystal systems. For example, the plane {hkl) belongs 
to the zone [vmv] (i.e., is parallel to [uvw\) if hu -f kv -f to = 0. 

Formulas are given in Appendix I for computing spacings between 
planes and along crystallographic dii’ections, angles between planes and 
directions, and unit-cell volumes — quantities that are useful in x-ray work 
and in various crystallogra])hic problems. 

Symmetry Classes and Point Groups. — A crystal possesses definite 
symmetry in the arrangement of its external faces, if the faces are devel- 
oped, and also in the value of its physical properties in different directions, 
such as its thermal expansion, elastic moduli, and optical constants. The 
nature of the .symmetry revealed by measurements of these features is the 
basis of the classification of the crystals into 32 symmetry cla.sses. The.so 
(•an be undei^stood best if one dissects the total .symmetry of a crystal 
into simpkj fundamental symmetry elements, which when grouped 
together at a point within the crystal combine to yield the total .symmetry 
of the crystal. A group of symmetiy elements at a point constitutes a 
point group, and the 32 possible point groups in ciystallography corre- 
spond to the 32 classes of crystal .symmetiy. 

A symmetry element is an operation, like a rotation about an axis or a 
reflection across a plane, which will bring the crystal into a position indis- 
tinguishable from its former one, i.e., bring it into coincidence with itself. 
In this connection it is the tilt — ^the orientation — of the crystal faces or of 
the atomic planes within the crystal that is important, and not the size 
and shape of the faces and planes, for their size and shape arc matters of 
accidents of growth and subsequent handling, while the orientation of the 
faces and internal planes is a consequence of the regular and symmetrical 
arrangement of atoms inside the crystal. To describe the symmetry 
elements, however, we may assume an ideal crystal in which all equivalent 
faces are equally developed. 

When this ideal crystal can be brought into self-coincidence (into an 
equivalent position) by a rotation around an axis, it is said to po.s.sess a 
rotation axis of symmetry. The symmetry elements of this kind that 
have been found to occur in cry.stal.s are one-fold, two-fold, three-fold, 
four-fold, and .six-fold axes, which bring about .self-coincidence by the 
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operations, respectively, of a full turn, a half turn, a third turn, a fourth 
turn, and a sixth turn aliout the rotation axis. A square is an example 
of a figure having four-fold I’otation axis, the axis standing perpendicular 
to the plane of the square and passing through its center. A regular 



Fio. 11. — Rotation axes of syiunietry, one-, two-, tliree-, four-, and six-fold. 


pentagon, similarly, has a five-fold rotation axis, but this symmetiy axis 
does not occur in crystals, nor does an axis of greater multiplicity than 6. 
The one-fold axis represents, of cotirse, no symme1,ry at all. Kach rota- 
tion axis is indicated in Fig. 11 as a vertical line; the symmetry is indicated 



Fio. 12.- -I'lane of ftyiiiiiiftry. 

by a geometrical figure at the top anti a gronj) of i)oints at the ends of 
arms extending out from the axis. 

If a plane can be drawn thiough the centei- of a crystal so that one half 
of the crystal is the reflection of the other half in this plane, the ciy.stal 
possesses a plane of symmetry. Figure 12 illustrates this symmetry 

where th<? point A' is produccnl from the point 
A by the operation of reflection in the plane as 
if in a miiTor. 

' A ciystal has a center of inversion if to 

^ A point on one side of the crystal there is a 

» corresponding point on the other side of the 
Fio. 13. Center of invei- crystal that is located an equal distance from 

the center and on the same line through the 
center. This is illustrated in Fig. 13, where the operation of the center 
of inversion at 0 produces the point A' from the point A, with AOA' a 
straight line and OA = OA'. 

A crystal has a rotation-inversion axis if it is brought into self-coinci- 
dence by a combined rotation and inversion. The operation is indicated 
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A' 


fo 


Fig. 14. Two- 
fold rotation-in- 
version axis. 


in Fig. 14, which shows a two-fold rotation-inversion axis standing verti- 
cally with its center at 0, operating on the point A by rotating it 180“ into 
t he intermediate position A' and then inverting it through the center to 
the point A". It will be seen that the points A 
and A" in this figure have a plane of symmetry 
between them, the plane standing perpendicular to t- 
the axis and passing through point 0; so it follows 
that the two-fold rotation-inversion axis is exactly 
equivalent to a reflection plane of symmetry. A 
similar constmction will show that a one-fold rota- 
tion-inversion axis is equivalent to a center of 
symmetry. Crystals can possess one-, two-, three-, 
four-, and six-fold rotation-invension axes. The 
copper mineral, copper pyrites ((hiFcS 2 ), is a coih-a"^ 
mon example of a ciystal with a four-fold rotation- 
inversion axis. In Fig. 15 this axis is in a vertical 
|X)sition. 

The symmetry elements that have been enumerated above, rotation 
axes, reflection planes, inversion centers, and rotal ion-in vemion axes, 
occur singly and in groups in crystals and define their external 
symmetry, the sj'iumetry of faces and of physical 
properties. They are known as the macroscopic sym- 
metry elements (to distinguish them from cert ain othci*s 
having to do only with the microscopic internal struc- 
ture). Some cla.sses of crystals have the symmetry of 
a singltj rotation axis, others have the symmetry of 
several rotation axes that intcrsecit at a point, and many 
crystals have the symmetry of a complex group of sym- 
metry elements at a jwint. There are in all 32 classes 
of ciystal symmetry. Each cla.ss is defined by a group of 
symmetry elements at a point, appropriately called a 
point group. To reiterate, there are 32 point groups of 
symmetry elements that define the 32 classes of macro- 
scopic symmetry of crystals. 

Several notations have been devised for the sym- 
metry classes, but crystallographers have agreed to 
standardize on two, the Schoenflies and the newer 
Hermann-Mauguin notations. In the Schoenflies sys- 
tem the symbols arc C, S, D, V, T, and O, with certain 
subscripts, Ci, for example, standing for the “cyclic” class having only 
a two-fold rotation axis of symmetry, Cu denoting the cla.ss having a 
three-fold rotation axis and a reflection plane, and Da or V denoting the 
“dihedral” class having 3 two-fold axes at right angles. In the 



I A 

Fik. 15.— 
Crystal of cop- 
per pyrites hav- 
ing a vertical 4- 
fold rotatioii-iii- 
vorsion axis. 
{Bragg.) 
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Hermann-Mauguin notation, the point-group symbol is derived fi’om 
the space-group symbol (this is discussed under Space Groups) and 
indicates the symmetry elements associated with three important direc- 
tions of a crystal. The macroscopic S 3 'mmetry elements in this notation 
are as follows: 

Klomont IIormaim-.Mnugum Syinlwl 

1-, 2-, 3-, 4-, and 6-fold rotation 1, 2, 3, 4, ainl 6 

Reflection plane m J^for “mirror” plane) 

.■Vxes of rotation-inversion 1, 2, 3, 4, and 6 

Center of inversion 1 (equivalent to 1-fold rotation-inversion) 

The 32 crj-stal classes arc divided among the seven crvsttil sv’stems in 
such a waj' that each system has a certain minimum of s.vmmetiy ele- 
ments, as follows: 

TrieliBic: None 

Monoelinie: A single 2-fold rotation avis or a singli* plain* 

Orthorhombic: Two p<*rpendieular planes or three mutually jierjieiidietilar 2-fold axes 
of rotation 

Tetragonal: .V single 4-fold axis of rotation or of nitation-invt'rsion 
Uhombohcdral : .V singh* 3-fold rotation axis 
Hexagonal: X single 6-fold rotation axis 

Cubic: Four 3-fold rotation axes talong cube diagonals) ' 

These elements mat' coe.xist with others, but the^' are sufficient to 
identif}' the system to which any ciystal belongs. In each sj'stom there 
arc several cla.sses diifering from one another; thus in the triclinic sj'stem 
there a class having no sjunmetiy, and ti second class liaving onlj'- a 
center of symmetiy. The class having the highest possible symmetry 
of the system to which it belongs is called the holohedral class of that 
system, and classes of lower symmetry than the maximum are called 
hemihedral or, in some cases, tetartohedral. Enantiomorphic ciystals at c 
those of which two varieties arc possible in a single class, a right-handed 
and a left-handed variety. An e.\ami)le is quartz. The arrangement of 
faces on a crystal of one enantiomorphic variety is the mirror image of the 
arrangement on the other, and neither can be turned about so as to coin- 
cide with the other. Eleven of the 32 classes are enantiomorphic. 
Hemimorphic crystals contain axes of symmetry that arc different at their 
two ends. The opposite ends of such polar axes show different physical 
properties — ^for example, they may develop electric charges of oppo- 
site sign when heated (pjjrroelectricity) or when mechanically stressed 
(piezoelectricity) . 

When a crystal is built up of atoms located only at the corners of unit 
cells, the crystal will have the highest symmetry possible in its class, and 
this will also be true if the cr 3 ^stal has hig)il 3 ' symmetrical groups of atoms 



THE FUNDAMENTALS OF CRYSTALLOGRAPHY 


17 


at the lattice points. Hut if a low-symmetry group of atoms surrounds 
<*ach lattice point, the symmetry of the crystal will be lower. Thus, it is 
jjossible for several classes of symmetry to exist in a single system. 

There is no need to discuss in detail all the 32 individual classes. 
These are listed briefly in Table III together with the notations commonly 

Table III. — The 32 Symmetry Classes or Point Groups with Their Schoenflies 
AN i> Hermann-Mauouin Notation* 


System 


(Masses 

Tricliiiie 

(\ 

= 1 


c. 

= 1 

Mouoelinic 

(\ 

== tn = "2 


(\ 

= 2 



= 2 /m 

Orthorhomhie 

r 

= 222 ( = Q) 


(■ 1 , 

= 2 / mm 


Vh 

= mmm (= 


(\ 

= 1 


S 4 

= 1 


D 4 

= 42 


<\h 

= A/m 


(\r 

— A/ mm 


Vu 

- 42//// ( = Qzi) 


D\h 

= A /mmm 

( 'ubic. 

T 

= 23 


0 

= 43 


Th 

= m3 


Ta 

= 43///i 


Ok 

= ///3/// 

Rhomhohedral 

Ci 

= 3 


D, 

= 32 


( 3|i 

= 3//// 


C 3 . 

= 3 


Dzd 

= 3///t 

Hexagonal 

CzH 

= 6 


Dih 

= (5///1 


C, 

6 


Dz 

= 62 


Czk 

= 6///t 


Ct, 

== 6///i//t ^ 


Dzk 

= ^/mmm 


* In the Ileiirmnn-Maugiiin notation the synimetiy uxc's paiallel to and the symmetry planes per- 
Dcndiculai to eaoh of the “ piiiieipul” diiections in the ciystal are named in order. When there is both 
an axis parallel to and a plane notmal to a given diieetion, these are indicated as a fraction; thus 6//it 
means a sixfold rotation axis standing perpendicular to a plane of svniinetry, while 4 means only a 
fourfold rotary inversion axis. 
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used to designate them and to imlicatc their symmetry elements; full 
details will be found in the standard referenee books and tables.^ 

As an introduction to these tabidations one of the classes of lower 
symmetry will be mentioned, the one whose elements are sketched in 
Fig. 16, possessing a vertical four-fold axis and a horizontal plane of 

symmetry. The symmetry in Schoen- 
flies notation is C^h and in the Her- 

Y mann-Wauguin notation 4/m. The 

j ' 7 / tigure shows a set of points which conu* 

/ J T •/ into coincidence by the operation of the 

/ j j / symmetry elements — the equivalent 

/ j hj points. The coordinates of on(' of 

/*y / / ^ these points, referred to the A'", and 

/ f /l 1 / ^ tetragonal system to 

/ I / j j which this point group belongs, may be 

/ j j / cho.sen at random and are written in 

the general foi-m a’j/g. The coordinate's 
of all the other eeiuivalent points are 
then writtc'n in terms of the.se three 
Fia. 10. — Symmc'tiy clompiU' of coordinates; thus j/.rz refers to the point 
plane of ^ynuneto). Coordinate along the A axis 

is —y, along the }' axis is x, and along 
the Z a.xis Is — respectively. The full list of ecpiivalent points for this 
class is as follows: xyz, yxz, xyz, yxz, xyz, yxz, xyz, yxz. 

The different forms and tlw' number of etiuivalent faces in each form 
can be derii'ed from these etpiivalenl points^ (since the jioints can be 
taken as the intercepts of the planes) and are listed in crystallograiilu'rs' 
tables. In the example chosen, (C' 4 /, — 4/m), there is a form containing 
the two planes ( 001 ) and ( 001 ), and another containing faces whose' 
indices are [hkff), {hiiO), (khO), and (i/iO); these are “special” forms, con- 
taining fewer equivalent faces than the' “gcne*ral” form [hkl\ , which has all 
indices unequal and different from zero. The ee|uivalent faces of [hki\ 
are {hkk), (Jikl), (hi^), (hkl), (khi), (ichl), {ichl), (khl). The more comphite 
tables also list the symmetry properties i)osse's.soel by each face of th(> 
crystal; for example, in our illustratiem the faces (001) and (OOf) have caeih 
the symmetry of a four-fold rotation axis. This is, therefore, the sym- 
metry which would be expected in etch i)its or other crystallogi'aphie 
markings on these faces. 


‘ “International Taj^ellen znr Bestiininuiig von KristallHtruklurcn,” Ilorntriigcr, 
Berlin, 1935. 11. W. G. VVyckoI'K, “The Structure of Crystals,” pp. 41-44, (’heniical 

Catalog Co., New York", 1931. Wiikelbb P. Davky, “A Study of Crystal Structure 
and Its Applications,” McGraw-Hill, New York, 1934. 

*R. W. G. Wyckofp, “The StrucUire of Crystals,” Cheniic.'il Catalog Co., New 
York, 1931. 
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Names have been assigned to the various forms by Groth and are 
occasionally encountered in metallurgical literature. Pinacoids are 
forms consisting simply of two parallel faces. Prisms are forms with 
faces parallel to the principal, or vertical, axis (the Z axis in the above 
illustration). Domes have faces parallel to one (horizontal) axis and 
intersecting the other two. Pyramids have faces intersecting all three 
axes. 

Space Groups. — In the preceding section the symmetry of the external 
faces of crystals and of their anisotropic physical properties permits a 
classification of all crystals into 32 crystal classes, which are divided 
among the 7 systems. The symmetry' of each of these classes is described 
by macroscopic .symmetry elements grouped at a point, termed a paint 
group. It may also be described by a gi’oup of equivalent points that can 
be written in the form xyz, xyz, etc. The operation of all the symmetry 
elements of the point group upon any one of the equivalent points will 
produce all tlie others. We now consider another classification of crystals 
that has become of primary importance since the advent of x-ray analysis 
of crystals, a cla.ssification that specifies the symmetry of the arrangement 
of atoms in a cry.stal. 

A space group is an array of symmetry elements in three dimensions 
on a space lattice. .Iu.st as a point group is a group of symmetry elements 
at a point, a space group is a group in space. Each element of symmetry 
has a specific location in a unit cell as wc'll as a specific direction with 
re.spect to the a.xes of the cell, and ea(;h unit cell in the crystal has an 
identical array of symmetry elements within it. The elements are always 
arranged so that the operation of any one of them brings all others into 
self-coincidence, and thus they may be said to be self-consistent. The 
group of symmcitry elements at and around every lattice point is identical 
throughout a crystal. 

A large number of the possible space groups consist simply of point 
groups placed at the points of the 14 space lattices. This procedure, 
however, does not produce all pos.sible space groups, for there are certain 
symmetry elements possible in a space group that are not possible in a 
])oint group; these are commonly termed the microscopic symmetry 
elements .since they involve translations through distances of the order 
of a few angstrom units. Every self-consistent arrangement of all 
macroscopic and microscopic symmetry elements in space leads to a total 
of 230 space groups, to one or more of which every crystal must belong. 

The symmetry elements of a space group, operating on a point located 
at random in a unit cell of the lattice, will produce a set of equivalent 
points in the cell. In an actual crystal, if an atom is located at one of 
these equivalent points, identical atoms .should be found at each of the 
other equivalent points. The complete tabulation of coordinates of 
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equivalent points in all the space groups is thus of great convenience to 
crystallographers when thej’' are determining complex (uystal structures, 
for it is a description of all possible atomic groupings in a'ystals. 

Consider as an example the space group derived by placing a center of 
inversion at the lattice points of the simple triclinic space-lattice. The 
lattice is represented by a unit coll in Fig. 17a; a center of inveraion is 
indicated by a small circle at the origin which turns a point A into a point 
A', the former having coordinates a-yz, the latter xyz, where x, y, and z 
may be any fractions of the axial lengths, a, b, and c. The translations 
of the lattice produce symmetry center's and irairs of ccpiivalcnt points 
identical with A and A' at all other ixrints of the space-lattice, as will be 
seen from Fig. 176. 



Fig. 17. — The space group Ci^ — Pi. (a) Unit cell with renter of inversion at 000 indi- 
cated by open circle. Points xyz and xyz aie equivalent, {b) Showing repetition of unit 
cell in the crystal. Additional syininetiy elements aie piesent but aie not indicated on the 
drawing. 

It will be'seen by studying this figure that additional s 3 mimotry 
elements are to be found in this arrangement of equivalent points, for th<; 
full symmetry includes sj’mmetry centers at the mid-points of each edge 
and of each face of the unit cell, as well as one at the center of the cell. 
The coordinates xyz of an equivalent point are always expressed as 
fractions of the axial lengths a, 6, and c; these fractions may have jnny 
value whatever without altering the symmetry properties of the group of 
points derived from it by the operation of the symmetry elements of the 
space groups. The value of the coordinates does alter the number of 
equivalent points in special cases, however, for if a point is located on an 
axis of symmetry it is obvious that no new equivalent points will bo 
produced by the operation of rotation around that axis. Similarly, in 
the example of Fig. 17a, if the point A lies at the special position 000, 
where a center of inversion is located, all the equivalent points will be at 
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tlic corners of the unit cells, and there will be only half as many as for the 
general position. 

Glide Planes and Screw Axes. — In the point groups the operation of a 
symmetry element located at the origin on a point xyz will always produce 
ccpiivalent points that arc ccpiidistant from the origin; but in the space 
gi’oups it is possible to have symmetry elements in which a translation is 
involved, and ecjuivalent points will consequently be at different distances 
from the origin. 


G 



A glide; i)lano combines a reflection plane with a translation parallel 
to tlu' plane s<j that th(‘ structure is brought into coincidence by reflection 
across tlu; i)lann and simultaneous movement, along the plane a specified 
distance. This is illustrated in Fig. 18, where the point A' is produced 
from ]U)int -I by the action of glide plane GG. In the different kinds of 
glid(‘ i)lanes the translations are half the a.vial lengths, half the face 
diagonals, or t»ne-fourth the face diagonals. 



3“ fold 
Left hand 



3- fold 
Righf-hand 



4 -fold 
Leff-hand 



4 


1 ^'/- 
ri 


l'-- 

t-Ai '1 
' 


4 "fold 
Righf- band 


Fig. 19. — Examples of .screw axes. 






foi 

I 
I 


p. 


6 'fold 
Left hand 


In t.h(; IIcrmann-AIauguin notation glide planes with a glide of a/2, 
h/2, and c/2 arc; represented by the symbols o, b, and c, respectively, one 
with a glide of half a face diagonal bj"^ n, and one with a glide of one- 
fourth a face diagonal by d; in each of these the translation is parallel to 
the axis or the diagonal concerned. 

A screw axis combines rotation with translation parallel to the axis. 
A three-fold screw axis parallel to the Z axis, for instance, involves a 
rotation of one-third turn around Z and a translation of one-third the 
axial length c, as indicated in Fig. 19. An n-fold screw axis combines a 
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rotation of 2ir/n with a translation parallel to the axis amounting to a 
certain fraction of the distance between lattice points in the direction of 
the axis; the translation is one-half this distance for a two-fold screw axis, 
one-third in the case of a three-fold, one-fourth or one-half in the case of a 
four-fold, and one-sixth, one-third, or one-half in the case of a six-fold. 
Several of the.se axes can be cither right-handed or left-handed, since the 
equivalent points are on .spirals that advance either as a right-handed or a 
left-handed screw (see Fig. 19). The following table lists the screw axes 
and their Ilermann-Mauguin symbols. 



j Multiplicity 

j Translation 

' Nature 

2i 

2 -fold 

1 '2 

1 

3i 

;^-foid 

1/3 

KiKht-handed 

3i 

3-fol<i 

1/3 

1 Left-handed 

4, 

4-fol(l 

1 

1/4 

1 

, RiKht-handed 

4. 

l-fold 

1/2 

Includes rotation axis 2 

4, 

1 

Wold 

1 , 1 

Left-handed 

6 , 

()-fold 

l/'B 

Right- handiMl 

62 

0 -fold 

1 3 

1 Right-handed 

6a 

0 -fold 1 

1/2 

Includes rotation axis 

Oa 1 

O-fold 1 

1/3 

Left-handed 

6a : 

6 -fold ' 

1/6 

L(*ft-handcd 

1 


As far as the external symmetry of crystals is concerned, glide jdanes 
cannot be distinguished from reflection planes, nor can Serovs'^ axes Ik* 
distinguished from rotation axes of the same midtiplicity. For example*, 
the orthorhombic crvstal cla.ss having three mutually perpendicular 
two-fold axes, V — 222, has a number of possible internal arrangemfuits <:f 
two-fold rotation and screw' axes, leading to different .s])ace groups pic- 
tured in Fig. 20. While the internal structures of the crystals belonging 
to the.se space groups arc all different, their macroscopic symm<*try 
properties are identical. 

Space-group Notation. — The symmetry elements of each of the 230 
space groups have been tabulated many times. ‘ The content of space- 
group tables will be illustrated with reference to Fig. 20c. The notation 
for this space group is D\ — P2i2i2, the symbol in front of the dash being 
the Schoenflies and the second the newer Hermann-Mauguin .symlx)l. In 
the older system the .symbol for the point group is retained as the symbol 

‘ R. W. G. Wyckofp, The Analytical Plxpression of the Results of the Theory of 
Space Groups, Carnegie Inst. Wash. Pub. 318, 1922, 1930. “International Tabellen 
zur Bestimmung von Kristallstrukturon,” Borntnigor, Berlin, 1935. 
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for all space groups belonging thereto, and a superscript is added to 
designate the serial number of the space group belonging to that par- 
ticular point group; the one under discussion is thus the third space group 
of the point group D^. The symbols in the newer notation indicate the 
type of lattice and the symmetry elements associated with the principal 
crystallographic directions. The object of the international committee 
in urging the simultaneous and eventually the exclusive use of the new 



g h I 


Fio. 20. — Space groups of Class D 2 — 222, showing 1/8 of unit cell of each. Dashed 
and lieavy lines are 2i and 2 axes, respectively. (Other portions of unit cell are similar 
to these.) {James.) 

notation was to provide a shorthand from wliich all the symmetry 
properties of a si)aee group would be self-evident. 

Rules that must be kept in mind for an understanding of this notation are as 
follows 

The designation of the lattice is given by a capital letter. P denotes a simple lat- 
tice, A or B or C a lattice centered on the o, 6, or c face (f.e., a cell of a C lattice has a 
point J J 0 equivalent to the corner point 000), and F a lattice centered on all faces. 

In this system of notation cells are chosen so as to be as nearly rectangular as 
possible, the hexagonal lattice being denoted by the letter C (an orthohexagonal 
cell centered on the c face with a:6 = 1:V^) or by the letter // if a cell is chosen 
having an axial ratio a:h » \/3: 1. The simple rhombohedral cell having equal axes 
at equal angles is given a special symbol, R, since it is not conveniently drawn using 
rectangular axes. 

^ The system is presented in detail in “ International Tabellen zur Bestimmung von 
Kristallstrukturen,’* Borntr^er, Berlin, 1935; and in Z. KrisL, vol. 79, p. 495, 1931. 
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The remaining symbols in the space-group notation give the symmetry elements 
associated with special directions in the crystals. These are: in the monocliiiic sys- 
tem the axis normal to the others; in the orthorhombic system the three mutually 
perpendicular axes; in the tetragonal system the ^‘principal" axis, the ‘‘secondary** 
axis, and the “tertiary** axis 90® from the principal and 45® from the secondary; in 
the rhombohedral and hexagonal sj'stems the principal axis, the secondary axis, and 
the tertiary axis, which lies 90® from the principal and 30® from the secondary; and 
in the cubic system the directions [001], [111], and [110] The symbols for rotation 
axes, screw axes, or axes of rotary inversion along these directions are written in the 
symbol, as are also the symbols for the reflection planes and glide planes that stand 
perpendicular to the directions. If two symmetry elements belong to one direction, 
their two symbols may be combined as h fraction; 2/ m thus denotes a two-fold axis 
normal to a reflection plane. Only the necessary minima of symmetry elements are 
given, for the remainder follow as a consequence of those given. 

Example: The space group OJ — Fm2m is based on a face-centered lattice and lias 
reflection planes normal to [100] and [110] with thiee-fold axes along the secondary 
axes [111], an arrangement possible only in the ciiliic system. It should be mentioned 
that the crystal axes sometimes can be chosen in different ways with respect to the 
symmetry elements; these different orientations arc distinguished from one another 
in the notation, and a normal, or standard, orientation is chosen from the various 
possible ones and is used in space-group tables. 

Tables of Equivalent Points. — The equivalent points in each space 
group are listed in tables in such a waj^ as to show clearly the number of 
equivalent points belonging to each set (the “multiplicity'^) and thus the 
number of equivalent atoms that could be located at these points in a 
crystal. For the example we are considering (Fig. 20c) the points that lie 
on no symmetry elements form a set of four equivalent points known as 
the “general" set, while two sets of “special" point positions arc possible 
in which the points lie on rotation axes; the sets are labeled (a), (6), and 
(c) for convenience in working with the tables. The information is 
tabulated as follows: 

hxjuiVALENT Point Positions op Spack Giu>up J)\ — P2i2i2 


Multiplicity 

Set 


2: 

(«) 

OO 2 ; \ \z 


(&) 

\ 0z 

4: 

(c) 

i +x,l -y,i; 1 





CHAPTER II 

THE STEREOGRAPmC PROJECTION 


Mineralogists have used the stcreographic projection for many years in 
the description of symmetry classes and crystal planes, for it presents an 
accurate, easily understood plot of angular I’elations in crystals with all 
unessential features eliminated (such as the accidentally determined size 
and shape of crystal faces). Metallurgists are making use of the stereo- 
graphic projection to a steadily increasing extent. In metallography and 
physical metallurgy the projection is much used for the analysis of mark- 
ings appearing on polished grains, such as slip lines, twins, cracks, struc- 
tures formed by precipitation, magnetic 
])owder patterns, and etch pits. Data 
from certain types of x-ray photograms 
arc most conveniently analyzed by its 
use, particularly those for determining 
the orientation of single crystals or the 
preferred orientation of grains in an 
aggregate. Calculations of the angular 
relationships involved in tilting or cut- 
t ing a crystal parallel to a certain crys- 
lallographic plane or in reflecting x-rays 
from a certain plane are rapidly carried 

out. It has been adopted almost uni- , Proi®«tioa of costal 

„ ^ , • j. .1 ,, 1 piano upon reference sphere. Plane 

V('rsally to the exclusion of other methods p represented on sphere by great 

l)y those studying the deformation of circle Ji/ or pole P. 

r.ietallic crystals, except w'here the accuracy required is greater than 

a few tenths of a degree. Any directional property in a crystal or 

l)olycr 3 'stalline material can be .shown on a stereographic projection, for 

example, the modulus of elasticity and the yield point. 

Reference Sphere and Its Stereographic Projection. — Crystallo- 
graphic planes, axes, and angles are conveniently represented on a sphere. 
The ciystal is assumed to be very small compared with the sphere (known 
vaiiouslj' as the reference sphere or polar sphere) and to be located 
exactly at the center of the sphere. Planes on the crystal can then be 
roprc.scnted by extending them until they intersect the sphere, as in Fig. 1, 
where the plane F interaects the sphere along the circle M. The 
crystal is assumed to be so small that each of these planes passes through 
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the center of the sphere; this results in the plane’s intersecting the sphere 

in a circle of maximum diameter — a 
great circle. If all planes of the crystal 
are projected upon the sphere in this 
manner, it will be found that the great 
circles intersect each other at the same 
angles as do the planes of the crystal and 
so exhibit without distortion all the an- 
gular relations of the crystal. 

Crystal planes can also be repre- 
sented on the reference sphere by erect- 
ing perpendiculars to the planes. These 
plane normals are made to pass through 
the center of the sphere and to pierce the 
spherical surface at a point known as the 
pole of the plane. This is illustrated in 
Fig. 1, where the plane F and its pole P are showm. The array of poles 
on the sphere, forming a pole figure, represents the orientation of the 
crystal planes without, of course, indicating 
the size and shape of the crystal planes. 

The angle between any two planes is equal 
to the angle between their poles and is the 
number of degrees between the poles meas- 
ured on a great circle through them, as 
indicated in Fig. 2. 

The applications discussed in this chap- 
ter can be carried through by using the 
spherical projection just described, but in 
practice it is usually more convenient to use 
a map of the sphere, so that all the work can 
be done on flat sheets of papier. The 
stereographic projection is one of the meth- 
ods — and generally the most satisfactory 
one — by which the sphere may be mapped 
without distorting the angular relations be- 
tween planes or poles. 

In Fig. 3 it will be seen that there is a 
simple relation between the sphere and its 
stereographic projection. If the sphere is 
transparent and a source of light is located 
at a point on its surface, the markings on the 
surface of the sphere will be projected as shadows upion a plane erected 
as shown. The plane is perpendicular to the diameter of the sphere that 



Fig. 3. — Stereographic pro- 
jection. Polo P of crystallo- 
graphic plane projects to P' on 
projection piano. 



Fig. 2. — Anglo ^ between poles 
Pi and Pz is measured on great circle 
through poles. 
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passes through the light source. The pattern made by the shadows is a 
stereographic projection of the sphere; the point P' is the stereographic 
projection of the pole P. The distance of the plane (“ projection plane ”) 
from the sphere is immaterial, for changing the distance will merely 
change the magnification of the map and will not alter the geometrical 
relations (in fact, the plane is frequently considered as passing through the 
center of the sphere). * 

Obviously, only the hemisphere opposite the source of light will pro- 
ject within the basic circle shown in the figure. The hemisphere con- 




Fig. 4. — Stereographic projection of small circle. Projection cf great circle through 
N is EE] projection of small circle (shaded) is circle having center displaced fromP', which 
is the projection of P, 

taining the source of light will project outside the basic circle and extend 
to infinity. It is possible, however, to represent the whole sphere within 
the basic circle if two projections are superimposed, the one for the left- 
hand hemisphere constructed as in Fig. 3 and the one for the right-hand 
hemisphere constructed by having the light source on the left and the 
screen on the right. The same basic circle is used for both projections, 
and the points on one hemisphere are distinguished from those on the 
other by some notation such as plus and minus signs. 

Projection of Great and Small Circles. — ^Let Us consider how great 
circles and small circles inscribed on the sphere will appear on the pro- 
jection (Fig. 4a). Any great circle that passes through the point N will 
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project to form a straight line passing diametrically through the basic 
circle on the projection; thus SPNS projects to EE. That this is tnie will 
be seen from the fact that the great circle SPNS and its projeetion EE are 
in fact lines of intersection of a plane with the sphere and projection plane, 
respectively. If the great circle is graduated in degrees, its projection EE 
will be a scale of stereographically projected degree points and will be 
useful -for reading angular distances on the projection; it is shown with 
5® graduations in Fig. 46. Penfield^ engraved a scale of this type for a 
projection of a basic circle of 14 cm. diameter, and such a scale is inherent 
in the stereographic nets that are discussed in the next section. 

A small circle inscribed about a point ‘such as P (Fig. 4o) that lies on 
the great circle SPNS will cut the great circle at two points, each of which is 

from P. The point P will project to 
P'. The bundle of projection lines for 
the small circle will form an elliptical 
cone with its apex at S, and the cone 
uill intersect the plane in a true circh; 
of which the center is on the line EE, 
either inside or outside the basic circle. 
The point P' will not be at the center of 
area of this projected circle but will lie 
on the line EE at a point distant an 
equal number of stereographically pro- 
jected degrees from all points of the pro- 
jected circle. The scale of projected 
degrees enables the size of the projected 
circle to be determined quickly, as indi- 
cated in Fig. 46: the .scale EE is laid 
diametrically across the basic circle so as 
to pass through P'; then two points are laid down at a distance of 0“ from 
P' in each direction, and a circle, centered on EE, is drawn through the 
two points thus located. (In Fig. 46, <l> = 30° and the center of area on 
the projeeted circle is at C.) 

If the radius of the small circle about P is increased, it finally becomes 
a great circle. Since this great circle does not pass through the point N, 
its projection will not be a straight line. It will be a circle with a large 
radius having its center on an extension of EE; it will cut the basic circle 



Fig. 5. — Ruled globe, 
lions of this form the stereographic 
nets of Figs. 6 and 7. 


Projec- 


^S. L. Penfield, Am. J. Sci.f vol. 11, pp. 1, 115, 1901. The Penfield scales and 
protractors may be purchased from Penfield Stereographic Supplies, Mincralogical 
Laboratory, Yale University, New Haven, Conn. Penfield ^s protractors give the 
radii of stereographically projected small and great circles directly ; these circles may 
however, be determined by trial; many will be found on the stereographic nets dis- 
cussed in the next section and can be traced directly from the nets. 
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at two diametrically opposite points, and it will cut the line EE at the 
point 90" from P'. Its position and radius will thereby be uniquely 
determined. 

Ruled Globe and Stereographic Nets. — A ruled globe is useful in 
crystallographic work, just as it is in geography, and the method of ruling 
is the same in both cases. Great circles are drawn through the north and 
south poles of the sphere for meridians, connecting all points of equal 



Fig. 6. — Stereographic net, Wulff or ineridianal type, with 2® {graduations. 


longitude. Another set of circles is drawn concentric with the north and 
south poles to connect points of equal latitude (since they have diameters 
less than the great circles, these are small circles). A globe ruled with 
latitude and longitude lines is shown in Fig. 5. 

If the net of latitude and longitude lines on the reference sphere is 
projected upon a plane, it will form a stereographic net much resembling 
the rulings of the globe in appearance. When the north-south axis of the 
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sphere is parallel to the projection plane, the latitude and longitude lines 
form the stereographic net of Fig. 6, frequently referred to as a Wulff net. 
The meridians extend from top to bottom, the latitude lines from side to 
side (compare with Fig. 5). If, on the other hand, the northnsouth axis is 
perpendicular to the projection plane, the net of Fig. 7 will be formed, 



Fig. 7. — Polar »tereographic net with 2 *^ graduations. 


which is known as the polar net or equatorial net. In this case the merid- 
ians radiate from the pole in the center, and the latitude lines are concen- 
tric circles. 

The nets reproduced here are graduated in intervals of 2®. Larger 
nets of greater precision have been published repeatedly.^ Nets of 


‘An accurate stercographic net, 1.5| in. diameter, of the type reproduced in 
Fig. 6, was engraved by Admiral Sigsbec for the Hydrographic Office of the United 
States Navy, known as H.O, Miscellaneoua 7736. Nets are’sold by Penfield Stereo- 
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reasonable size will enable problems to be solved with an error of a degree 
or at best a few tenths of a degree; for greater precision it is necessary to 
resort to mathematical analysis. 

Rotation with the Nets. — For the solution of crystallographic problems 
on a ruled globe it is necessary to use a device similar or equivalent to the 
one sketched in Fig. 8, consisting of a transparent cap fitting accurately 
over the globe but free to rotate with respect to it. Poles marked on the 
cap, such as Pi and Pi, may be studied with reference to the underlying 
net of latitude and longitude lines. Rotating this cap about the nor^- 
south axis of the globe will cause each 
point on the cap to move along a circle 
of constant latitude on the globe, as 
shown, and in so doing each point will 
cross the same number of meridians; i.e., 
each point will retain its latitude, and 
each will alter its longitude equally. 

An exactly analogous rotation ma.y 
be carried out with stereographic nets. 

A transparent sheet of tracing paper 
replaces the transparent spherical cap, 
and the stereographic net laid under the 
paper replaces the ruled glolie. An 
array of poles on the tracing paper is 
rotated with respect to the net by mov- 
ing each point along the latitude line 
that passes through it, counting off along 
that line the required difference in longitude. AVith the AA^dfif net of Fig. 
6, the poles shift to the right or left, whereas with the polar net of Fig. 7 
they rotate about the center. 

A greater freedom of rotation is possible with the cap-and-globe device 
than with the nets, for the axis of rotation in the former case can be chosen 
at random, while in the latter rotation must always be done about the 
north-south axis of a net. It is possible, however, to rotate first about the 
axis of one net and then about the axis of the other and by thus combining 
rotations to effect a rotation about an axis inclined to both. In this way, 

Kraphic Supplies, Mineralogical Laboratory, Yale University, New Haven, Conn. 
(14 cm. diameter), and the University Press, Cambridge, Mass. (12 in. diameter). 
Reproductions appear in the following references: F. Rinnk, “Einfilhrung in die 
kristallographische Formenlehre,” Leipzig, 1922 (12 cm.); II. E. Boeke, “Die 
Anwendung der stereographischen Projektion bei kristallographischcn Untersuchungs- 
zcichnung,” Borntrager, Berlin, 1914 (14 cm.); B. Gossneb, “Kristallberechnungund 
Kristallzeichuung,” l^eipzig and Berlin, 1914 (20 cm.); G. Wolff, Z, Krist., vol. 36, 
p. 1, 1902 (20 cm.) ; F. Rinne, Z. Krist., vol. 66, p. 83, 1927 (10 cm.) ; D. Jebome 
Fisher, Bull, Am. Assoc. Petroleum Geol., vol. 22, p. 1261, 1938. 



Flo. S. — Ruled globe with trans- 
parent cap. Rotation of cap about 
.\.S axis moves Pi to Pi' and Pi toPs'. 
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rotations of any amount about any axis, whatever its inclination to the 
projection, can be made. The method amounts to resolving the rotation 
into components; one component is rotation about the axis parallel to the 
plane of the paper and is carried out by the Wulff net, and the other com- 
ponent is rotation about the axis normal to the paper and is accomplished 
by using the polar net. 

In practice, rotation about an inclined axis can be accomplished with- 
out transferring the tracing paper from one net to the other, for obviously 
the circular rotation Arith the polar net can be performed simply by rotat- 
ing the tracing paper about a pin at' the center of its basic circle. Rota- 
tions of both tj'pes can be carried out conveniently with the tracing paper 
lying oii the Wulff net and free to swing about a central pin. 

Angle Measurement. — As has been stated in connection Arith Fig. 2, 
the angle between two points on a .sphere is the number of degrees sepa- 
rating them on the great circle through them. The angle can be read 
on the spherical-cap and ruled-globe apparatus by so rotating the cap 
that the two points are made to lie on the same meridian of the globe, for 
all meridians are gi'cat circles (they all pass through two diametrically 
opposite points — the north and south poles). With the two points on the 
same meridian the angle between them is their difference in latitude, 
directly read vith the help of the latitude lines ruled on the globe. Angles 
are measured with a sterographic net in exactly the same way by bringing 
the points to the same meridian of the sterographic net and counting their 
difference in latitude. Any two points can be brought to the same 
meridian merely by rotating them a certain amount about the center 
(swinging the tracing paper about the central pin of a Wulff net). 

The most frequent source of eiTor in students’ work with the projec- 
tion comes from misundenstanding or forgetting this j)rinciple, that the 
angle between two points is equal to their difference in latitude only when they 
lie on the same meridian. It is also tme, of course, that the angle between 
two points is equal to their difference in longitude when, and only when, 
they lie on the equator, the equator of the Wulff net then serving as the 
scale of projected degrees that w'as mentioned earlier. 

The operation of angle measurement described above is, of course, 
identical whether the points on the projection represent poles of crystal- 
lographic planes, crystallographic directions, or points on a sphere. 

When planes appear in a stereographic projection as great circles, like 
the circle M of Fig. 1, it is easy to plot the poles of the planes and then 
to measure the angle between the poles. To plot the projection of pole 
P (Fig. 1) it is necessary merely to turn the tracing paper about the central 
pin in a Wulff net until the projection of great circle M falls on a 
meridian of the Wulff net; then the point on the equator 90° from that 
meridian is the pole P of the plane. 
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Properties of Stereographic Projection. — Elaborate treatises have 
been written on the properties and uses of the stereographic projection for 
crystallographic work/ and the reader is referred to these for details not 
mentioned in the present discussion and for mathematical proofs. We 
may summarize as follows the items that have been found most useful in 
metallurgical problems: 

1. The reference sphere is projected as it would appear to the eye at a 
point on the spherical surface; hence it is a “perspective projection.” 
It is also the “shadow projection” when a source of light is on the 
sphere, as has been discussed above. 

2. Small circles on the sphere appear as circles on the projection; 
however, the centers of these circles on the sphere will not project to the 
center of the area of the projected circles but will be displaced radially an 
amount sufficient to coiTespond to equal angular distances from the center 
to all points on the circumference. 

3. Great circles on the sphei’e appear on the projection as circles 
cutting the basic circle at two diametrically opposite points; a great circle 
lying in a plane perpendicular to the projection plane becomes a diameter 
on the projection, while great circles in inclined positions on the sphere 
may be made to coincide with one of the meridians of a Wulff net. 

4. ^ Angles between points are measurable and may bo read as a differ- 
ence of latitude on a net so rotated as to give the points the same longi- 
tude. The linear distance on the projection representing 1° of arc varies 
from the center to the basic circle by a factor of 2. 

5. The projection is angle tine; the angle between interaecting planes 
equals the angle at which the projection of the planes intersect. (How- 
ever, see page 32 for a more suitable method of determining the angle.) 

6. Angular relations between points on the projection remain un- 
changed by rotation of the points about the axis of a stereographic net as 
described earlier (page 31). 

7. Half of a sphere is projected within a basic circle; the other half is 
projected on a plane of infinite extent but is more conveniently projected 
within the basic circle and distinguished from the first by some notation. 

Standard Projections of Crystals. — A stcreographic projection of the 
poles of all the important planes in a crystal is indispensable in metal- 
lographic studies. When such a projection is prepared with a plane of low 
indices as the plane of projection, it is called a standard projection. 

‘S. L. Pbnfiki.d, Am. J. ScL, vol. 11, pp. 1, 115, 1901; vol. 14, p. 249, 1902; 
Z. KrisL, vol. 35, p. 1, 1902. E. Bokkk, “Die Anwendung der storeographischo 
I’rojektioii bei kristallographischen Untcrsuchungen,” Bomtrager, Berlin, 1911. 
F. E. Wbioht, J. Optical Soc. Am., vol. 20, p. 529, 1930; Am. Mineral., vol. 14, p. 251, 
1929. A. Hutchinson, Z. KrisL, vol. 46, p. 225, 1909. D. Jerome Fisher, A New 
I*rojpction Protractor, /. GeoL, vol. 49, pp. 292, 419, 1941; reprints and protractors 
sold by University of Chicago Bookstore, Chicago, 111. 
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Figure 9 is a simple example representing a cubic crystal with a cube face 
parallel to the projection plane; the A" and Y axes of the crystal lie in the 
projection plane so that the poles of the planes (100) and (010), respec- 
tively, are on the basic circle, and the Z axis is normal to the plane of 
projection so that the pole of the plane (001) is at the center of this circle. 
The plot is constructed by calculating the angles between the poles and 

crystallographic axes and laying 
off these angles by the aid of the 
stereographic net. The process is 
‘much shortened by using the sym- 
metry properties of the crj'stal; 
further short cuts are possible by 
using zonal relations — by locating 
poles through the intersections of 
zone circles. The more important 
zone circles are shown in the 
projection. 

Tables of angles that may be 
used for plotting standard projec- 
tions have been published for many 
crystals and are particularly useful 
for cubic crystals, since the angles 
are identical for all crystals of the 
cubic system. A convenient list of the angles between different planes 
of two different indices (HKL) and (hkt) for cubic crystals is given in 
Table IV. > 

The principal planes of the cubic system are plotted in Fig. 10. 
Standard projections with other planes as the projection plane can be 
derived from this by rotation with a net. 

In the cubic system a standard projection of poles of planes also serves 
as a standard projection of crystallographic directions of similar indices, 
for in this system the direction [hkl\ is perpendicular to the plane {hkl) 
for all values of the indices h, k, and 1. 

Each different hexagonal metal requires its own standard projection, 
for the angles depend on the axial ratio in the crystal. A projection for 
zinc is given in Fig. 11. 

Orientation of Single-crystal Wires and Disks. — ^The orientations of 
single-crystal wires, rods, or disks are conveniently represented using a 
stereographic projection. It is customary to plot the position of the axis 
of the specimen on a standard projection of the crystal. The specimen 
axis appears on the projection as a point such as P, Fig. 9, at the required 
angular distances from the axes of the crystal. It is not necessary, how- 
* R. M. Bozokth, Phye. Rev., vol. 26, p. 390, 1925. 


Too 



Fio. 9. — Standard projection of cubic 
crystal. Unit stereographic triangle which 
contains specimen axis P, is outlined. 
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Tablb IV. — Angles between Cbysta.llogkaphi(; Planes in ( 'rystals of 

Cubic System 


[HKL\ 

{hkl} 

Values of angles between planes of forms [HKL] and {hkl\ 

100 

100 

0® 

90° 






110 

45° 

90° 






111 

64'’44' 







210 

26“34' 

63*26' 

90° 





211 

ssne' 

65*54' 






221 

48‘’11' 

70*32' 






311 

25°14' 

72*27' 





no 

no 

0° 

60° 

90° 





111 

35*16' 

90° 






210 

18*26' 

50°46' 

71°34' 





211 

30* 1' 

54*44' 

73°13' 

90° 




221 

19*28' 

45° 

76*22' 

90° 




311 

31*29' 

64°47' 

90° 




111 

111 

0° 

70°32' 






210 

39*14' 

75° 2' 






211 

19*28' 

61*52' 

90* 





221 

15*48' 

54*44' 

78*54' 





311 

29*30' 

58*30' 

79*58' 




210 

210 

0* 

36*52' 

53* 8' 

66*25' 

78*28' 

90° 


211 

24* 6' 

43* 5' 

56*47' 

79*29' 

90* 



221 

26*34' 

41*49' 

53*24' 

63*26' 

72*39' 

90° 


311 

19*17' 

47*36' 

66* 8' 

82*15' 



211 

211 

0* 

33*33' 

48*11' 

60* 


80°24' 


221 

17*43' 

35*16' 

47* 7' 

65*54' 

74*12' 

82°12' 


311 

10* 0' 

42*24' 

60*30' 

75*45' 



221 

221 

0* 

27*16' 

38*57' 

63*37' 

1 

83*37' 

90° 

311 

311 

0* 

35* 6' 

50*29' 

62*58' 

84*47' 

• 


ever, to draw the whole standard projection before plotting the axis in it, 
for the axis may just as well be referred to the three neighboring poles of 
(100), (110), and (111) planes. If poles of these three types are joined by 
great circles, there results (for the cubic system) a pattern of 24 equivalent 
triangles, one of which is outlined with heavy lines in Fig. 9, and it is com- 
mon practice to draw only one of these triangles or two adjacent triangles 
before plotting the specimen orientation. 

It is easy to show by means of a projection of this sort (using one 
triangle or sometimes two adjacent ones) how the orientation of the lattice 
changes during deformation of the crystal, for deformation causes a cer- 
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tain rotation of the axis with respect to the lattice and causes the point 
P (Fig. 9) to move along a definite path on the standard projection.' It 
will be noted that plotting the specimen axis in this way leaves unspecified 
the orientation of the lattice with respect to rotation around the specimen 
axis, but in many problems this is unimportant, for example, in tensile 



tests of a wire. A number of investigators have made use of this kind of 
plot to show the variation of physical properties with lattice orientation; 
measurements of a physical property of a wire can be written beside the 
point representing the wire orientation, and points of equal magnitude 
can be joined by contours. 

* G. I. Tayloh and C. F. Elam, Proc. Roy. Soe. (Jjondon), vol. A102, p. 643, 1923; 
vol. A108, p. 28, 1925. G. I. Taylor, Proc. Roy. Soc. {London), vol. A116, p. 16, 
1927. H. J. Gouoii, Edgar Marburg liccture, Proc, A.S.T.M., vol. 33, pt. 2, p. 3, 
1933. 
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Applications to Metallography.' — The combination of standard projec- 
tion and stereographic net is particularly convenient for analyzing the 
crystallographic features of the deformation of crystals by slip, twinning, 
and cleavage or the growth habits of crystals precipitated within a 
crystal, forming a Widmanstatten pattern. Such studies deal with the 
orientation of planes in space, the angles between these planes, and the 
intersections of these planes with one another, matters readily visualized 


1010 



Fia. 11. — Standard (0001) projection for zinc (hexagonal, c/a = 1.86). 

and handled on the stereographic projection. To aid the beginner it is 
desirable to list the more common problems and to give the operations by 
which they are graphically solved, but it should be borne in mind that as 
soon as one is accustomed to think clearly of the sphere and its “picture,” 
the stereographic net, these operations become self-evident. 

Obviously, the solutions are independent of the choice of projection 
plane and are applicable to problems in pure spherical trigonometry; but, 
> C. S. Barrett, Tram. A.I.M.E., vol. 124, p. 29, 1937. 
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to make the operations more easily understood by the metallographer, we 
shall present them from his standpoint rather than in the abstract. We 
shall speak of polished surfaces of specimens and of traces of crystallo- 
graphic planes in these surfaces (lines of intersection), and we shall 
generally consider the projection plane to lie in one of the surfaces. 

1. Orientation op Planes Causing a Given Trace in a Surface. — ^Let us 
consider the stereographic projection of a polished surface containing the trace of a 
crystal plane, the projection being made on a sheet of paper laid parallel to* the 
polished surface. The surface will then be represented on the paper by the basic 
circle, and markings on the surface will be plotted as points on the circumference of 
this basic circle. A trace in the surface that runs lengthwise of the page (‘‘vertically”) 
will be plotted in the projection as the diametrically opposite points T and T' at 
the top and bottom of the basic circle (Fig. 12). A trace in any other direction in the 



Fio. 12. — Planes A, B, C, with poles Fio. 13.~ Planes A and B, with 

A\ C\ and all other poles along EE' poles A' and intersect along direc- 

intersect projection plane in trace TT', tion C', 


surface would be plotted similarly, as the end points of a diameter parallel to the 
given direction. 

To find the planes that would intersect the surface in the direction TT', the points 
TT are superimposed on the N and S poles of a Wulff net. It will then be seen that 
all the meridians of the net — such as the meridians A, B, and C of Fig. 12 — are pro- 
jections of the required planes, since they intersect the basic circle at T and T. 
Similarly, any other plane whose pole lies on the equator of the Wulff net will inter- 
sect the surface in the direction of the NS axis. 

Conversely, if the pole of a plane is given, such as A', its trace in the projection 
plane is readily found. The transparent sheet on which the pole is plotted is laid on a 
Wulff net and turned until the pole falls on the equator, in which position the required 
trace will be parallel to the NS axis of the net. 

2. Trace op One Plane in Another When Both Are Inclined to the Pro- 
jection Plane. — Given two poles A' and B' (Fig. 13), the planes A and B are first 
plotted. '!l?his is accomplished for A by rotating the projection over a Wulff net so 
that the pole A' lies on the equator Ea and then tracing on the projection the meridian 
lying at 90‘’ to the pole A'. The operation is repeated for the second pole, B\ with 
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the net turned so that its equator is in the position Eb- The point of intersection, C\ 
of the two planes thus plotted is the projection of the required line of intersection of 
the planes. 

3. Direction Normal to Two Given Directions (or Zonk Axis op Two 
Planes Whose Poles Are Given). — Refer- 
ring again to Fig. 13, let us assume that the 
directions A' and R' are given and that the 
direction normal to both is required. This 
may be given by the construction described 
in the preceding paragraph, for obviously 
every line in plane A is normal to the direc- 
tion A' and every line in R is normal to R'; 
hence, the line common to A and B is normal 
to both A' and 

An alternative solution is shown in Fig. 

14. The projection is rotated over a Wulff 
net until both A' and R' lie on the same 
meridian; then the point C" on the equator 
and 90° from this meridian is the jirojection 

of the reqaired direction. If A' and if' are pm, u.— Alternative method of 
poles of planes, C is the zone circle and C* is locating C\ which is normal to A' and 
their zone axis. B\ 

4. Determination op Orientation op Plane from Its Traces in Two Sur- 
faces. — The surfaces are first plotted on the projection as in Figs. 15a and 156, one 
surface lying in the plane of projection and forming the basic circle A of Fig. 156, the 
other surface, B, coinciding with the meridian of the stereographic net that lies 0' from 
the first about the axis NS. (To draw this meridian the net is rotated so that the dircc- 



Fia. 15. — Determination of orientation of plane from its traces in two surfaces. Traces ai e 
Ta and Tb in surfaces A and B, respectively. Plane causing these is C. 

tion NS is parallel to the line of intersection of the two surfaces.) On the planes A 
and B thus plotted in Fig. 156 are then located the points Ta and Tb, which represent 
the directions of the traces in the two surfaces, respectively; they will lie at angles laid 
off from the edge NS to correspond with the angles on the specimen, the angles being 
measured as differences of latitude, and on the stereographic net. The traces 
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Ta and Tb having been plotted, the piano that causes them can be drawn by rotating 
the net so that some single meridian of the net will pass thnmgh both points; this 
meridian (the dashed circle C in the figure) is then the projection of the required 
plane. 

5. Determination op Crystal Orientation prom Traces of [hkl\ Planes 
When h, k, and /, Are Known, {a) Traces in One Surface Only, — On tracing paper 
a basic circle is drawn representing the specimen surface; through this circle are drawn 
diameters perpendicular to the directions of traces seen on the specimen surface. 

These diameters are then the loci of all poles 
capable of forming the traces. A standard 
projection on a transparent sheet of all poles 
of the given form \hkl] is then superimposed 
on this plot and on a Wulff net, and a pin is 
put centrally through all three slieets. 
trial the relative position of the three sheets is 
found in which each pole of the standard 
projection may be rotated into coincidence 
with one of the diameters by the same amount 
of rotation about the axis of the net. This 
position of the sheets is illustrated in Fig. 16, 
in which appear the llllj trace normals 
(diameters), the {1111 poles of the standard 
projection (O), and the position of tliese 
poles on the trace normals after the rotation 
with the net (•). This final array of poles 
(•) describes an orientation of the crystal 
consistent with the observed traces; it may 
not be, however, the only consistent orienta- 
tion. In fact, if traces on only one surface* 
are studied, the crystal may have the orienta- 
tion shown or a mirror image of this orientation in the plane of projection, the poles 
lying in either of the hemispheres. 

The example in Fig. 16 is an orientation determination in which a method of this 
sort was necessary, for the crystal in which the traces originated had decomposed. 
(The traces were formed by decomposition of a 7 -iron crystal into a-iron crystals 
which formed lamellae on | 111 | planes.*) 

5.(6) Traces in Two Surfaces. — The solution is more direct and rigorous if trac(\s 
can be followed from one surface around the edge to the other surface, thus eliminating 
any uncertainty as to the proper pairing of traces on the two surfaces. If this is' 
possible, the first operation is to plot the orientation of each plane by method 4 above. 
The poles thus plotted give the crystal orientation. If the orientations of other poh s 
of the same crystal are required, they may be obtained by rotation of the standard 
projection, as in the previous method — the plotted poles on one sheet and the standard 
projection on another being rotated with respect to the net until a difference of 
of longitude and no difference of latitude exists between each {hkl ) pole of the standard 
and a corresponding plotted pole, notation of then puts any pole of the standard 
into its proper position in the plot. 

* R. F. Mehl and D. W. Smith, Trans, AJ.M,E,, vol. 113, p. 203, 1934. In this 
work, traces on two surfaces were used, but for simplicity the author has shown in the 
present chapter the data from only one surface. 



Fig. 16. — Orientation of cubic 
crystal determined from traces of { 111 } 
planes. Indicated on projection are 
normals to traces (diameters); fill I 
poles of standard projection (O); {111} 
poles in orientation explaining traces 
(O). 
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When the pairing of traces on the two surfaces is uncertain, it is necessary to make 
a plot of poles for all possible pairings. Among this array of poles there will be one or 
more groupings having the angular relations appropriate for [hkl} planes, and these 
may be singled out from the whole number by trial rotations of the \hkl] poles of the 
standard, possible solutions being those for which rotation about the net axis 
brings the standard poles into coincidence with the sets of plotted poles. 

6. Determining Indices of Set of Planes Causing Traces on One or More 
Surfaces, (a) Crystal Orientation Unknown, — The poles of the planes (or of all 
possible planes in cases of uncertain pairing) are plotted as in the preceding problem. 
Trial rotations are then performed, using different sets of standard projection poles, 
until a set is brought into coincidence with the plotted poles. For example, traces on 
two polished surfaces were found to be consistent with (111) planes by the analysis 



Fig. 17.- -Orientation of cubic 
crystal determined from traces on two 
surfaces. Normals to traces are full 
lines; standard projection {111) poles 
(O); {111) poles in orientation explain- 
ing traces (#). 



Fig. 18. — Determination of indices 
when crystal orientation is known. 
Traces on one surface available. Di- 
ameters are normals to traces of 
precipitated plates of iion nitride in 
polished surface. Circles (O) are 
{210) poles, located by x-rays, which 
account for traces. 


shown in Fig. 17.^ Normals to traces on the plane of projection appear in this figure 
as diameters, while normals to traces on a second plane of polish appear as great 
circles. The dots are poles of {111) planes that have been rotated from a standard 
projection in such a way as to lie at or near the intersections of diameters and circles 
and that are therefore capable of explaining the traces in both surfaces. 

The procedure in this problem is laborious and leads to uncertain results unless 
traces are measured on two surfaces and unless the planes are of low indices. It is 
frequently possible to save labor by noting the number of different directions of 
traces on each surface, for in this way certain planes may be eliminated from further 
consideration. If, for example, a single crystal of a cubic metal exhibits more than 
three directions of traces, {100} slip planes alone could not be responsible; if more 
than four directions arc found, neither {100} nor {111} planes alone could have 
produced them; if more than six directions, neither (lOO), nor {111), nor {110}, etc. 
Numerous applications of this principle have been made, particularly in Widman- 

^ R. F. Mehl and C. S. Barrett, Trans, A,I,M,E,^ vol. 93, p. 78, 1931. 
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statten studies, both for determining the indices of planes and for excluding planes 
of certain indices. 

6.(6) Crystal OrierUaiion Known . — If x-ray data or other observations have already 
given the orientation of a crystal, a standard projection of all likely planes can be 
rotated to their ]30sitions for this crystal orientation. By the methods presented 
above, the traces that each set of planes will make in the plane of polish may then be 

plotted. The coincidence of predicted and 
observed traces will then single out the sets 
of planes best able to explain the data. 

Figure 18 illustrates the method for traces 
in one surface.^ The directions of ^‘nitride 
needles'^ in a single crystal of iron were 
measured, and diameters were drawn perpen- 
dicular to these directions. The poles of 
various low-index planes of the matrix crystal 
of iron were then plotted on the projection in 
positions determined by x-rays. The poles of 
{210) planes lay on or near the trace normals 
without exception and were thus adequate to 
explain them. One becomes convinced that 
planes of no other index could be involved, 
however, only after several individual exam- 
ples have been analyzed in this way. 

That ‘‘nitride needles*^ are plates formed 
on {210} planes in a-iron was proved more 
rigorously by analyzing traces that appeared 
simultaneously on two surfaces. Poles of the 
plates could then be plotted by method 4. These arc shown as circles in Fig. 19. 
These observed poles agreed well with the poles of {210} planes located by x-ray 
diffraction, shown as crosses in the figure. 

Gnomonic ^ 

Sfereografehic ^ 

Project ion plane 


Reference 
sphere 

Fig. 20. — Relations among orthographic, stereographic, and gnomonic projections. 

Other Perspective Projection's. — The stereographic projection is but 
one of a series of projectione that are “perspective,” f.e., that represent' 
what the eye sees when placed at a definite position with respect to the 
reference sphere. The eye (or a light source) placed on the surface of the 

‘R. F. Mbhl, C. S. Barbstt, and H. S. J^rabek, Trana. A.l.M.E., vol. 113, 
p. 211, 1934. 




Fio. 19. — Determination of indices 
when crystal orientation is known. 
Traces on two surfaces available. 
Circles are poles of nitride plates 
appearing simultaneously on two sur- 
faces; crosses are {210} poles, located 
by x-rays, which account for traces. 
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reference sphere gives the stereographic projection. When it is at 
infinity, it gives the orthographic projection so widely used in mechanical 
drawing. And when it is at the center of the sphere, it gives the gnomonic 
projection. These relations are sketched in Pig. 20, which represents a 
section through the center of the sphere normal to the projection plane. 
It will be seen that the hemisphere adjacent to the projection plane is 
mapped within a basic circle in the case of the stereographic projection, 
but it extends to infinity in the case of the gnomonic. The gnomonic 
is accordingly less useful in crystallographic problems [see applications of 
the gnomonic to the Laue method in Chap. V]. All perspective projec- 
tions have the property that the azimuthal positions around the central 
ray (the dot-dash line in Fig. 20) are the same on the sphere and its 
projection. Other related projections have sometimes been employed* — 
for example, the equiangular — but they are not conventional for crystal- 
lographic problems and would be likely to lead to confusion if occasionally 
adopted for this purpose by investigators. The reflection of x-rays from 
a crystal plane forms a projection on a photographic film which has been 
called a reflection projection. 

* F. E. Wrioht, The Methods of Petrographic Microscopic Itcscarch, Carnegie 
Inst. Wash. Puh. 158, 1911. 



CHAFl'ER III 

X-RAYS 

When Laue suggested to his assistant, Friedrich, in 1912 that x-rays 
should be of the right wavelength to diffract from the atoms within 
crystals, he started a train of experiments that has been of incalculable 
aid to the development of ciystallography. In the hands of W. H. Bragg 
and his son, W. L. Bragg, x-rays were immediately put to work in the 
solution of crystal structures. Practically every structure determination 
since that time has employed x-rays; applications of x-rays to chemistry, 
physics, and metallurgy have been continuous. No laboratory in 
these fields is now considered complete* without equipment for x-ray 
diffraction. It is desirable, therefore, to devote a considerable por- 
tion of this volume to the methods of x-ray diffraction. In order that 
x-rays may be employed most effectively it is first necessary to cover in 
some detail their nature and the methods of producing them. The funda- 
mental principles of radiograph}' are discussed briefly but not the i)ra(f- 
tical art; the same is done for chemical analysis by x-rays, which has 
been so well covered in von Hevesy’s book.^ 

X-rays were discovered in 1895 when Prof. W. K. Riintgen was 
experimenting at the University of Wurzburg, Germany, with highly 
evacuated tubes in which cathode rays were being generated. It had 
already been shown by Sir William Crookes that the cathode rays in 
these tubes are streams of negative electricity — electrons — impelled and 
directed by the electric field within the evacuated bulb. Rontgen dis- 
covered that the impact of the cathode rays on the wall of the bulb 
generates an invisible, penetrating radiation which in many respects 
resembles light. The rays spread outward from the source in straight 
lines and cast sharp shadows; they darken photographic plates that have 
been wrapped in black paper; they excite barium platinocyanide to bril- 
liant fluorescence ; and, like ultraviolet light, they ionize air. 

The interest in this discovery was tremendous, especially among the 
physicists, who were anxious to learn the exact relation of the rays to 
light, and among the technologists, who within a few months had begun to 
apply them to medical and industrial uses. The concentrated efforts of 
physicists in many laboratories disclosed additional properties of the 

‘ G. VON Hevesy, “Chemical Analysis by X-Rays and Its Application,” McGraw- 
Hill, New York, 1932. 
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rays analogous to the properties of light and other electromagnetic 
radiation: their path can be bent by refraction when passing through a 
substance; they can be polaiized; they can be reflected from a smooth 
surface if the glancing angle between the beam and the surface is less than 
about they can be diffracted (very slightly) by a slit, a grating, or a 
crystal; they can stimidate, “burn,” or kill living matter, depending on 
dosage; they can eject electrons from an absorbing substance which 
becomes, in turn, an emitter of fluorescent x-rays; they are scattered by 
the atoms of a substance, and if the atoms are arranged in a regularly 
repeating patt(M'n the scattered rays cooperate to build up diffracted rays. 
Tn addition to following the laws of wave propagation and diffraction, 



1. — Di.stri))utif)ii of energy in t!io nontmuous x-ray Hpootium of tungsten at different 

vol tages. ( U I rey,) 

the rays also act as discrete particles, tpianta, possessing definite energy 
and momentum. 

When electrons are driven at high speed into the metal target of an 
x-ray tube, about 2 percimt of their energy is converted into x-rays; the 
balance is converted into heat in the target. The distribution of the 
x-ray energy in the different wavelengths of the spectrum is a matter of 
first importance in the various methods of crystal analysis and the 
different techniques of industrial radiography. 

The radiation consists of a continuous spectrum — eradiation spread 
over a wide band of wavelengths — ^and a superimposed line spectrum of 
high-intensity single-wavelength components. The former corresponds 
to white light and is frequently called the white radiation. The latter 
corresponds to monochromatic light; and because the wavelength of each 
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component is characteristic of the metal emitting the rays, it is called the 
characteristic radiation. The continuous spectrum can be produced 
without the characteristic if the tube is operated at a low voltage, but as 
soon as the voltage is increased beyond a critical value the characteristic 
spectral lines appear in addition to the white radiation. 

The Continuous Spectrum. — Figure 1 shows the distribution of 
energy in the continuous or white radiation emitted from a tungsten- 
target tube operating at a series of voltages. The important features of 
the spectra in Fig. 1 are the abrupt ending of each spectrum at a minimum 
wavelength, the maximum at longer wavelengths, and the gi'adual 
decrease in intensity on the long wavelength end of the spectrum. 
Increasing the operating voltage shifts both the minimum wavelength 
(the short-wavelength limit) and the point of maximum intensity to the 
left and increases the intensity of all wavelengths. 

The radiation originates when an electron that is moving with a high 
velocity encounters an atom in the target. If it converts its entire 
kinetic energy into x-rays at a single encounter, the frequency of the rays 
produced will be given by the quantum relation 

eV = hv 


where e is the charge on the electron, V the voltage applied to the tube, 
h a universal constant (Planck's constant), and v the frequency of the 
radiation. While all electrons strike the target with energy eV, only 
rarely are they stopped in a single encounter so as to convert their entire 
energy into one quantum. More frequently they dissipate their energy 
in a series of glancing encounters with a number of atoms and generate 
heat or quanta of lower frequency than the maximum. From varied 
encountei:? an entire continuous spectrum is produced which extends from 
the limiting frequency given in the above equation down to very low 
frequencies. In terms of the operating potential of the tube in volts and 
the wavelength of the radiation (which is equal to the velocity of light 
divided by the frequency) the above relation for the short-wavelength 
limit for the continuous spectnim is 


knilii ^— 


12,430 

V 


angstroms 


If the voltage impressed on the tube is pulsating between limits or is 
alternating, it is the peak value and not the root-mean-square value 
that must be used in this formula 'to give the minimum wavelength. 
For x-ray diffraction the wavelengths XBsed are 0.2A or more and thus 
do not require potentials in excess of 60,000 volts; but for industrial 
radiography much shorter waves are needed, and voltages are raised to 
200, 400, and even 1000 kv. 
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The efficiency of an x-ray tube as a generator of white radiation is 
greatly influenced by the metal used for the target and the voltage 
employed. The total energy emitted increases directly as the atomic 
number of the target material and roughly as the square of the applied 
voltage.^ Increased emission with increasing voltage is evident in the 
curves of Fig. 1, where the area under the curves is proportional to the 
total energy in the continuous spectrum. The intensity at the highest 
point of the curve also increases rapidly with voltage; doubling the voltage 
may result in as much as a sixteenfold increase in the maximum intensity. 

The wavelength at which the intensity is a maximum is about 1.5 
times the minimum wavelength and shifts to shorter wavelengths with 
increasing voltages. For radiographic purposes requiring high intensities 
and short wavelengths it is therefore necessary to use very high voltages, 
not only to reduce the value of the short-wave limit, but also to shift 
the effective mean wavelength to the short-wave end of the spectrum; 



Direct 

beam 


Xy Kjg Kct 



Ficj. 2. -iSpcctrum of radiation from inolyMenum. Characteristic lines of the K series are 
superimposed on continuous spectrum. 


it is also necessa^ to use a metal of high atomic number for the target 
in order to increase the efficiency of the tube. Tungsten is universally 
chosen for the purpose because its atomic number is high (74) and because 
it has a high melting point and good thermal conductivity, which permits 
the heat arising from the impact of the electrons to flow through the 
target and be dissipated without melting or vaporizing the target. 

The Characteristic Spectrum. — In addition to the continuous spec- 
trum, an x-ray tube operating at a sufficiently high potential will also 
emit a line spectrum that is characteristic of the kind of atoms in the 
target. The nature of the characteristic spectrum is illustrated by Fig. 
2, in which a portion of the spectnim from a molybdenum target is 
reproduced. The sharp lines in the spectrum are classified into series 
(K, L, M, etc.) and are named with Greek letters and subscripts in 
accordance with their origin in the atoms of the target. The most 
important lines for x-ray diffraction work, the K series, are shown in 
this figure. In the order of decreasing wavelength these are the Ka 
line, which is a close doublet composed of Ka^ and Kai, and a weaker 
Kfi line, a close doublet of K 03 and Kfii, which is rarely resolved. 'Hiere 
is sometimes also a weak Ky, now known as Kfi 2 , which is also a very close 

* W. W. Nicholas finds the energy emitted is proportional to ‘ for high volt- 
ages and a tungsten target. (J. Research Natl. Bur. Standards, vol. 5, p. 853, 1930.) 
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(unresolved) doublet. Unless ^special precautions are taken to eliminate 
some of these lines, Ka, Kfi, and possibly Ky will appear on x-ray diffrac- 
tion patterns. A plot of intensity vs. wavelength for a tube emitting the 
K series is shown in Fig. 3; the strong Kct and Kfi peaks appear in this 
plot, but the weaker Ky and the longer wavelength 
L and M lines do not. 

Thei’e are a number of lines in the L series, AI 
series, etc., particularly with the heavier elements, 
but these are always of longer wavelength, as 
illustrated in Fig. 4, and are less penetrating. 
They contribute to diffraction photograms only 
W'hen they are emitted by very heavy atoms such 
as tungsten and mercury, unless a special vacuum 
camera is used to prevent absorption in the glass 
of the x-ray tube and in the air suiTounding it. 
These longer wavelength lines are of importance in 
chemical analysis by x-rays, but in crystal analysis 
they are avoided. Appendix 11 lists the strongest 
lines in the K and L spoctj’a and their wavelengths. 
The relative intensities of the linos of a scuies vary 
with atomic number, with the exception of Ka 2 
and Kai, which arc always v'ery close to the ratio 
Kai'.Kai =1:2. With a molybdenum target the 
intensity ratio is AjS'.Aa = 1:7.7 (with the doublets 
uni’esolved) ; with a target of high atomic number 
the ratios Kui'.KaiiK^z -}- are approxi- 

mately 50:100:35:15. The relative intensities of 
the more intense lines of the L series in tungsten 
aie a2'ai:fii:fi2:03:^i:yi = 12:100:52:20:8:5:9.* 
The targets most used for diffraction purposes 
produce Ka rays in the wavelength range from 
0.56 to 2.29A; these are Ag, Mo, Cu, Ni, Co, Fe, 
and Cr. Elements of lower atomic number emit 
long waves that are largely absorbed in the win- 
dows of an ordinary x-ray tube, while elements heavier than these give 
white radiation that is too intense to be useful when only line radiation 
is wanted. 

Moseley’s Law. — ^The wavelengths of the lines in the characteristic 
spectra vary in a regular manner from one element to another, as was 
first shown by Moseley. He discovered that for corresponding lines of 
the spectrum, the higher the atomic number of the emitting atom, the 

* Additional measurements are summarised in A. H. Compton and S. K. Allison, 
“X-rays in Theory and Experiment,” pp. 638ff., Van Xostrand, New York, 1935. 
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Fio. 3. — Spectrum 
of molybdenum at 
35,000 volts showing 
Ka and X/3 lines super- 
imposed on continuous 
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shorter the wavelength (the higher the frequency). The quantitative 
relation is illustrated in Fig. 6 and is known as Moseley’s law: The square 
root of the frequency of corresponding lines from different elements 
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Fio. 4. — Plot of K-, L-, and Af-aerics lines of tungsten with wavelength scale below. 


increases linearly with atomic number Z. This can be expressed by the 
formula 

= - a) 


where v is the frequency, iC is a constant for corresponding lines from 
all elements, and <t is another constant. 'J'his law applies not only to 
lines of the K scries but also to lines of other series \vith appropriate 
changes in the constants K and a. 

The regular increase in frequency on I Kn . / 

the plot of one of the lines, as illustrated K« 

in Fig. 5, enables an investigator to 35 - 

detect missing elements of the periodic 

table and to identify them by means of » 

their emission spectra when they have ° 25 - 

been discovered. Original surveys of I® 

this type disclosed gaps at the atomic 20 - 

numbers 43, 61, 72, 75, 85, and 87, and 

later research has resulted in the identi- 

fication of x-ray spectra of masurium lO ‘ ■ ‘ ‘ ' ' ' ' ' 1 — 
-ii- • u r • /-ro^ 1 40 45 50 55 60 65 70 75 

(43), ilhmum (61), hafnium (72), and Atomic Number (Z) 

rhenium (75). X-ray spectra are much fiq. s.— C hart showing Moseley’s 

simpler than optical spectra and are law relating atomic number of x-ray 
^ ^ ^ . j, emitter to the square root of the fre- 

COnscqUGIltly much, more convenient for quency of emission lines. 

identification work of this sort. 

Origin of Characteristic Radiation and Absorption. — The remarkable 
regularities in x-ray spectra are best understood by considering the 
states of energy in which an atom can exist, after the manner proposed 
by Bohr. In the Bohr theory an atom is capable of remaining indef- 
initely in a state of minimum energy unless an amount of energy is 
imparted to it that is capable of raising it to one of a set of higher energy 
states. In the higher energy state (excited state) there is no radiation 
or loss of energy until the atom reverts suddenly to a lower energy state. 
At this time, the atom throws out a unit of energy, a quantum, in the 


30 55 40 45 50 55 60 65 70 75 
Atomic Number (Z) 

Fig. 6. — Chart showing Moseley’s 
law relating atomic number of x-ray 
emitter to the square root of the fre- 
quency of emission lines. 
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form of radiation, and the frequency of the radiation, v, is related to the 
loss in energy of the atom, E, by the equation 

hp = E 

where h is Planck’s constant. Since the energy states, or ‘levels,” are 
discrete and sharp, the transitions between them give rise to sharp lines 
in the spectrum. 

It will be recalled that, on the Bohr model of the atom, the charge on 
the central nucleus of the atom holds the electrons surrounding the 
nucleus in definite shells, K, L, M, etc. When electrons from the fila- 
ment of an x-ray tube are driven into the target with sufficient energy. 
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Fio. 6. — Energy-level diagram for an atom (schematic). Excitation and emission prooesse.s 

indicated by arrows. 

they eject an electron from one of these shells and thereby raise the atom 
to an excited state. A characteristic ray is emitted when an electron 
from an outer shell falls into the shell vacated by the ejected electron. 
If it is an electron from the K shell that has been ejected and if the A-shell 
vacancy is filled by an electron from the adjacent L shell, the atom will 
emit Ka radiation. If the X-shell vacancy is filled by an M electron, 
the Kfi line will be emitted. From the various atoms of the target the 
various lines of the K series will be emitted. Similarly, vacancies in the 
L shells of the atoms are filled by transitions from outer shells, and 
L-series lines are emitted. 

The customary way of showing these relations on a diagram is to 
make a one-dimensional plot of the energy states of an atom with energy 
increasing vertically above the normal state (Fig. 6). Reference to this 
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simplified figure shows that ejection of a iC electron raises the atom to 
the K energy level; filling the Jf-shell vacancy from the L shell lowers 
the atom to the L energy level and produces Ka radiation, or filling the 
X-shell vacancy from the M shell lowers the atom to the M level and 
produces radiation. All lines of the K series are emitted whenever 
the voltage on the x-ray tube is sufficient to eject an electron from the 
K sheU. 

The same characteristic radiation is emitted from an atom if it is put 
into an excited state by the absorption of a quantum of x-rays, for if the 



Fia. 7. — Energy-level diagram for uranium atom with emission-line transitions indicated by 

arrows. 


quantum has sufficient energy (high enough frequency) it will eject an 
electron from the atom. If a beam of x-rays is passed through an 
absorbing substance and the rate of intensity diminution of the trans- 
mitted beam is measured as the wavelength of the constant-intensity 
initial beam is steadily decreased, it will be found that an abrupt change 
in absorption occurs when the frequency of the beam is such as to excite 
the atoms of the absorber. This will occur when the energy in a quantum 
of radiation, given by the equation E = hv, is sufficient to eject an elec- 
tron from one of the shells of the absorbing atom. Thus the K absorption 
process results in K excitation, and the discontinuity in absorption is 
called the K absorption edge. Reference to Fig. 6 will show that the 
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energy change for K absorption is greater than the energy change in the 
emission of any K series line; i.e., the wavelength of the K absorption edge 
is less than any K emission wavelength. A similar relation holds for 
the various L and M absorption processes and the emission lines resulting 
from them. The frequency of each emission line is equal to the difference 
in frequency between two absorption edges. When radiation results 
from the excitation of an atom by the absorption of x-rays, it is known as 
fluorescent radiation, just as in the analogous case with visible light, 
and is composed almost exclusively of line radiation. ^ It would serve 
as an excellent source of rays for diffraction if it were not of such low 
intensity compared with other sources. 

Thorough investigation of the absorption edges and emission lines for 
the elements has disclosed a complex array of energy levels; while there is 
only a single K absorption edge, there are three L absorption edges, five M 
absorption edges, and many N and 0 levels (in the heavier atoms). The 
complete energy-level diagram for one of the heavy elements is reproduced 
in Fig. 7 with the transitions marked that give rise to the x-ray emission 
lines. 

Dependence of Line Intensities on Voltage. — Emission lines are not 
excited unless the voltage exceeds the critical value Vo necessary to 
remove an electron entirely from an atom of the target. This occurs 
when 

eVo = hva 

where Va is the frequency of the absorption edge. The intensity 7 of a 
spectral line increases with voltage V, and the current through the x-ray 
tube, i, approximately according to the relation 

7 = cHy - Fo)» 

where c is a proportionality constant and Fo is the excitation voltage for 
the line. The value of n is slightly less than 2 if a tube is operated with 
constant-potential direct current and moderate voltages; t.c., the intensity 
is nearly proportional to the square of the voltage in excess of the critical. 
The exponent decreases toward unity at higher voltages, and the squared 
relation should be considered a good approximation only at voltages less 
than two or three times the excitation potential.* 

The critical excitation voltage for molybdenum K radiation is about 
20,000 volts, but because of the relations discussed above it is advan- 
tageous to operate considerably above this voltage to obtain a line 
spectrum that is intense in comparison with the continuous spectrum, 

* A. H. Compton, Proe. Nall. Acad. Set., vol. 14, p. 549, 1928. 

* G. VON Hbvest, “ Chemical Analysis by X-rays and Its Applications,” p. 72, 
McGraw-Hill, New Y^ork, 1932. 
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which is always present. Molybdenum tubes are usually operated 
between 35 and 60 kv., while tubes with targets similar to copper and 
chromium are operated near 35 kv. The ratio of line intensities to white 
radiation at a given voltage becomes more favorable as the atomic num- 
ber decreases, since the lighter elements are inefficient generators of white 
radiation. 

Absorption of X-rays. — An x-ray beam loses intensity in traversing 
matter both by “true” absorption, which is a transformation from x-rays 
into kinetic energy of ejected electrons and atoms, and by “scattering,” 
a transfer of radiant energy from the primary beam to scattered beams 
originating in the atoms of the absorbing matter. An understanding of 
these processes is important both in radiography and in x-ray diffraction. 

Consider a monochromatic beam of x-rays penetrating a sheet of 
material of thickness x. If a beam of energy I traverses a thin layer of 
thickness dx and diminishes in energy by the fraction dl/I, then 



where /x is a constant, the linear absorption coefficient, which depends on 
the wavelength of the rays and the nature of the absorber. Integration 
of this equation gives the absori)tion equation 

I = Joc-s*. 

The energy, or intensity, decreases from the initial value /o exponentially, 
the more rapidly the greater the linear absorption coefficient. It is con- 
venient to put this equation in terms of the mass traversed rather than the 
thickness. This can be done by replacing the term x by px, where p is 
the density of the absorbing material. The quantity p. must then be 
replaced by p/p, which is the mass absorption coefficient, and the equation 
becomes 


T T “o'*® 

I = ioC . 

Most tables list p/p rather than p because p/p is independent of the phys* 
ical state (solid, liquid, or gas), whereas p is not. The mass absorption 
coefficient of an alloy can readily be calculated from the weight percent- 
ages wi, W 2 , . . . and the values {p/p)i, {p/p)i, . . . for the individual 
elements in the alloy by the formula 

ft 4. -4- • . • 

p 100 \p/i ^ 100 Vp/2 

In the absorption formula this over-all absorption coefficient p/p is multi- 
plied by the density of the alloy and the thickness penetrated. 
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These absorption equations are fundamental to the practice of 
radiography. When a beam of x-rays or gamma-rays from radioactive 
material passes through an object, it emerges with an intensity that is 
dependent upon the thickness and absorption coefficient of the material 
it penetrates. A beam that encounters a cavity in a metal casting, 
forging, or weld emerges with greater intensity than a beam that encoun- 
ters only sound metal. An image of the cavity is registered on a photo- 
graphic film placed behind the object. To radiograph thick metal objects 
it is necessary to make the absorption coefficient small, while to increase 
the sensitivity to small defects it is necessary to make the absorption 
coefficient large. Hence the radiography of heavy steel objects is done 
with high-voltage x-ray tubes or with radium, sources which yield short- 
wavelength, highly penetrating radiation; the radiography of aluminum, 
magnesium, and all small or thin objects is done with low-voltage x-rays 
of longer wavelength and higher absorption coefficient. The nature of a 
defect is recognized from the appearance of its image on the radiograph. 
An experienced radiographer has no difficulty in recognizing by the 
appearance of the film such defects as blowholes, sand and oxide inclu- 
sions, shrinkage cavities (pipes), interdendritic shrinkage (capillary 
piping), hot tears, cracks, unfused chills and chaplets, cold shuts, and 
lack of fusion in a weld. 

Since the loss of intensity is due to the combined effects of tnie absorp- 
tion and scattering, /n/p is really made up of two separable terms, the 

true absorption coefficient, r/p, and the scattering coefficient, tr/p: 

t = I 

P p p 

The second term is the less important of the two and contributes a rela- 
tively small amount to the total absorption for elements of greater atomic 
number than iron (26). It does not vary greatly with changes in wave- 
length or atomic number, as will be seen from selected values listed in 
Table V. 


Tab].b V. — Ma.ss Soattering Coefficients <r/p* 


W'avelength, A 

Scatterer 

A] 

Cii 


Ag 

Pb 

0.12 

0.71 

0.14 

0.20 

0.18 

0.29 


0.35 

0.47 

0.67 

0.82 


* Additional values will be found in Landolt-Bornstein, ** PhsrsikaUsch-cheiniaohe Tabellen," 
Springer, Berlin, 1023, 1035. 
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The true absorption coefficient varies markedly with wavelength and 
atomic number, for it depends on the efficiency of the rays in ejecting 
photoelectrons. Between absorption edges, r/p varies with the cube of 
the wavelength and the cube of the atomic number: 


- = cZ^W 

p 

At each absorption edge there is an abrupt change in the constant c. 
This results from the fact that an 


absorption edge marks the place on 
the frequency scale where the radia- 
tion is just able to eject an electron 
from one of the electron shells. 
For example, radiation of longer 
wavelength than the K edge cannot 
eject K electrons, while waves 
•shorter than the K edge arc able to 
do so. Owing to the fact that true 
absorption predominates over scat- 
tering in all except the light ele- 
ments and the very short x-ray 
wavelengths, the total absorption 
the relation 
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Fig. 8. — Variation of absorption in 
platinum with wavelenf^th, showing K and 
L absorption edi^es. 

varies approximately according to 


P 

Here again the constant changes at each absorption edge. In the curve 
of m/p against wavelength reproduced in Fig. 8 the absorption edges are 
very prominent; in most elements m/m differs by a factor of about 5 on the 
two sides of the K absorption edge. Appendix III lists values of m/m 
for a number of wavelengths frequently encountered. 

It is often convenient to knojv for common materials the thickness 
that will reduce the intensity of a beam to a certain fraction of its initial 
value, say one-half. The “half-value thickneas” that will reduce I to 
•yJo can be computed from the absorption eejuation by taking natural 
logarithms; this yields the equation 


0.69 



where is the half-value thicknass in centimeters. Some values are 
given in Table VI. 
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T.\ble VI. — TairKNBss of Absorber in Centimeters to Keducb Intensity to 

Half Value 


Absorber 


Wavelength, A 

1 — 

Air at 

760 mm. 

Cellophane 

Al 

(’ll 

Pb 

0 1 


4.3 

1.6 

0.21 

0 016 

0 7 

410 

0.4 

0.050 

0.0016 

0 00044 

1.5 

62 

0.11 

0.0056 

0 0016 


2 0 

26 

0.049 

0 0025 

1 0 00071 

i 



Piltering. — An absorbing layer may be used to render a heterogeneous 
beam more monochromatic. Even with white radiation this tendency 
can be observed, because the longer wavelength components, which are 
“softer,” diminish more rapidly than the “harder” short waves, and 
thus the energy is concentrated in the harder components. Figure 9 
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A 

Fia. 9.-— Spectra allowing effect of filtering x-rays from a tungsten target tnioiigh 1, 5, and 

10 mm. of aluminum. 

illustrates the filtering of a typical continuous spectrum by aluminum 
sheets 1, 5, and 10 mm. thick. ^ Filtering is important in medical diagno- 
sis and therapy, for it removes the soft components, which would be 
completely absorbed in the outer layers of the skin and would cau.se 
severe bums. 

Filtering is frequently used in diffraction work to remove unwanted 
components of the characteristic spectmin together with some of the 
white radiation. For this purpose, advantage is taken of the absorption 
discontinuity at the K absorption edge; the wavelengths are listed in 
Appendix II. An element is chosen for the filter which has its K edge 

‘ Gboroe L. Clark, “Applied X-rays,” p. 145, McGraw-Hill, New York, 1940. 
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just to the short-wave side of the Ka emission line of the target material 
(see Fig. 10) . A sheet of this material is then relatively transparent to the 
Ka line and relatively opaque to the and Ky lines and to the white 
radiation in their vicinity. A filter containing zirconium is suitable for a 
molybdenum target; a screen of ZrSi 04 0.35 mm. in thickness will reduce 
the Aj8 line in the ratio 39 to 2 while reducing the Ka only from 62 to 21. 



A sheet of nickel 0.001 cm. thick will absorb 40 percent of Cu Ka radiation 
and 94 percent of Cu K/3; a sheet 0.002 cm. thick will absorb 60 percent 
of Cu Ka and 99 percent of Cu K/3.^ Manganese is the proper filter for 
iron radiation and can be deposited electrolytically on aluminum foil for 
this purpose.® Effective filtering will result if a filter is adjusted so that 
the exposure time is increased to about l^J the normal. 

For certain research problems the differential filter originated by Ross 
has advantages. Two filters are prepared using adjacent elements in the 

*F. Haija and H. Mark, “RSntgenographische Untersuchung von Kriatallen,” 
p. 3, Barth, Leipzig, 1937. 

’ W. A. Wood, Proc. Phya. Soc. (London), vol. 43, p. 276, 1931. 
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periodic series. Their thicknesses are adjusted until they transmit equal 
intensities of all wavelengths except those between their K absorption 
limits. Intensity measurements are made with one filter in the beam, 
then with the other, and the two intensity readings are subtracted. The 
intensity difference is due entirely to radiation between the K absorption 
limits.^ If this wavelength band is made to include the Ka emission line 
from the target, a strong monochromatic beam is obtained;* and if careful 
balancing is carried out by methods explained by P. Kirkpatrick,* 
undesired components can be made to cancel with remarkable accuracy. 

The Scattered Radiation. — Two scattering processes contribute to the 
term <r/p of the absorption formula. Coherent scattering results from the 
back-and-forth acceleration of an electron by the primary radiation and 
is identical in w'avelength with the original radiation. When this 
coherent radiation from the electrons of one atom is superimposed on the 
rays from other atoms arranged on a space lattice, reinforcement occurs 
and diffracted beams are formed. A second type of scattering also 
occurs which is not coherent and which does not take part in diffraction; 
this is the modified radiation. 

A. H. Compton showed that the modified radiation may be under- 
stood as being the result of an encounter of a quantum with a loosely 
bound or a free electron, the electron recoiling under the impact and the 
quantum being deflected mth a partial loss of energy (the Compton 
effect). The laws of conservation of energy and of momentum govern 
the encounter, and it is therefore possible to derive a formula relating the 
angle of deflection of the quantum to the loss of energy in the encounter 
and thus to the increase in wavelength of the quantum. The eciuation 
giving the increase of wavelength in angstroms is 

AX = — (1 — cos <i>) 
me 

= 0.024(1 — cos 4>) 

where h is Planck’s constant, m is the ma.ss of the electron, c is the 
velocity of light, and 4> is the angle between the scattered ray and the 
original beam. The modified radiation forms a decreasing proportion 
of the total scattered radiation as the wavelength of the primary beam is 
increased and as the angle between primary beam and the direction of 
measurement of the scattered ray is decreased, other conditions remaining 
the same. In the heavier elements more of the electrons are tightly 
bound and contribute to the coherent rather than the modified scattering. 

* P. A. Ross, Phya, Rev,, vol. 28, p. 425, 1926; J. Optical Soc. Am., vol. 16, p. 433, 
1928. 

* C. S. Babbbtt, Proe. NaU. Acad. Sci., vol. 14, p. 20, 1928. 

* P. Kibkpatiuck, Rev. Sei. Inelrumenia, vol. 10, p. 186, 1939. 
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X-ray Tubes. — A great variety of x-ray tubes is used for diffraction 
purposes and still others for radiography, but all are of two general 
types: (1) gas tubes (“ion tubes”), in which electrons are supplied by 
an electrical discharge through low-pressure gas within the tube; and 
(2) electron tubes (“Coolidge tubes”), in which a hot filament main- 
tained under high vacuum supplies the electrons. Both tubes have been 
supplied in two types: a demountable tube, which can be taken apart 
for cleaning and for changing targets; and a sealed-off tube, which is 
evacuated and sealed off during manufacture. 

1. Gas Tubes. — Gas tubes were originally sealed off and equipped 
with a device for controlling the gas pressure, but they were exceedingly 
temperamental. Modern gas tubes are invariably operated with vacuum 
pumps attached and are usually maintained at the proper gas pressure 
by balancing the rate of pumping against the rate of influx of air through 
a controlled leak. The pressure must be kept within a certain range 
near 0.01 mm. of mercury in order to permit operation; this range is best 
judged by the operating characteristics of the tube as recorded on the 
electrical meters, rather than by direct measurement. The necessity 
for strict pressure control in a gas tube is a matter of great annoyance to 
anyone who uses a tube only occasionally, for a gas tube is particularly 
unstable during the outgassing period, but when a tube is kept well out- 
gassed by frequent operation it is fairly stable dhd reliable. There are 
two advantages of gas tubes over other types: they are the most inex- 
pensive tubes that can be built, and they produce the purest spectra, 
since the target is not contaminated with materials evaporated from a 
hot filament. 

A number of suitable designs ^ have appeared in the scientific litera- 
ture, and several are available on the market. The essential features 
appear in the accompanying figure (Fig. 11). The whole anticathode 
assembly should be water-cooled, and the cathode should also be cooled 
by running water or by a stream of cool air. The target should be 
readily removable, and it is desirable to mount several different metals 
on different sides of a single water-cooled target in such a way that the 
tube may be set for different radiations by merely turning the target. 
The glass or porcelain insulator separating the cathode from the anti- 
cathode must be removed for cleaning at intervals, and the tip of the 
cathode (which is an aluminum insert) must be reconditioned on a lathe 

* R. W. G. Wtkopp and J. B. Lagsdin, Radiology, vol. 15, p. 42, 1930; Rev. Sei. 
Instruments, vol. 7, p. 35, 1936. C. J. Ksanda, Rev. Sci. Instruments, vol. 3, p. 531, 
1932. G. HXgo, Rev. Sci. Instruments, vol. 5, p. 117, 1934. I. Fankuchbn, Rev. 
Sci. Instruments, vol. 4, p. 593, 1933. Bulletins of American Instrument Co., Silver 
Spring, Md. Bulletins of Baird Associates, Cambridge, Mass. Bulletins of A. Hilger, 
London. 
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when it becomes too pitted for steady operation. To obtain a sharp 
focal spot, the cathode is hollowed out slightly and adjusted to a proper 
distance from the target; a radius of curvature of 2 cm., a cathode 
distance of 3.5 cm., and a gas pressure of 15 X 10“® mm. of mercury 
have been recommended by Clay.^ A suitable groove in the cathode 
can be used to produce a line focus of electrons on the target. ^ Two to 
four windows are generally provided for the exit of radiation and are 
covered with aluminum foil 0.00 1 in. thick or less. In general, it is better 
to avoid innovations and to build or purchase an exact replica of some 
tube that has given satisfactory service, thereby eliminating at least some 
of the many sources of trouble that are characteristic of this device. 

A mercury diffusion pump is not recommended for gas tubes since it 
is necessary to use a licpiid-air trap and considerable care to prevent 
contamination of the target with mercury. An oil diffusion pump is 


fPemovab/e ,iA/tnc/o\A/ ^Aluminum tip 



Fig. 11. — A gas tube ■with air-rooled cathode. 

frequently used and introduces no spui-ious lines into the spectrum, but 
the simplest arrangement is to operate the tube directly from a good 
rotary oil pump, since a pump of intermediate size is able to reach 
and maintain a suitable pressure without the aid of a diffusion pump. 
Nupierous devices have been designed to stabilize operation by con- 
trolling the pumping speed, but these are likely to add to the possible 
sources of trouble. The simplest method of maintaining the right 
pressure is (1) to provide a large re.servoir that is pumped down occasion- 
ally to the operating pressure or (2) to balance a constant rate of pumping 
with a constant rate of leak. The second method can be made to work 
reliably over long periods with nothing more elaborate than a rotary 
pump operating against an air leak consisting of a length of rubber hose 
squeezed between the jaws of an adjustable clamp. 

2. Demountable Electron Tubes. — K gas tube can be converted 
into an electron tube by replacing the cold cathode with a hot filament 
of tungsten suitably mounted in a focusing cup so as to direct a stream 
of electrons at a point or a line on the target. Since high vacuum must 

* R. E. Clat, Proc. Phys. Soc. {London), vol. 40, p. 221, 1928. 

* R. B. Cobby, J. B. Laosdin, and R. W. G. Wykoff, Rev. Sci. Instruments, vol. 7, 
p. 193, 1936. 
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be provided to prolong filament life and to prevent rapid contamination 
of the target by the filament, a diffusion pump or its equivalent is neces- 
sary. A demountable electron tube offers the advantages of better con- 
trol of x-ray intensity and of focal-spot size and shape and' may be 
operated at larger cuixents, usually at 20, 30, or 40 ma., the liinit being 
set by melting or excessive pitting of the target. On the other hand, the 
equipment requirements are greater than for the gas tube, and there is 
danger of contamination of the spectrum by tungsten L lines (and 
mercury L lines if a mercury pump is used). For the life of a filament 
to e.xceed a week or so it is necessary to have internal parts well out- 
gassed and free from contaminating greases and vapors and to eliminate 
leaks from the system. In addition to tubes of conventional design, ‘ 



I’lQ. 12. — Sealed-off x-ray tube manufactured by General Electric X-ray Corporation. 


there are now in operation tubes containing rotating targets* that are 
capable of operation at upwards of five or ten times the usual input. 

3. Sealed-off Tubes. — X-ray tubes of the Coolidge type are manu- 
factured in quantities for medical purposes, industrial radiography, and 
diffraction. The diffraction tubes illustrated in Figs. 12 and 13 are 
available in a number of target materials. They are equipped with 
beryllium windows approximately 0.010 in. thick, which arc much more 
transparent to the rays than the special Lindemann glass previously 
used.® The line-focus principle is used to spread out the focal spot 
without losing the effectiveness of a point source of radiation. 

Some diffraction tubes have been manufactured with ray-proof and 
shockproof housings integral with the body of the tube. Tubes of the 
type shown in Figs. 12 and 13 can be mounted in a simple iron pipe 

* H. Ott, Physik. Z., vol. 27, p. 598, 1926. J. Eggbrt and E. Sohiebold, 
“Ergebnisse dcr technischon Rontgenkuiide,” vol. 1, Akadcmische Verlagsgesellschaft 
m.b.H., Leipzig, 1930. V. E. Pui.ijn and C. Cboxson, J. Sci. Instruments, vol. 8, 
p. 282, 1931. W. M. Robebds, Rev. Sci. Instruments, vol. 1, p. 473, 1930. E. A. Owen 
and G. D. Preston, J. Sci. Instruments, vol. 4, P* 1> 1926. L. G. Parratt, Phys, 
Rev., vol. 41, p. 553, 1932. 

’ A. MOller, Brit. J. Radio., vol. 3, p. 127, 1930; Proc. Roy. Soc. {London), 
vol. A117, p. 30, 1927; vol. A125, p. 507, 1929; vol. A132, p. 646, 1931,, A. MOelbr 
and R. Clay, J . Inst. Elec. Eng. {London), vol. 84, p. 261, 1939. J. W. M. Du Mono, 
B. B. Watson, and B. Hicks, Rev. Sci. Instruments, vol. 6, p. 183, 1935. A. Bouwers, 
Physica, vol. 10, p. 125, 1930. H. Stinzino', Physik. Z., vol. 27, p. 844, 1926. 

’ R. R. Machlett, /. Appifed FAj/s., vol. 13, p. 398, 1942. 
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(Fig. 14) which is provided with four ports and centered on a table for 
supporting diffraction cameras. The housing is grounded, and the high- 
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Fio. 13. — Sketch of sealed-off, shielded tube manufactured by Machlett Laboratories. 


voltage wires leading to the tube are fully insulated from the operator. 

I It is advisable to install a water-pros- 

“piTI Clamp for switch Or a thermostatic device to 

I • •-wafer cooled w i i . i 

j ^ ! anode tum Oil the tube current if the cooling 

I — I water is inten-upted. \V^hile rotating 

i I i target types are available as sealed-off 

j I i tubes, these are not designed (at the 

; 1 present time) for continuous operation 

I 1 and are of little value for diffraction. 

I I 

I 1 ^ The convenience of having x-rays 

1 j I immediately available at the snap of a 

If! ill l makes the sealed-off type a 

t ^ I ® 3 Ho Ij great favorite in laboratories where 

-'i * Inches diffraction work is intermittent or 

I Poffs-'' I laboratory technicians are inexperi- 

I I enced. Installation and maintenance 

j 1 costs are higher, of course, and purity 

Z \ of spectrum must be watched, but the 

\ results with sealed-off tubes are usually 

\ quite satisfying. For radiography and 

\ro6fe^ medical work they are indispensable 
1 I and are under rapid development in the 

Fio. 14. — A housing for sealed-off imllion-Volt range. 

tubes. High-voltage transformers are Electrical Equipment fot Diffrac- 
beneath table. ^ , , , , ... 

tion Tubes. — ^The elaborate high- 
voltage installations with rectifying and filtering circuits that are neces- 
sary for radiography are unnecessary for diffraction work unless precise 


Fio. 14. — A housing for sealed-off 
tubes. High-voltage transformers are 
beneath table. 
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Fig. 15. — A wiring diagram for self-rectifying x-ray tube. 



Fig, 16. — Diffraction unit manufactured by General Electric X-ray Corporation. 
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intensity measurements are required. The usual research problems 
need only the minimum equipment: a transformer giving 30 to 50 kv., a 
rheostat or an autotransformer to regulate the voltage, and a voltmeter, 
milliammeter, and filament transformer with control (Fig. 15). Both 
gas and electron tubes can be operated as self-rectifying units, although 
the use of a rectifier tube contributes to the stability and performance 
of both types. An overload relay and a telltale lamp to indicate when 
the tube is running are desirable additions to the circuit. The essentials 
can be assembled at low cost from outmoded medical or dental equipment, 
or a complete assembly can be purchased (see, for example, Fig. 16). 

If electron-diffraction studies are to be conducted in the same labora- 
tory or if ionization measurements are to be made on diffracted x-rays, 
it is well to provide a source of controlled-voltage alternating current 
(voltage regulators or synchronous motor-driven motor generators are 
used), a high-voltage circuit containing rectifier tubes for half- or full- 
wave rectification, and high-tension condensers to provide constant- 
voltage direct current. Data on the various wiring circuits and their 
characteristics may be obtained from the mapufacturers of x-ray equip- 
ment and are available in numerous publications.^ Much care should 
be exercised in providing safeguards against the high voltages used. 
Complete enclosure of high-voltage circuits is best. 

X-ray Protection. — Soft radiation of .the type used 'for diffraction 
work is readily absorbed in the tissues of the body and is consequently a 
source of grave danger to the careless operator. A brief exposure of the 
hands to the direct radiation can cause an x-ray burn that is extremely 
painful and that will require many weeks to heal, if it can be healed at 
all, and yet the operator may be conscious of no sensation at the time 
he is exposed or for several days thereafter. Just as severe burns have 
been received from scattered rays by operators who avoided the direct 
beam but put their hands or faces in the way of the radiation scattered 
by some piece of apparatus they were demonstrating or adjusting. In 
these days when dangers of this sort are fully understood there need be 
no further tragedies of the sort that were common in the pioneer days of 
x-ray history if only operators will exercise constant care and take pains 
to develop safe habits in manipulating their apparatus. 

Diffraction tubes should be mounted so that only a narrow pencil of 
rays emerges, and this only when a camera is in place before the opening. 

^See, for example: Geoboe L. Clark, “Applied X-rays,” McGraw-Hill, New 
York, 1940. “Symposium on Radiography and X-ray Diffraction,” A.S.T.M., 
Philadelphia, 1936. R. Glocker, “ Materialprufung mit Rflntgenstrahlen,” Springer, 
Berlin, 1936. H. M. Terrill and C. T. Ulrey, “X-ray Technology,” pp. 76-98, 
Van Nostrand, New York, 1930. A. St. John and H. R. Isbnberoeh, “Industrial 
Radiography,” pp. 58-69, Wimy, New York, 1934. L. G. Sarsfield, “Electrical 
Engineering in Radiology,” Instruments Publishing Co., Pittsburgh, 1936. 
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A red light to signify that the tube is operating will eliminate much of 
the hazard from carelessness. There is also a danger from weaker 
exposures over larger areas of the body, and these, like the local burns, 
are cumulative over several weeks. A general dosage may be accumu- 
lated that will cause a serious lowering of the w'hite blood count and other 
destructive effects. To guard against this danger the protective shields 
around the tube must be designed to absorb properly the unused radia- 
tion. A test for this is to place a piece of x-ray film in a lighttight 
envelope near the tube during an operating time of a few days and to 
look for fog on the film after development. A radiologist often carries 
such a film in his pocket during his work and has periodic blood counts 
made; this is hardly necessary with a 
properly designed diffraction outfit. 

Photographic Efficiency of X-rays. 

The intensity of an x-ray beam can ^ 
be measured by an ionization chamlx'r ^ 
connected to an electrometer or to an <=> 
amplifier and microammoter; alter- 
natively, it can be measured by a 



Geiger counter or by photographic 
films. The last is the most convenient. 
With care, all but the most difficult 
diffraction problems can be solved with 
photographically measured intensities. 


2 4 6 8 

Exposure 

Fui. 17. — Chill actenstics of a 
ftcreenlobs-type x-ray film (a), and of 
a standard x-ray film (6), with filtered 
Mo radiation. 


but an understanding of the laws of film darkening by x-rays is rcxiuircd 


for this work. 


The density Z) of a photographic emulsion after exposure and develop- 
ment is measured by the intensity of the light incident upon it and 
transmitted through it, and is defined by the relation 


j _ , incident light 
transmitted light 


The characteristic curve for a photographic film is the curve of D plotted 
against the intensity of the rays causing the exposure, or more properly 
against the product of the intensity I and the time of exposure t, since 
it is the product I • t that actually measures the amount of exposure. 
It is important to keep in mind the fact that the characteristic curve is 
different for every type of emulsion and that it varies even with different 
samples of film of a given type and with any variation in developing 
technique. Therefore, intensity measurements from films must be 
preceded by a calibration of each individual film before densities can be 
interpreted in terms of x-ray intensities. Typical curves for x-ray films 
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and filtered molybdenum radiation are plotted in Fig. 17.^ Densities 
on this plot are densities corrected for the background fog, i.e., 




= logio 


light throug h unexposed spot 
light through exposed spot 


Densities usually increase linearly with exposure up to a value of about 
0.7. When plotted on a semilogarithmic scale, the characteristic curves 
for x-ray films are usually of the type illustrated in Fig. 18.* They show 
a certain minimum density from “fog" in the emulsion, an insensitive 
region at very low densities, a working range in which density increases 



Fig. 18. — Typical characteristic curve 
for an x-ray film. 



Fig. 19. — Rotating metal 
disk for calibrating films. 


with the logarithm of the exposure, .sometimes in a linear fashion, and a 
region of overexposure where “ reversal " takes place, additional exposure 
reducing the density. A density of 2.0 appears very black to the eye, 
but densities as high as 3 are still useful in double-coated x-ray films. 
The slope of the characteristic curve in the working range defines the 
contrast, which increases rapidly with increasing time of development. 
If an intensifying screen of zinc sulphide or calcium tungstate is placed 
in contact Avith the film during the exposure to speed the action of the 
rays, the characteristic curve for the combination will be entirely different 
from that for the film alone. 

In practice, it is not always necessary to plot the curve, for the 
densities to be measured can be compared directly with a graded series of 
densities representing known exposures. For example, a series of spots 

* C. Gamebtsfeldeb and N. S. Gingbich, Rev. Sci. Instruments, vol. 9, p. 154, 
1938. 

* Symposium on Radiography and X-ray Diffraction, A.S.T.M., Philadelphia, Pa., 
1936. R. B. WiLSEY and H. A. Pbitchabd, J. Optical Soc. Am., vol. 11, p. 661, 1926; 
Rev, Sci, Instruments, vol. 12, p. 661, 1926. 
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along one edge of the film can be exposed to weak radiation of constant 
intensity for periods such as 2, 4, 8, 16, 32 sec., and these can be compared 
by eye with the spots of unknown density on the film. A rotating disk 
with sectors cut out as illustrated in Fig. 19 can be placed in front of the 
film to provide the graded exposures without accurate timing. Calibra- 
tion of the film in this way is possible because film darkening by x-rays 
obeys the reciprocity law that exposure is proportional to intensity times 
time, regardless of the length of exposure and whether it is contipuous or 
interrupted. The eye is capable of judging equal densities rather well 
but cannot judge density ratios; when ratios arc required, the film must be 
measured on a densitometer or a microphotometer or compared with a 
graded series of exposures. 

A series of spots in a diffraction pattern can be graded in intensity with 
sufficient precision for many purposes by the expedient of using two 
superimposed films in the same film holder. The rays will be absorbed 
a definite amount in the first film and will thus blacken the second film 
to a density that is a definite fraction of the density of the first film. 
The ratio of densities on the two films can be determined for a particular 
wavelength of radiation and can be used as a basis for judging approxi- 
mate intensities of the entire series of spots. Intensities can also be 
determined by counting the number of silver grains in a spot or in a given 
area of the emulsion. This method is useful only for low densities and 
in emulsions where the grains do not clump together; to attain an accu- 
racy of 1 percent for a single reading may require two or three hours of 
grain counting.* 

To increase the speed of blackening, most x-ray films are made with 
an emulsion on each side of the cellulose acetate base. This must be 
kept in mind when using a diffraction camera in which the rays strike the 
film obliquely, for the records on the two sides of the film will not exactly 
coincide, and it may be necessary to resort to the slower single-emulsion 
films. All high-speed x-ray films have large-grained emulsions, and so 
for applications requiring maximum detail in the image a slower, finer 
grained x-ray film must be substitvited. 

When maximum detail and precision are not needed, it is possible to 
decrease exposure time by the use of intensifying screens placed in inti- 
mate contact with the film. For short-wavelength radiation a calcium 
tungstate screen will reduce exposure time for a standard x-ray film to 
tV normal, but the efficiency rapidly diminishes, and such a screen is 
no longer useful above 0.6 or 0.7A; the newer zinc sulphide screens^ con- 

‘ G. VON Hkvesy, “Chemical Analysis by X-rays and Its Applications,’’ McGraw- 
Hill, New York, 1932. 

*L, Levy and D. W. West, Brit. J. Radio., vol. 8, p. 191, 1934. Symposium on 
Badiography and X-ray Diffraction, p. 206, A.S.T.M., Philadelphia, Pa., 1936. 
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tinue to be effective up to a wavelength of l.sA or more. For Mo Ka 
radiation (0.7lA) a zinc sulphide screen sold under the name Fluorazure 
increases the speed of standard film by a factor of 6. However, the 
advantages of intensifying screens have lately been much lessened by 
the introduction of new kinds of films, which do not require screens and 
yet compare very favorably with the fastest film-screen combinations. 
These, sold under the trade names of No-Screen, Industrial No-Screen, 
Non-Screen, and the like, contain thick emulsions of remarkable speed. 



CHAPTER IV 

DIFFRACTION OF X-RAYS BY CRYSTALS 


This chapter presents a brief survey of the fundamental principles 
and the several methods by which x-rays are employed to investigate 
the inner structure of crystals. Simple sketches are given for each of 
the common types of cameras and films. Subsequent chapters are 
devoted to more detailed treatments of the individual methods and the 
techniques used in various applications. 

A beam of x-rays is diffracted from a crystal when certain geometrical 
conditions are satisfied, which may be stated either by Bragg\s law or 
alternatively by Laue’s equations. With the aid of these relationships 
the positions of the diffracted beams forming the diffraction pattern 
can be analyzed to give the size, shape, and orientation of the unit cell. 
To determine the manner in which the atoms are arranged within the 
unit cell it is necessary to analyze the intensities of the reflected beams. 
This is done using the structure-factor equation, which relates the posi- 
tion of each atom to the intensities of all reflections. In an actual 
determination of crystal structure by x-rays it is often necessary to appl^" 
certain correction factors to the intensities as read from the film in order 
to reduce them to true intensities. The corrections are presented in 
Appendix V. 

Scattering of X-rays by Atoms. — When a beam of x-rays passes over 
an atom, the electric field of the beam acts upon each electron of the 
atom, accelerating each with a vibratory motion. Any electric charge 
undergoing an oscillation of this sort becomes the source of a new set of 
electromagnetic waves, just as the alternating electric current in the 
antenna of a radio transmitter sends out electromagnetic waves of radio 
frequency. The waves radiating out from the vibrating electrons have 
the same frequency and wavelength as the incident beam that is responsi- 
ble for the vibration. (We are concerned in this chapter only with the 
coherent scattered radiation, not with the modified radiation that is 
altered in wavelength.) In effect, each electron subtracts a small amount 
of energy from the impinging beam and broadcasts it in all directions, 
‘'scatters it. The various scattered waves from the individual elec- 
trons of an atom combine' and may be treated as a single set of radiating 
waves which, for most purposes, can be considered as originating from a 
point. Actually, the difference in the nature of the scattering by a num- 

69 



70 


STRUCTURE OF METALS 


ber of electrons grouped at a point and the same number distributed in a 
cloud around the nucleus of an atom is sufficiently marked so that an 
analysis of the scattering gives the dimensions of the cloud and the 
distribution of the electrons within it. An introduction to this type of 
analysis of the stmcture of individual atoms is given in Appendix V. 

The superposition of Avaves scattered by individual atoms results in 
diffraction. The waves that radiate from the atoms of a crystal combine 
in an additive way in certain directions from the crystal but annul one 
another in other directions, the intensity in any direction depending on 
whether or not the crests of the waves from each of the atoms siiperpose, 
i.e., Avhethcr or not the individual scattered waves are in phase. The 
relation of the regularly repeating pattern of atoms in a crystal to the 
directions of the reinforced diffracted beams is given in the sections 
immediately following. 



Fig. 1. — Illustrating Bragg’s law of reflection from pianos of atoms in a crystal. 

Bragg’s Law. — Consider a set of parallel planes of atoms in a crystal, 
two of which are represented by the lines A A and BB in Fig. 1 , and 
suppose a beam of monochromatic x-rays is directed at tiie planes in 
the direction LM, which makes an angle 0 w’ith the planes. The line 
LLi is drawn to n'present one of the crests in the approaching waves and 
is perpendicular to the direction of propagation of the waves. As this 
crest reach(!s each of the atoms in the crystal, it generates a scattered 
wave crest. We shall see that the various scattered waves reinforce 
in the direction MN, their crests coinciding along the line N1N2. There 
will be a certain number of complete wavelengths in the path LMN along 
which a ray proceeds that is scattered by an atom at M. Now if the ray 
scattered by an atom at M 1 travels the same distance {i.e., if the distance 
LiMiN\ is equal to LMN), then the scattered rays from the two atoms 
will be in phase and will reinforce each other. It will also be true that 
any other atom lying anywhere in the plane A A will also reinforce the 
beam in this direction. This reinforcement will take place when the 
incident and the scattered rays make ccjual angles with the atomic 
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plane. It is then possible to regard the plane of atoms as a mirror 
that is reflecting a portion of the x-rays at an angle of reflection equal 
to the ai^gle of incidence. Let us now consider the condition for rein- 
forcement of the waves from successive planes in the crystal that lie 
parallel to A A. The requirement to be met is that the difference in the 
length of the path for rays reflected from successive planes be equal to an 
integral number of wavelengths. In Fig. 1 this corresponds to the 
condition that the distance PM^ is one wavelength or a multiple of it, 
since PM is drawn perpendicular to LM and MQ is drawn perjifendicular 


Zero order 



Fig. 2. — Reinforcement of scattered waves producing diffracted beams in the different 

orders. 

to MN , making the paths of the rays from L and Li the same except for the 
distance PM-fl^. It will be seen from the figure that 

PM^ = MiQ = d sin 6. 

Thus the condition for reinforcement of all the reflected rays is 

n'K = 2d sin 6 

where n = 0, I, 2, 3, etc., X is the wavelength, and d is the spacing of the 
planes. This is Bragg’s law. The integer n, which gives the number of 
wavelengths’ difference in path for waves from successive planes, is the 

order of reflection. 

The Laue Equations. — Diffraction from a crystal, as indicated above, 
is analogous to reflection from a series of semitransparent mirrors, but 
it is also to be understood as diffraction from a three-dimensional grating. 
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analogous to the diffraction of light from a one-dimensional optical 
grating. 

If an x-ray beam is directed at a row of equally spaced j^toms, as 
represented in Fig. 2, each atom will be a source of scattered waves 
spreading spherically, which reinforce in certain directions to produce 
the zero-, first-, second-, and higher order diffracted beams. Successive 
waves are indicated on the drawing by concentric arcs, which are linked 



Fig. 3. — Conditions for leinforceiiient leading to one of the Lane equations. 



Fig. 4. — Cones of diffracted beams around a row of atoms, with direction of primary beam 
indicated by the arrow. Orders of diffraction indicated by numbers. 

together to show how the various orders are built up. The condition for 
reinforcement can be derived from Fig. 3, which shows the path difference 
for rays scattered by two adjacent atoms in the row. If the incident 
beam makes an angle ao with the row, and the diffracted beam leaves at 
the angle a, then the path difference is a(cos a — cos ao). This path 
difference must be an integral number of wavelengths if the scattered 
waves are to be in phase, so the following relation must hold: 

o(c 08 a — cos ao) = h\ 
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where h is an integer and X is the wavelength. This equation will be 
satisfied by all the generators of a cone that is concentric with the line 
of atoms and that has the semiapex angle a. Thus for any given angle 
of incidence there will be a series of concentric cones surrounding the 
row of atoms, each cone being made up of one order of diffracted rays. 
A set of cones of this type is indicated in Fig. 4. 



Fig. 5. — Stereographic projection of diffracted beams from a two-dimensional square 
network. Cones are concentric with a and b axes; intersections are strong diffracted 
))eams. 

If there is a two-dimensional network of atoms with spacings a in one 
direction and b in another, there will be two simultaneous equations to be 
fulfilled for intense diffracted beams: 

a (cos a — cos ao) = h\. 
b(cos jS — cos /So) = k\. 

In these relations, ao and a are the angles the incident and diffracted 
beams make with the a rows, while /So and /3 are the corresponding angles 
for the b rows; h is the integer giving the order of reflection with respect 
to the a rows, and k is the order for the b rows. These equations cor- 
respond to two sets of cones, a set around the a axis and another concentric 
with the b axis. The most intense diffracted beams will travel out along 
the intersections of these two sets. The geometry of these beams can 
be illustrated neatly on a stereographic projection. The projection of 
Fig. 6 illustrates diffraction from a square network of atoms in the plane 
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of the projection, with o and h axes as indicated; the incident beam 
is coming toward the observer and striking the atom plane perpendicu- 
larly. The diffracted rays coming out of the atom plane toward the 
observer are indicated by dots at the intersections of the cones. Projec- 
tions of this type aid in visualizing what changes would result from various 
alterations in the quantities of the two equations; for instance, increasing 
the wavelength spreads out the pattern of cones and intersections and 
reduces the number of diffracted beams. 


to- 



Fig. 0. — Stereographic projection of diffracted beams from a tliree-dimensional cubic 
lattice. Dots indicate strong diffracted rays. * 

A crystal is a three-dimensional network of atoms, and there are, 
accordingly, three conditions to be met simultaneously for diffraction: 

o(cos a — cos ao) = KK. 
fe(cos j 3 — cos jSo) = k\. 
c(cos 7 — cos 7o) = 

These are the Laue equations ; the first two have the same significance as 
before, and the third relates to the periodicity in the third dimension, the 
c axis of the crystal, with which the incident beam makes the angle 70 
and the diffracted beam the angle 7. The integer I is the order of diffrac- 
tion with respect to the third axis, and hkl can be called the indices of the 
diffracted beam. The sets of cones around o, b, and c, respectively, are 
illustrated in the projection shown in Fig. 6 for a particular wavelength 
and a cubic lattice. It will be noted that all three cones can intersect 
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along a single line only if there are special values for the variables. In 
other words, the requirement that all three equations be satisfied simul- 
taneously acts as a severe limitation to the number of diffracted beams. 

Bragg* has shown that fulfilling the Laue equations is equivalent to 
reflecting from a lattice plane. Reference to the unit cell of the lattice in 
Fig. 7 shows that a diffracted ray having indices hkl will be built up of 
waves scattered by atoms at the unit-cell corners A, B, and C, if these 
waves are h, k, and I wavelengths ahead, respectively, of the waves 
scattered by 0. If we now draw a crystal plane such that its intercepts 
are OA' = a/h, OB' = b/k, and OC = c/l, then the wave scattered by 
every atom on this plane A'B'C' will be one wavelength ahead of the 
wave scattered by 0. All waves scattered by the plane A'B'C will 
thus be in phase; this is the condition 
for reflection from the plane {hkV). 

It is a great convenience to distin- 
guish between indices of a reflected 
beam and the indices of a reflecting 
plane in a crystal. It will be remem- 
bered that indices of crystal planes 
never have a common factor. We are 
therefore free to use indices with a 
common factor to express the order ^ 
of reflection, n. The first-order reflec- plane unit 

tion is given the same indices as the 

plane. For example, the first order from (110) is written 110. The 
second order is written with the indices of the reflecting plane multiplied 
by two — 220. The third order is 330, etc. To avoid confusion, the 
indices of the reflections are written without parentheses. 

This scheme of notation for reflections is more than a mere conven- 
tion, for it simplifies the interpretation of diffraction patterns. Its 
usefulness depends on the fact that nth-order reflection from a plane 
{hkl) is equivalent to first-order reflection from an imaginary set of 
planes spaced 1/nth the spacing of the {hkl) planes. If the intercepts 
of the {hkl) plane nearest the origin are \/h, \/k, and \/l, then the inter- 
cepts of the first plane of the new set will be 1/nh, \/nk, and l/nZ. All 
reflections can be considered as first-order reflections from this new set 
of planes, and if their spacing is d' the Bragg equation ^an be simplified to 

X = 2d' sin 6. 

The reflecting angles are computed by the equations in the following 
section, in which this convention is used. 

' W. L, Bragg, “The Crystalline State,” vol. I, p. 18, Macmillan, New York, 1934. 
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Interplanar Spacings. — From the foregoing sections it is apparent that 
the directions of the diffracted beams are governed entirely by the 
geometry of the lattice (by the orientation and spacing of the planes of 
atoms, from the point of view of Bragg’s law, or by the periodicity of the 
lattice in three dimensions, from the point of view of the Laue equations). 
In other words, the size and shape of the unit cell determine where the 
diffracted beams will go. The distribution of atoms within the unit cell 
has no effect on these directions but determines, on the other hand, the 
intensities of the diffracted beams. This will be discussed later. 

Given a unit cell of known dimensions, the diffracted beams can be 
predicted if the various interplanar spacings, d, arc computed and inserted 
in Bragg’s law. Consider as an example a hypothetical crystal composed 




d,|| = 3 


. a 

VT 

Fig. 8. — Some reflecting planer in a simple cubic lattice and their spacings. 


of atoms only at the corners of simple cubic unit cells. Reference to 
Fig. 8 will show that the most widely spaced atomic planes are those that 
are spaced at intervals equal to the edge of the cell, c, which are the (100) 
planes. This spacing is dioo = o/\/I. The reflected beam from these 
planes will have the least value of d and will thus be least deviated by 
reflection. The next planes in order of spacing will be the (110) planes 
which bisect the face diagonal and for which duo = a/x/2. The third 
set, illustrated at the right of Fig. 8, which cuts the body diagonal into 
three parts, has dm = a/y/Z. 

The general rule for these spacings is 


This formula can be inserted in the Bragg equation, which can most 
conveniently be written in the squared form 


sin* 6 


n*X* 1 
4 'd*' 
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Using the convention that the nth-order reflection from a plane has 
indices that are n times the Miller indices, it is possible to predict the 
angles for all the possible reflections from cubic crystals by the formula 

sin-^ BhIi = + k^ + l^)- 


The equations for the other systems can also be derived by inserting 
the proper spacing formulas (see Appendix I) ; for example, 

Tetragonal 


sin* 0 


X* A* -HA:* P\ 
4 V a* c*/ 


Orthorhombic 


Hexagonal 


sin* 6 


sin* 0 


4 Va* fe* c*/ 


_ X* [4 (/i* -H A:* -H hk) P ‘ 
4 L3 ■*' c*. 


These are special cases of the more complicated formula for the triclinic 
lattice which involves the interaxial angles a, 0, y, as well as the axial 
lengths a, h, and c. Those equations hold for all tj’pes of diffraction 
patterns and are the principal means of deciphering the patterns. For the 
less symmetrical crystals, however, there are so many reflections that 
these relations alone cannot be relied upon to unravel the patterns, and 
additional geometrical relations are required, which are taken \ip in later 
chapters. 

Relation of Atom Arrangement to the Diffraction Pattern. — The 'posi- 
tions of the diffracted beams from a crystal are determined by the size 
and shape of the unit cell, but the intensities of the beams are independent 
of these dimensions and are affected only by the distribution of electrons 
within the cell. The diffracted beams are built up by the combination 
of the scattered rays from each of the electrons in the unit cell. (The 
nuclei of the atoms contribute a negligible amount to the total scattering 
and need not be considered.) The scattering power of an individual 
electron is the natural unit to which to refer all quantitative treatments 
of intensities; so we shall first discuss the cooperative scattering of the 
electrons in an atom, u.sing the scattering from an individual electron as 
a unit, and then the c(x>perative scattering of the various atoms in the 
unit cell. 

It is customary to use a quantity /, the atomic scattering factor, to 
express the efficiency of an atom in scattering x-rays. The atomic 
scattering factor is simply the ratio of the amplitude of the wave scattered 
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by an atom to that scattered by an electron under the same conditions. 
In other words, since the intensity of a wave is the square of its amplitude, 
P is the ratio of the intensity of the scattering from an atom to that from 
an electron. The atomic scattering factor varies with angle — an atom 
scatters less efficiently at large angles from the incident beam than at 
small. This is because the individual scattered waves from the various 
electrons in the atom are nearly in phase and reinforce each other for 
directions near the incident beam, while they are out of phase and rein- 
force each other less effectively at the larger angles. Values of / have 
been tabulated for all atoms and will be found in Appendix V. It will 
be noted that at small diffraction angles where reinforcement is nearly 
complete / is nearly proportional to the atomic number. 

Relation of Atom Arrangement to Diffracted Intensities. — ^Let us now 
consider the intensity of the diffracted beam that results from the 
combination of the waves scattered by a number of atoms in a unit cell. 


Fig 



9. — Interference in 100 reflection fiom a body-centered cubic lattice. 


Each atom scatters a wave of amplitude /, which is wholly or partly in 
phase with the washes from the other atoms of the group. Consider the 
atomic arrangen^t in Fig. 9, for example, with a beam reflecting in the; 
first order from the planes marked A and A' . The wave from A' will 
therefore be one wavelength ahead of the wave from A and will reinforce 
it. On the other hand, the beam from the plane of atoms marked B 
will be one-half wavelength ahead and will be exactly out of phase; thus 
the reflections from alternate planes annul each other, D canceling A, 
etc., throughout the crystal — provided that the scattering power of plane 
B is equal to that of A. If the scattering powers are unequal or if B is 
not midway between A and A', the interference will not lead to complete 
annihilation of this reflection. Furthermore, if the reflection is of the 
second order from A and A', then it will be of the first order from A and 
B, so that- complete reinforcement will occur. 

The Structure-factor Equation. — To compute quantitatively the total 
intensity of a reflection it is necessary to sum up the waves that come from 
all the atoms. Mathematically, this is the problem of adding sine waves 
of different amplitude and phase but of the same wavelength to determine 
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the amplitude of the resultant wave. The square of this resultant 
amplitude is the required intensity. 

The summation for the total intensity may be accomplished by insert- 
ing the coordinates and / values of each atom in the unit cell in the 
structure-factor formula for 7, which is proportional to the square of the 
absolute value of the amplitude of the diffracted ray: 

Icc\F\^ = [fiC092T{hui-\-kvi-\-lv}i)‘\~f2C0s2ir(hu2-\-kv2’^lw2)^ • • • ]* 
-|- [fi sin 2ir{hui -H kvi + Iwi) + fz sin 2 Tr{hu 2 + kv^ + Iw^ +•••]* 


where 7 is the intensity of the reflection, F is the structure factor, UiViWi, 
ti 2 V 2 W 2 , etc., are the coordinates of atoms having structure factors /i,/ 2 , 
etc., respectively, and hkl are the indices of the reflection being computed. 
This may be written 

W = [2/< cos 2ir{hui + kvt + i«><) /, sin 2jr(hui + -1- 


The formula applies to all crystal systems and lattices. A derivation is 
included in Appendix V. 

We shall illustrate the use of the structure-factor equation by applying 
it to a body-centered lattice having identical atoms at the coordinates 000 
and in the unit cell, as in Fig. 9. The formula for this case becomes 




cos 2ir • 0 cos 2ir 


Thus 


-b [sin 2 t • 0 + sin> Q -f- 1 j 


7 “ [1 "b cos iriji "b A; + i)J* -b sin* ^•(/t k 1), 


and it will be seen that 7 = 0 for every reflection having (A + A: + 0 
an odd number. This is true regardless of the system to which the body- 
centered crystal belongs. Thus when a diffraction pattern of a crystal 
has been assigned indices, the absence of all reflections for which the sum 
(A + fc -b 0 is odd indicates a body-centered lattice, while the presence 
of any reflection of this type proves that the lattice is not body-centered. 
Other rules hold for lattices centered on one or more faces. If we apply 
the formula to a crystal of cesium chloride in which a cesium atom is at 
000 and a chlorine atom is at iii, quite a different result is obtained, for 
although cesium chloride has what might be called a body-centered cubic 
type of structure the / values of the two atoms are not the same. The 
formula becomes 


7 a \fct + fci COS ir(h -b fc + 0]* + [/cl sin ir{h -b A: -b 1)] 
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and thus 

I = c(/c, +/cj)* when (h + k + 1) is even 

/ = c(/c. — fciy when (h + k + 1) is odd 

where c is a constant. There are no reflections missing in the diffraction 
patterns of this crystal, though the reflections that are missing in a true 
body-centered lattice are present in this case with very low intensity. 
This is illustrated in the structure of Fig. 9 when the 5-plane atoms 
scatter less strongly than the i4.-pl.ane atoms, or vice versa, and are 
unable to reduce the 100 reflection to zero intensity. 

X-RAY DIFFRACTION METHODS 

If a monochromatic beam of x-rays is directed at a single crystal, the 
angle of incidence may not be correct for reflection from any of its planes. 
To ensure that Bragg’s law is satisfied it is necessary to provide a range 
of values of either X or 6. The various ways of doing this form the bases 
of the standard methods of diffraction used in crystal analysis. 

1. In the Laue method a single crystal is held stationary in a beam 
of white radiation usually from a tungsten target. The variable is 
provided by the range of wavelengths in the beam. 

2. In the rotating-crystal method a single crystal' is rotated (or 
oscillated) in a beam of monochromatic x-raj's. The rotation brings 
different atomic planes, in turn, into reflecting position. Thus 6 is the 
variable. 

3. In the powder method $ is again the variable, for powdered crystal- 
line material is placed in a monochromatic beam, and among the myriad 
particles with random orientations certain particles will be properly 
oriented to reflect from each of the possible reflecting planes. 

The elements of these three methods are presented below, and a more 
detailed treatment of each is given in later chapters. 

The Laue Method. — A Laue camera (Fig. 10) consists of a pinhole 
system which collimates the beam into a narrow pencil of rays, a goniom- 
eter head or other device to hold the crystal in a definite orientation, and a 
flat film in a lightproof envelope placed to receive either the rays diffracted 
through the crystal or those reflected back from its surface. Each reflect- 
ing plane in the crystal reflects a portion of the beam, and the diffraction 
pattern (Fig. 11) is a pattern of spots that can be visualized simply as a 
pattern made by reflection from a number of mirrors inclined at different 
angles. 

The spots in a Laue transmission pattern (on a film placed at A, 
Fig. 10) are arranged on ellipses that have one end of their major axes 
at the central spot on the film. All spots on any one ellipse are reflections 
from planes of a single zone (planes parallel to a single zone axis). This 
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characteristic can be demonstrated easily by the corresponding experi- 
ment with mirrors and a beam of light : a set of small mirrors fastened to 
the surface of a cylindrical rod will produce an elliptical pattern of spots 
on the wall — or the polished surface of the cylindrical rod will reflect an 
ellipse. On a Laue~back-reflection pattern (on a film placed at B, Fig. 
10) these zones of spots lie on hyperbolas. 


Fi/m B Fi/m A 



Fio. 10. — Laue camera. Film A records the transmission pattern, or Film B may be 
substituted for recording the back-reflection pattern. 


Laue patterns reflect the symmetry of a crystal ; when the x-ray beam 
is directed parallel to a fourfold axis of symmetry, for example, the pattern 
will have fourfold symmetry about the central point and a quarter turn 
will bring coincidence of all the spots. Any other macroscopic symmetry 
element parallel to the beam will also be evident on the pattern. The 
method has been widely used as an aid in 
determining symmetry classes of crystals 
although it is not capable of fully establish- 
ing the symmetry. 

In the relation n\ = 2d sin 6 each plane 
selects a wavelength that satisfies the equa- 
tion, and as a wide range of wavelengths 
is present (from 0.2 A to over 2 A when a 
tube is operated at 65,000 volts) there may 
be two wavelengths reflecting from a single 
plane. Thus two or more different orders 
of reflection may superimpose on a single 
spot. This makes the method an awkward 
one for determining the relative intensities 
of the reflected beams. The differing intensities of the various wave- 
lengths in the beam as well as their differing efficiencies in blackening a 
photographic film are additional factors that make it difficult to measure 
the intensities of the reflections. Consequently, the Laue method is not 


Fig. 11. — A Laue pattern, 
transmission type, with two-fold 
symmetry. X-ray beam parallel 
to a two-fold axis of symmetry of 
an undistorted crystal. 
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widely used for crystal structure determination and is mainly of impor- 
tance for determining symmetry and orientations of crystals. In the 
metallurgical field it is also useful for revealing imperfections resulting 

from accidents of crystal growth or from 
deformation. The Laue spots from perfect 
crystals are sharp, but those from imperfect 
or deformed crystals are blurred or elongated, 
giving the appearance known as asterism 
illustrated in Fig. 12. Asterism corresponds 
to the reflection of light from bent mirrors. 
If several grains of a polycrystalline metal 
are struck by the beam from the x-ray tube, 
their Laue patterns will superimpose, as showm 
in Fig. 13, and from the number of spots or 
their average size it is possible to estimate the 
grain size in the metal. 

The Rotating-crystal Method. — The elements of a simple rotating- 
crystal camera are sketched in Fig. 14. In the simpler instruments of 
this class the crystal is rotated continuously about an axis that is per- 
pendicular to the beam of rays from the pinhole system. The diffracted 
beams flash out when the angle of incidence on a certain plane is correct 
for the monochromatic radi- 
ation employed. It will be 
seen by reference to Fig. 14 
that all planes parallel to the 
vertical axis of rotation will 
reflect rays horizontally. 

A cylindrical film taken 
from such a camera is illu- 


Fig. 12. — A Laue pattern 
of a distorted crystal, showing 
asterism. 


X-rays 

enter 


• % 

• -■ 

. • • A-l'i'-;.;. 


Fig. 13- — A Laue pattern of un- 
distorted poly crystalline material. 
Typical of recrystallized metal. 



Fig. 14. — Rotating crystal camera. 


strated in Fig. 15. The reflections are arranged on layer lines. The 
spots on the central layer line are reflections from planes whose normals 
are in a horizontal plane; the spots on any other layer line are from 
planes that have the same intercept on the axis of rotation. It is not 
difficult to assign indices to all of the spots if the crystal has been placed 
in the camera with an important zone axis along the axis of rotation. 
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Since all spots are made with a single wavelength, it is easier to 
determine the relative intensities from rotation photographs than from 
Lane photographs. The various modifications of this method (oscillating 
crystal, Weissenberg, etc.) are the crystallographer's most important tools 
for the determination of crystal structures. 
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Pig. 15. — Rotating crystal pattern. Axis of rotation vertical, layer lines horizontal. 

The ionization spectrometer (“Bragg spectrometer”) is closely 
related to the rotating-crystal method and also uses a single crystal and 
monochromatic radiation (Fig. 16). The crystal is set in a reflecting posi- 
tion in the beam through slit Si, and the reflected beam is caught in an 

ionization chamber connected to an „ 

. . X~ray 

electrometer. Ihe intensity of re- beam 

flection is measured by the ioniza- 
tion produced in the chamber. A 
wide slit, S 2 , in front of the chamber 
may be used so that the whole beam 
is received, or a narrow slit may be 
used if it is desired to plot the 
intensities at intervals every few 
minutes of arc across the reflection. 

The advantages of the method are 
the accuracy with which intensities 
can be determined and the fact that 
the reflected intensities can be re- 
ferred to the intensity of the incident 
beam as a standard so as to yield 
absolute reflecting powers of the 
different planes. For the latter pur- 
pose the incident beam is rendered 
monochromatic by reflection from a 
crystal before it strikes the crystal being studied. Absolute intensities 
are needed only when the crystal structure is too complex to be solved by 
the less laborious photographic methods or when the electron distribu- 
tion in an atom is to be determined. 

The Powder Method. — The powder method employs monochromatic 
radiation falling on a finely powdered specimen or a fine-grained poly- 
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crystalline specimen. The usual type of camera is shown in Fig. 17 
and consists of a pinhole collimating system, a wire-shaped specimen, and 
a cylindrical film. A cup to catch the undiffracted beam or a tube to 

conduct it out of the camera prevents 
^^ 11 n il fogging of the film. Diffracted rays 

f leave the specimen along the generators 

Ah Me I ^ of cones concentric with the primary 

^ jr * "^y-fSays beam, each cone having a semiapex 
Friten Leave angle equal to twice the Bragg angle Q. 

When the film is laid out flat, it has 
^ ^ the appearance of Fig. 18: the cones 

Fig. 17. — Powder camera (Debye- . . 

Scherrer-Huii method). make a Series of concentric rings around 

the central spot, and the Bragg angles 
can be determined quickly from the maximum diameter of these Debye 
rings. If is the maximum diameter of a ring on a film of the type 
sketched in Fig. 18 and if R is the radial distance from specimen to film, 
then the angle 6 in radians is SI2R, and in degrees the angle is 57.30 


X-Rays 

Enter 


Specimen 


X-Rays 

Leave 

Film 

^Hotden 


Fig. 17. — Powder camera (Debye- 
Scherrer-Hull method) . 



X-Rays 


Fig. 18 . — Powder diffraction pattern. 

% 

times this. If a camera holds a film on only one side of the central 
spot, it is necessary to determine the 0 value by calibrating the film with 
the diffraction pattern from a standard substance having known 
diffracting angles. 

Focusing cameras are also cylindrical 
but are designed so that the specimen, slits, Specimen 
and photographic film all lie on the circum- 
ference of the cylinder, as shown in Fig. 19. 

This arrangement causes diffracted rays from 
all parts of the specimen to focus on the ^ 
film in sharp lines. Since a large area of the 
specimen contributes to the pattern, expo- 
sure times with focusing cameras are usually 

, . /> -1 TA 1 1®- — Focusing camera. 

shorter than with cameras of the Debye 

type; they also have higher dispersion — more widely spaced lines — than 
Debye cameras of similar diameter. 

The indices of the lines on a powder pattern are determined by trial. 
From the positions of the lines the spacings of the corresponding atomic 
planes are computed by Bragg’s law, and observed spacings are compared 
with the spacings that would exist in unit cells of various dimensions and 
angles. In the highly symmetrical crystal systems this trial procedure 


Diffracted 


Rays 




Fig. 19. — Focusing camera. 
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is relatively simple, but when there are many variable parameters, as for 
example in orthorhombic, monoclinic, or triclinic crystals, the procedure 
becomes unworkable because of the tremendous number of trials that 
arc required. Prediction of the lines for a given unit cell is carried out by 
inserting all combinations of h, k, and I in the corresponding formula for 
sin- 6 (page 76). Effective graphical aids for shortening the proce- 
dure with cubic, hexagonal, rhombohedral, and tetragonal crystals arc 
described in Chap. VII. Intensities of the various lines can be 
measured on powder patterns very precisely but only the simplest 
crystals can be completely determined by the powder method alone. 

Powder cameras are operated with x-ray targets that emit strong 
characteristic radiation. Molybdenum targets are good if a zirconium 
filter is used. Best results are obtained with targets of Fe, Co, Ni, Cr, 
or Cu (or in special cases with alloys of these). White radiation, which 
fogs the film, is then of low intensity compared with the characteristic 
lines. If the characteristic spectrum contains Kfi as well as Ka radiation, 
the diffraction pattern will contain reflections of both wavelengths, and 
the diffraction pattern will be superimposed on the Ka. The lines, 
of the pattern may be recognized by the following characteristics; 

1. They are all single lines, whereas the Ka pattern consists of close 
doublets resolved at the higher diffraction angles. 

2. The KjS lines are always weaker than the Ka lines from the same 
planes. 

3. The ratio of sin 6 values for Ka and K^ radiation reflecting from 
a given atomic plane always equals the ratio of the wavelengths. 

It is best to choose the target of the x-ray tube so that the Ka emission 
line has a longer wavelength than the K absorption limit of the principal 
chemical elements in the specimen, for unless this is done the specimen 
will become a strong emitter of fluorescent radiation, which will fog the 
film. For eliminating Kji radiation a properly chosen filter can be placed 
in front of the pinholes, but more effective filtering will be obtained if 
the filter is made in the form of a uniform sheet and placed between 
sample and film, for in this position it can filter out fluorescent rays from 
the sample. 

Back-reflection cameras (precision cameras) make use of the fact 
that diffraction lines at large angles are extremely sensitive to slight 
changes of interplaRar spacings. If the spacing d in the equation 
nX = 2d sin d is varied, it will produce variations in 6 according to the 
relation 


Ad sin ^ -H d cos 9 M = 0, 

A6 tan 6 

Ad d 
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Therefore, as 6 approaches 90°, the quantity Ad/ Ad becomes very great. 
The slight changes in d caused by elastic stress can be measured in a 
camera designed to record these high-angle lines to best advantage, and 
lattice alterations accompanying the change in composition of a solid 
solution can be determined. With ordinary care a precision of 0.02 per- 
cent is obtained, and with extreme care 0.003 percent can be reached. 
The small cylindrical cameras of the Debye type usually yield results 
with an accuracy of 0.1 to 0.02 percent. 

Identification of phases by their powder patterns is an important 
practical use of the method. This may be done without solving the 
crystal structure or assigning indices to the reflections, simply by com- 
paring the patterns of the unknown material with patterns of known 
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Pig. 20. — a, pattern from cold- worked iron. Lines widened and weakened by “micro- 
scopic” internal stresses; from camera of Fig. 17, with Fe/Ca and FeKl3 radiation; increah- 
ing 6 from left to right. 6, powder pattern of annealed iron, c, pattern from recrystallized 
iron, the large unstrained grains forming spotty lines. 


substances. The films are laid side by side or superimposed, and the 
similarities are observed directly. For this work, many lines should 
be recorded on the film, and every individual line of the pattern of 
the unknown must be accounted for. Identification is often possible 
when the specimen contains as many as three or more different substances 
provided that each substance represents an appreciable fraction of the 
mass of the sample, for each produces its spectrum independently, and 
the pattern consists of superimposed spectra with relative intensities 
dependent on the relative amounts of the different phases present. If a 
series of alloys is prepared consisting of various ^compositions spaced 
across a binary constitutional diagram, the powder patterns will follow 
the alternate single and two-phase regions of the diagram. 

Cold work, recovery, and recrystallization are readily recognized by 
their effect on the patterns. Cold work is shown by a blurring of indi- 
vidual spots on the diffraction rings, by broadening of the rings, and by a 
reduction of their intensity relative to the background — especially at the 




DIFFRACTION OF X-RAYS BY CRYSTALS 


87 


higher diffraction angles. Figure 20o illustrates this for a cold-worked 
sample, compared with Fig. 206 for the annealed condition. Recovery 
from the strained condition is indicated by sharpening of the lines (Fig. 
?06), and recrystallization (the growth of strain-free grains) by a spotty 
type of pattern indicative of large grains, sketched in Fig. 20c. 

The distribution of intensity around a diffraction ring reveals the 
presence or absence of a preferred orientation of the grains. Random 




Fig. 21. — Pinhole pattern of sheet steel having a preferred orientation from cold rolling 
(rolling direction vertical, sheet surface perpendicular to the x-ray beam). 

orientations produce rings that are uniformly black all around, while the 
presence of a texture is indicated by intense spots at certain points on 
the rings. A flat film in a camera of the Laue type (Fig. 10, Film A), 
which is well suited to this type of work, is often referred to as a pinhole 
camera. A typical pattern for highly oriented grains is illustrated in 
Fig. 21. 

Subsequent chapters present more detailed information on each of the 
methods outlined here. 



CHAPTER V 
THE LAUE METHOD 



The Laue method is now used chiefly for the determination of crystal 
orientation and symmetry, and in metallurgical work for revealing 
crystalline imperfection, distortion, and reciystallization. While it has 

been brought to a high state of de- 
velopment^ as a method of crystal- 
structure determination, its use for 
this purpose is rapidly diminishing 
and will be discussed only briefly here. 
Crystal orientation by Laue photo- 
graphs is discussed in Chap. IX. 

A simple Laue apparatus is illus- 
trated in Fig. 1. Four cameras plug 
into openings in the side of the tube 
housing and are automatically aligned. 
Each camera consists merely of a 
frame supporting a film and pinhole 
system. The film is enclosed in a 
lightproof enveloi^e and is mounted 
so that it is perpendicular to the axis 
of the pinholes. The specimen is 
mounted with a bit of laboratory wax 
or clay to the end of the pinhole sys- 
tem, which is a brass rod drilled with 
a hole of 0.5 to 1.0 mm. diameter. 
A limited amount of control of the 
angular setting of the sample is possi- 
ble on simple cameras of this sort (for 
example, by providing a set of wedges 
that fasten over the rear of the pinhole and tilt the crystal known 
amounts), but for precise and convenient setting a Laue camera must be 
provided with a goniometer head (see Fig. 10, page 81). It is advan- 
tageous to use a camera that combines Laue and rotating-crystal or 
Weissenberg features, so that the crystal can be oriented by Laue 


Fig. 1. — Simple Laue camera.s which 
plug into prealigned socket in x-ray-tube 
housing. A, 5- by 7-in. camera; B, 2- 
by 2-m. cameras; C socket filled with 
plug when not in use. 


^ R. W. G. Wyckoff, '^The Structure of Crystals/' Chemical Catalog Co., New 
York, 1931. E. Schibbold, ^^Die Lauemethode," Akademische Verlagsgesellschaft 
m.b.H., Leipzig, 1932. 
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photographs and then employed for one of the other methods. Figure 
2 shows a universal camera for Laue, rotating-crystal, oscillating-crystal, 
and powder photographs. ‘ 

Samples for the transmission Laue method are small single crystals 
1 mm. or less in diameter or crystals cut thin enough to transmit the beam 
without excessive absorption. White radiation from a tube with a 
tungsten target is usually employed, with operating voltages of 40 to 
60 kv. 



I'ni. 2. L'nivei'sal camera with provision for Lane, Deljye, and oscilluiinj' crystal 
methods and demountable x-ray tube. {Research Laboratories of the Aluminum Company 
of America,) 

Determination of Symmetry. — Any rotation axes of symmetry or 
[llanos of symmetry that lie parallel to the incident beam produce cor- 
responding symmetry around the center of the Laue photogi’aph. The 
pattern reproduced in Fig. 3, for example, exhibits sixfold symmetry 
around the center because the sample was a hexagonal crystal in which 
(he beam was dii’ectcd along the hexagonal axis. Owing to the fact that 
the face {hkl) and the parallel face {hkl) reflect to the same spot and 
cannot be distinguished, all cry.stals seem to have a center of inversion 
as judged by the symmetry of diffraction effects (Friedel’s law). From 
' Blueprints of this and other cameras constructed in the Aluminum Research 
Lahoratory have been made available to crystallographers at nominal cost. 
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Laue pliotographs, tluiroforc, it is possible to distinguish only 11 different 
types of symmetry instead of the entire 32 classes.' 



Fio. 3. — Lane photograph of magnesium crystal with x-ray beam parallel to hexagonal axis. 



Fig. 4. — Gnomonic projection of a Laue spot. Crystal at C with reflecting plane 
as indicated by dotted lines produces a Laue spot at F which has its gnomonic projection 
at G. 

Assigning Indices to Spots by Gnomonic Projection. — The spots in a 
Laue transmission photograph lie on ellipses that pass through the central 

‘ Friedel’s law does not hold if the radiation has almost the same wavelength as 
the absorption edge of one of the atoms in a crystal. A phase change then occurs in 
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point, all spots on any one ellipse being reflections from planes of one 
zone. The most convenient method of interpreting 
Lane photographs is to employ a projection that trans- 
forms these ellipses into straight lines. The gnomonic 
projection does this and is almost universally used for 
the purpose. It is illustrated in Fig. 4, which represents 
a crystal C at the center of a reference sphere, a reflect- 
ing plane oriented as indicated by the dotted lines, and 
an x-ray beam reflecting from the crystal to form a Laue 
spot, F, on a film perpendicular to the beam. The line 
GC through the center of the reference sphere and normal 
to the reflecting plane intersects the plane of projection 
at the point G, which is the gnomonic projection of the 
Laue spot. Thus 

GC CC' , . 

CC' CD 

The distance CC is usually taken as 5 cm., and so the 
projection of any Laue spot is given by the relation 
GC = 5 cot 0. In practice, it is convenient to construct 
a ruler that can be laid on the Laue photograph to locate 
directly the position of the gnomonic projection of any 
spot (Fig. 5). The left side of the ruler is graduated 
in millimeters from the point C", which superimposes on 
the central point (C) of the film, and the right side is 
graduated to give the corresponding distances on the 
gnomonic projection; i.e., the left side reads the distance 
CF of Fig. 4, and the right side reads CG. If the left 
side is graduated directly in values of sin 0 for the spots 
instead of millimeters and the right side is graduated 
accordingly, this saves an additional computation.* 

When the a, b, or c axis of a crystal is normal to the 
plane of projection, it is possible to read the indices of 
spots directly from the gnomonic projection. In Fig. 6, 
for instance, a Laue photograph of magnesium oxide 
(cubic) shown in the center circle is projected gnomoni- 
cally. The photograph, taken with the beam parallel to 
the c axis, is oriented so that a is horizontal and 6 is 
vertical. All spots for which the h index is zero lie 
on the central vertical line of the projection, since they belong to 

scattering that makes it possible to distinguish (111) from (TIT), etc., as has been 
demonstrated in experiments with zinc blende (ZnS). 

* M. L. Huggins, J. Optical Soc. Am., vol. 14, p. 5.5, 1927. 



I'lG. 5. — Ruler for plotting gnomonic projection of Laue spots. (Wyckoff.) 
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the zone {100]; similarly, all spots with fc == 0 lie on the central horizontal 
line. The zone lines for A = 1, A = 2, = 1, A; = 2, etc., form a coordi- 

nate network of squares that are 5 cm. on a side (if the projection sphere 
has a radius of 5 cm.). The indices of any spot can be read from this 
network by simply reading the two coordinates from the plot, assuming 
the third to be unity, and then clearing of fractions. For example, the 
spot R has coordinates 2,— ^,1 and indices 4T2. 

When the crystal axes parallel to the plane of the projection are of 
unequal length, the network will still be orthogonal, provided that the 
crystal is orthogonal, but will be rectangular instead of square. With 



Fig. 6. — Gnomonic projection of Lane photograph of MgO (cubic). Photograph is within 
central circle. X-ray beam parallel to c axis. 

the beam along the c axis of an orthorhombic crystal each rectangle will 
have the dimensions 5c/a in the direction of the a axis and bc/h in the 
direction of the h axis. Similar principles hold for other orientations and 
other orthogonal axes. For example, if a crystal has a parallel to the 
beam, the network will have lines of constant k and I values that divide 
the projection into rectangles with sides ba/h and ba/c. Inclined axes, 
as in triclinic crystals, project into parallelograms on a gnomonic projec- 
tion, and so both parallelograms and rectangles are encountered^ with 
projections of monoclinic crystals. 

Converging lines replace parallel lines if a crystal is not oriented with 
the incident beam exactly along an axis. It is often possible to tell by 
inspection how much a crystal must be rotated to bring it from an 
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unsymmetrical to a symmetrical position. After the adjustment has 
been made, a second photogram should then yield a symmetrical pattern 
and a simple gnomonic projection. As an alternate procedure, Wyckoff^ 
has used a gnomonic rotation net that rotates the gnomonic projection 
directly and eliminates the necessity for resetting the crystal. 

Analysis of Crystal Structure from Laue Photographs. — After a 
gnomonic projection of a Laue photograph has been made, the crystal- 
lographer frequently cannot deduce immediately the unit cell in his 
crystal, for there are many cells of different size and orientation that could 
be chosen to account for the data. For example, in an orthorhombic 
crystal a unit cell could be chosen having any or all of its sides an integral 
multiple of the correct unit cell. The possible unit cells for other 
systems have been listed by Wyckoff.^ 

For each unit cell there is a new system of indices for the Laue spots. 
The correct unit cell among those possible is determined by measuring 
0 and computing the value of X for each spot from the appropriate Bragg 
equation. The correct unit cell will be the one for which the calculated, 
values of X will range down to the shoi't-wavelength limit of the continuous 
spectrum but will not go below this minimum wavelength. In this test 
one must guard against being misled by a strong absorption edge in the 
crystal that might introduce a false minimum wavelength. 

Laue photographs can be used to determine the relative intensities of 
the different reflections, but the procedure is difficult and the results arc 
less accurate than can be obtained by other methods. There is first the 
difficulty introduced by the fact that the intensity in the continuous 
spectrum varies with wavelength. The photographic efficiency of the 
film also varies with wavelength. These two factors together produce 
an effective spectrum of the sort shown in Fig. 7. The absorption of the 
rays in passing through the specimen varies with the shape of the specimen 
and with the angle of diffraction. Finally there is the uncertainty 
introduced by the possibility that any given spot may be caused by the 
superposition of different orders of reflection.® 

The Shapes of Laue Spots. — The shapes of the spots in a Laue 
pattern are determined by crystal imperfection and by geometrical 
conditions such as the nature of the convergence or divergence of the 
primary beam of x-rays. It is possible for patterns of polycrystalline 
samples to contain spots of such a nature that they give the pattern the 

* R. W. G. Wyokofp, Am. J. Sci., vol. 50, p. 317, 1920. 

® R. W. G. Wyckopf, “Tho Structure of Crystals,” 2d ed., pp. 143-145, Chemical 
Catalog Co., New York, 1931. 

* This can bo minimized by operating the tube at 50 to 60 kv. so that the maximum 
photographic effect lies between 0.48 and half this value, for then strong first- and 
second-order reflections cannot be obtained from any one plane. 
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appearance of a preferred orientation when actually there is only a 
random orientation of crystals in the sample. It is well, therefore, to 
have some understanding of the shapes frequently encountered. The 



Fig. 7. — Photographic effect of white radiation from a tungsten tube at 40, 50, and 
60 kilovolts. Discontinuities occur at K absorption edge of Ag and Br in the photographic 
emulsion. {Wyckoff.) 



Fig. 8. — Laue spot shapes, a, divergent cone of x-rays striking large crystal; 5, con- 
verging cone of x-rays striking large crystal; c. converging cone of x-rays striking small 
crystal. 

discussion below applies to transmission Laue photographs of single 
crystals and poly crystalline samples.^ 

1. If the primary beam is a divergent circular cone of rays, as if it were 
originating at a point, and if the reflecting crystal covers the entire cone, 
then the Laue pattern will appear as in Fig. 8a. The spots will be 

^ J. Lbonhardt, Z. KriaL, vol. 63, p. 478, 1926. 
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elliptical with the minor axes of the ellipse radial. The ellipse will be 
smallest when the distance of the spot from the crystal is equal to the 
distance from the crystal to the point of origin of the conical incident 
beam, for the diffracted beams focus here. A small pinhole uniformly 
filled with rays can produce this type of pattern. 

2. If the beam is a converging circular cone of rays, the spots will 
be elliptical, with their major axis radial, and the diffracted rays will 
diverge rather than come to a focus. If the crystal is large enough to fill 
the conical beam, the pattern will resemble Fig. 85. On the other hand, 
if a very small crystal is located at the apex of a conical incident beam, the 
pattern will resemble Fig. 8c. The latter is very common in practice, 
because the individual grains of a polycrystalline specimen are so small 
they are effectively a point and the rays that pass a circular pinhole 



Fig. 9. — ^Laue spots fr j ii bcvi a fan wise in a liorizontal plane; small crystal. 


effectively converge to this point {i.e., all rays that are reflected by that 
grain do so). 

3. If the beam converges fanwisc, the spots will be streaks pointed in 
directions dependent on their azimuth around the central beam. The 
directions of the streaks for a beam that converges in the horizontal 
plane are plotted in Fig. 9. This condition is frequently encountered 
when an x-ray tube is used in which the target is horizontal and the 
camera is placed to take a beam that is going only slightly upward from 
the horizontal; the focal spot may then be foreshortened into a line 
which fills the pinhole openings in the camera horizontally but not 
vertically. The effect will be noted in the polycrystalline pattern of 
Fig. 10, although it is partly obscured by arcs from characteristic radia- 
tion (molybdenum Ka and K^) that cut across the streaks. 

4. Fanwise convergence with a large crystal is similar to Fig. 9 except 
that the streaks are longer near the 0° azimuth than near 90°. 

5. Fanwise divergence with a large crystal gives shorter streaks near 
0° than near 90° and somewhat different directions of streaks from those 
in Fig. 9. 
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Undesirable effects among the typt's listed above may be avoided by 
using pinholes that limit the beam to small convergence oi- divergence and 
by seeing that the pinhole system is completely filled with radiation. 
To test this, a fluorescent screen is placed at a considerable distance 



Fig. 10. — X-ray photograph illustrating shapes of Fig. 9. Molybdenum tube, annealed 
steel samples; beam from horizontal line focus incompletely fills circular pinholes. 

from the pinhole system. If the pinholes are properly filled with radia- 
tion, the spot on the fluorescent screen will be circular rather than 
elliptical. 

Laue spots from distorted and imperfect crystals produce “asterism,” 
which is superimposed on the above effects; this is discussed further in 
Chap. XVII. 



CHAPTER VI 

ROTATING-CRYSTAL METHODS 

Crystal structures can be determined with greater certainty by using 
the rotating-crystal method and its modifications than by any other 
method. The apparatus can be very simple, as shown in Chap. IV 


Fia. l. — Bernars universal camera set up with flat film. Cylindrical film lioldt i is inter- 
changeable. Base contains motor. (W, G, Pye & Company,) 

(page 82), and consists essentially of a rotating spindle on which a single 
crystal is mounted, a cylindrical film around the crystal (the axis of 
the cylinder coinciding with the spindle axis), and a set of pinholes to 

97 



Pinhole system 


Goniometer 
head — 


Grao/uated 

circle 


Centering 
ad iusfmenf 


Crystal 

rotating 

mechanism 



98 


STRUCTURE OF METALS 


collimate the x-ray beam. It is essential to place an important zone 
axis of the crystal parallel to the axis of rotation, and for this purpose 
the apparatus should have a goniometer head that provides small angular 
and lateral adjustments of the crystal. A telescope and collimator are 
usually employed so that the small crystals (preferably 0.1 to 0.5 mm in 
average dimension) can be visually adjusted to a setting in which an 
important crystal edge lies along the axis of rotation, or the planes of an 
important zone lie perpendicular to the axis. Optical adjustment of the 
crystal is often supplemented by x-ray patterns; one or two Laue photo- 
graphs serve to determine the orientation of the crystal and to predict the 
angle through which the crystal must be turned to reach the desired 
setting. Laue photographs can be made on the same instrument if an 
interchangeable film holder is u.sed or on another camera to which the 
goniometer head can be transferred. 

An elaborate universal camera has been designed by Bernal and 
marketed by W. G. Pye & Co. of Cambridge, England ; it is shown with 
some of the attachments in Fig. 1. Any camera of the Weissenbcrg 
type is admirably suited to rotation and oscillation photographs. A 
number of suitable designs of this type have been published,^ the most 
convenient probably being that of Buerger.* A low-temperature camera 
is described by Keesom and Taconis,* and a high-temperature camera by 
Goetz and Hergenrother.^ The construction and operation of many 
types of stationary-film and moving-film cameras are covered in detail in 
Buerger’s recent book.® 

Long-wavelength radiation, such as copper Ka and K0, is desirable in 
order to gain high dispersion; it is unnecessary to employ a filter, for the 

spots are readily recognized fiom their position on the film. 

Interpretation of Rotation Photographs. — Figure 2 is a typical rotation 
photograph showing prominent horizontal layer lines of spots and 
approximately vertical rows of spots (row lines). If a crystal is mounted 
for rotation around the a, h, or c axis, the spacings of the layer lines give 
immediately the spacing between lattice points, the identity distance 
(a, b, or c, respectively) in the direction of the rotation axis. This can 
be seen from the Laue equations, for each layer line is produced by 
diffracted rays forming the generators of a cone coaxial with the rotation 
axis (Fig. 3). The cone is actually the cone along which reinforcement 
occurs according to one of the three Laue equations, viz., the Laue equa- 

* K. Weissknbbbg, Z. Physik, vol. 23, p. 229, 1924. J. Bohm, Z. Physik, vol. 39, 
p. 667, 1926. 

* M. J. Bubroeb, Z. Krist., vol. 94, p. 87, 1936. 

* W. H. Keesom and K. W. Taconis, Physica, vol. 2, p. 463, 1935. 

* A. Goetz and R. C. Heroeneothbr, Phys. Rev., vol. 40, p. 643, 1932. 

‘ ^I. J. Buerger, “ X-ray Crystallography,” Wiley, New York. 1942, 
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Fig. 2. — Rotating crystal pattern of quartz, cylindrical film. Axis of rotation vertical. 
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Fig. 3. — Formation of layer lines from cones of diffracted rays. 
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tion concerned with the periodicity along the axis of rotation. If the 
crystal is rotated around the a axis, the Laue equation that applies is 

a(cos a — cos ao) = AX; 

and if the incident beam is perpendicular to the axis of rotation, this 
reduces to 

^ h\ 
cos a 

where o is the identity distance along the rotation axis, a is the semiapex 
angle of the diffracted cone, X is the wavelength, and h is an integer 
(the order of reflection for the cone) which is 0 for the horizontal layer 
line through the central spot, 1 for the first layer line above this, 2 for 
the second layer line, etc. Similar equations hold for rotation about any 
other direction in the crystal. We may therefore generalize the equation 
to apply to the identity distance in any direction that is cho.sen as the 
rotation axis, and if we insert the measured distance, S„, on the film 
(Fig. 3) from the zero layer line to the nth layer line ve have the formula 

7 — 

cos an 

where a„ is determined by the relation col a„ = Sn/H, U is the radius 
of the cylindrical film, and / is the identity distance in the chosen 
direction. 

Perhaps the greatest advantage of the I'otating-crystal method is the 
fact that the dimensions of the unit cell can be obtained unequivocally 
from photographs taken with each of the unit-cell axes in turn serving 
as the rotation axis. With other diffraction methods it is not uncommon 
to derive a unit cell that is half the true unit cell in some dimension. 
In rotation photographs this error could be made only by overlooking 
entire layer lines, which is easily avoided, particularly if attention is 
directed to the higher order layer lines. The precision of the determina- 
tions is usually about 1 percent and is much inferior to determinations 
by the powder method. 

Assigning Indices to Spots. — Each spot on a rotation photograph 
satisfies not only the Laue equation discussed in the preceding section 
but also the two other Laue equations and consequently Bragg’s law. 
Thus each spot is located on an invisible Debye ring for which the Bragg 
angle, 6, is given by an appropriate formula (quadratic form) on page 
77. Thus, indices can be assigned to the spots by the method of cal- 
culating the 6 values for all pos.sible reflections and then comparing these 
calculated values with the ones read from the film by the aid of an 
appropriate chart. 
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A great advantage of the rotating-crystal method is its separation of 
the reflections into layer lines. Not only does this prevent some over- 
lapping of reflections that would superimpose in powder photographs, 
but it makes assigning indices much easiei’. All planes that arc parallel 
to the rotation axis reflect to the zero layer line. On a photograph with 
the a axis as the axis of rotation in the crystal these will be planes of the 
type (Okiy. Similarly planes of the type (Ikl) will reflect to the first 
layer line above the central one, (2kl) to the second, (Ikl) to the first 
one below, etc. The general rule is that reflections on the nth layer 
line will have indices hkl that satisfy the equation 

hu kv -\r Iw — n 

where [uvw] are the indices of the axis about which the cry.stal is rotated. 

Identifying Face-centered and Body-centered Lattices. — Rotating a 
crystal about the direction [110] gives the identity distance in this direc- 
tion. If this is compared with the a and h dimensions of the cell, it will 
be evident at once whether the (001) face of the unit cell has a lattice 
point at its center or not. Similar photographs for [Oil], [101], and [111] 
directions will disclose space lattices with a or c face-centered and body- 
centered lattices, respectively.^ 

The Reciprocal Lattice. — The indexing of spots on rotation photo- 
graphs is nearly always done by methods based on the reciprocal lattice, 
a concept originally developed by Ewald^ and applied to rotation photo- 
graphs by Bernal.-’ The reciprocal lattice is the best basis for the analysis 
of many types of x-raj'^ and electron dilTraction patterns and results in 
such savings in time over other methods of solving diffraction patterns 
that it is indispensable to the research worker; many recent theoretical 
papers employ the concept extensively. It provides an easy visualiza- 
tion of the slopes of lattice planes in a crystal and at the same time shows 
the spacings of these planes. It is based on the use of a normal to each 
parallel set of planes, the direction of the normal indicating the orienta- 
tion of the planes just as in the projections discussed in Chap. II. How- 
ever, it goes further than the other projections in that the spacing of the 
set of planes is also indicated. This is accomplished by measuring off a 
certain distance along the normal. 

The reciprocal lattice is a lattice of points, each of which represents 
a reflecting plane in the crystal and each of which is given the same 
indices as the corresponding reflecting plane. By “reflecting planes” is 

^ The type of space lattice can be determined also without taking these additional 
photographs if indices are assigned to all spots and “characteristic absences” noted. 
This is discussed in Chap. VIII. 

* P. P. Ewald, Z. KrisL, vol. 56, p. 129, 1921. 

’ J. D. Bernal, Proc. Roy. Soc. (London), vol. A113, p. 117, 1926. 
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meant not only the true atomic planes with Miller indices such as {hkl), 
but also the fictitious planes with spacings that are submultiples of these, 
which give the reflections in higher orders with indices that are multiples 
of the Miller indices. Each reciprocal lattice point is located on a line 
through the origin perpendicular to the corresponding planes of the 
crystal and at a distance from the origin inversely proportional to the 
spacing of these crystal planes. It is convenient in x-ray work to choose 
the constant of proportionality equal to X, the wavelength of the x-rays 
used; the reciprocal relation is then 

X 


where p is the distance from the origin to the reciprocal lattice point 
and d is the spacing of the corresponding planes in the crystal, as indi- 
cated in Fig. 4 . By carrying out this construction for all other sets of 
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Fig. 4. — Relation between crystal lattice planes and their reciprocal lattice points. 


crystal planes a three-dimensional lattice of reciprocal points is con- 
structed representing all true and fictitious crystal planes. 

The points of a reciprocal lattice always form a simple space lattice 
regardless of the type of space lattice possessed by the crystal that it 
represents. That is, the points lie at the corners of unit cells. If we 
designate the unit-cell edges in the reciprocal lattice by the starred 
quantities a*, 6*, and c*, then the relation between these axial lengths 
and the crystal axial lengths o, 6, c, and interaxial angles a, j8, and 7 will 
be given by the following equations; 


a* 

b* 

c* 


\bc . 

-y- Sin a 

'kac . .. 


sm p 


\ab 


sm 7 


and is perpendicular to the he plane 
and is perpendicular to the ca plane 
and is perpendicular to the ab plane 


where V is the volume of the unit cell in the crystal.^ 

‘ To derive these relations consider the volume of the unit cell, V, which equals 
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Several planes of a crystal lattice are illustrated by the solid lines 
and filled circles of Fig. 5. The dashed lines in this figure are drawn 
perpendicular to these planes and contain rows of open circles, the 
reciprocal lattice points. Along the a* direction in the reciprocal lattice 
are the points 100, 200, 300, etc., which have coordinates a*, 2a*, 3a*, 
etc. These correspond to the (100) planes in the crystal, which reflect 
in the first, second, and third order with reflection indices 100, 200, and 
300. Similarly, all other planes in the crystal are represented in the 
different orders by other rows of points which extend out radially from 
the origin in reciprocal coordinate space. Along the h* axis lie the points 
010, 020, etc., and along the negative h* axis lie OTO, 020, etc. All points 
of the reciprocal lattice have coordinates that are integral multiples of 
a*, b*, and c*. These integral multiples are both the coordinates of the 



Fio. 5. — A portion of a single layer of a reciprocal (® ) and crystal (®) lattice, for a monoclmic 

crystal. 

points and the indices of the points; thus the point having coordinates 
la*, 16*, 0, which in terms of the unit axes can be written 110, has indices 
110 and represents the 110 reflection. 

In Fig. 5 a portion of one layer of the reciprocal lattice for a mono- 
clinic crystal is shown; other layers will lie above and below the one 
shown and will have their points directly over or under these, the point 
hkl lying above the point hkO and the point hkl lying immediately under 
it. This will also be true for all orthogonal crystals (cubic, tetragonal, 
orthorhombic, orthohexagonal). A perspective view of a typical recip- 
rocal lattice for an orthogonal crystal is shown in Fig. 6. 

Diffraction and the Reciprocal Lattice. — ^A simple geometrical con- 
struction in the reciprocal lattice gives the condition that corresponds 
to reflection. Consider a sphere that touches the origin of the lattice 
and that has a unit radius. Any crystal plane will reflect if the cor- 
responding reciprocal lattice point lies on the surface of this sphere, 

the area of the base of the cell times its altitude. In the first formula the area of the 
base is be sin a and the altitude is dioo; hence, dm ~ V/(bc sin o) and since a* « \/dm 
it follows that a* -» (X6c/7)(sin «). 
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provided that the diameter of the sphere is along the direction of the 
incident x-ray beam. This may be seen from Fig. 7, which represents 



Fig. 6. — Reciprocal lattice for an orthorhombic crystal. 


a set of crystal planes at 0 having its reciprocal lattice point at P, and 
an incident beam along QO. The “sphere of reflection” is drawn with 
QO as its diameter, the distance QO being twice the distance that has 



Fig. 7. — Spliere of reflection in a lecipiocal lattice. 


been chosen as the unit distance for plotting the reciprocal lattice. For 
example, if the scale used for p = 1 is 1 cm. (so that a point for which 
P = X/d == 1.26 is plotted as 1.26 cm. on a plot of the reciprocal lattice), 
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the unit distance is 1 cm. and therefore QO is 2 cm. Now reference to 
the figure will show that the point P will lie on the sphere of reflection if 

sin ^ 

and, upon substituting the value for p, this is seen to be equivalent to the 
condition for reflection as stated in Bragg’s law 


The reflected ray will lie in the plane with Q, 0, and P. The reflected 
beam will go out from the crystal at an angle 2d from the incident beam, 



and from the construction of Fig. 7 it may be seen that the direction of the 
reflected beam is along the line from the center of the reflection sphere 
through the lattice point P. 

At any one setting of the crystal, few if any points will touch the 
sphere of reflection, but if the crystal is rotated the reciprocal lattice 
will rotate with it and will bring many points into contact with the sphere. 
At each contact of a point with the sphere an x-ray reflection will occur. 
All planes that can be made to reflect have their reciprocal lattice points 
within two unit distances of the origin, i.e., within the “limiting sphere” 
shown. Rotation of the crystal with respect to the beam can be repre- 
sented by I’otating the sphere of reflection and keeping the lattice fixed; if 
the axis of rotation is A A, the sphere of reflection will sweep out a tore 
whose cross section is shown in Fig. 8. During a complete rotation of the 
crystal each point within this tore will pass through the surface of the 
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sphere twice and will produce two reflections, one on the right and one on 
the left side of the rotating crystal pattern. For each point hkl that yields 
spots in the upper quadrants of the film there will be a corresponding point 
KJd, on the opposite side of the origin, that will also pass through the 
sphere twice and yield similar reflections in the lower quadrants of the 
rotation photograph. Thus if the axis of rotation is normal to the beam, 
the photograph will be symmetrical about horizontal and vertical lines 
through the center. 

Relation of the Reciprocal Lattice to the Film. — Suppose the “limiting 
sphere” in Fig. 7 were a spherical photographic film. Rotation of the 
crystal would cause reflections which would be recorded on the film in a 

pattern would be identical with the pattern 
formed on the smaller “sphere of reflection” 
if each reciprocal lattice point, as it moves 
around the axis during the rotation, were to 
leave a spot where it touches the sphere of 
reflection. The film pattern could thus be 
interpreted as if the reciprocal lattice punc- 
tured it during rotation. In practice, of 
course, spherical films would be inconvenient 
and cylindrical or flat films are used, with the 
result that the pattern of reflected spots on 
the film is a distorted version of thLs pattern 
on the sphere. It is interesting to note, 
however, that, when the reflection sphere is 
very large compared with the spacings of the 
reciprocal lattice points, then the portion 
of the sphere near the origin is almost a plane 
surface. The pattern on the sphere is then like the pattern on a flat 
film. This is the situation when electrons of very short wavelength are 
diffracted; the electron diffraction pattern on a flat film appears to be 
made by . swinging the film through the reciprocal lattice. 

To relate spots on a film to points in the reciprocal lattice it is best to 
use the cylindrical coordinates of the lattice points. These coordinates 
are indicated in Fig. 9 where ? (xi) is the perpendicular distance from the 
axis of rotation to a lattice point, f (zeta) is the distance parallel to the axis 
from the origin to the point, and w (omega) is the angular position with 
respect to some reference line. Since w acquires all values during a com- 
plete rotation, this coordinate is not determined in a rotation photograph, 
but { and f can be computed for each lattice point by measurements of 
the position of the corresponding spot on the film. 

The J and f coordinates can be found quickly, without computation, 
by superimposing the film on a chart of appropriate size ruled with lines of 
constant { and f values. Figure 10 is a chart of this type for cylindrical 


certain pattern. Now this 



Fig. 9. — Cylindrical coordinates 
for reciprocal lattice points. 
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films of 57.3 mm. diameter.^ Other camera sizes can be fitted by suitable 
enlargement. The chart covers f values from 0 to 1.6 and f values from 0 
to approximately 0.9. 



wmmrnMmMmMmmMmMmmmmmmmmmmmmmmmrmMmmmmmmmmmmmmmmmmmmmmmmmmmmmmmi 
mmmrnMmmmmmmMmmmmmmmmmmmmmmmmmivmmmmmmmmmmmmummmmmmmmmmmmmmmmmmM 

immmnMaaaMaHaaMBBBBBHBBBBaHBinHBaBBBBBiBHBBHBBaaaBBaaaaMflrfliMMflifl- 

mmwtmmmmmmmmmmmmummmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm 

fliMBi Bi BiBHaBaaaaBiBBBBBaBHBiBBBaaaaBBHaaaHaaBBHaaHBHHHaH ■■■■§■■■■■ 

□iB:niBi!BB]ni!nR{BiinBnKnBaBnBnB!iBnBnKniBBBBK3BaB3K3BGiB[iBnfl'iii'infBiirBnnincBainiB;.Tii 

'■■■■■■■»■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■■ ■■■■■■■■iBiBBIBiBai 

■■■■■■BBaBBBBflflBBBBBBBBBBBBaflBBBBBBBBBBBBBBBBaBMBIBIBBiMHaaail 

JHaaBHBaaBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBHBMMaMMaMfllBm 

■laBiaiaaiaiaHaaaaaaaaaaaBaflaaaaBaaaBnaBBBBaaBBBBBBBBaBaaRHHaaiaBiBiaiaMi 

jmmmmmmmmmmmmmmmmmmmmmummmmMmmmwumummmmmmummmmmmmmmmmmmmmmmmmmmmy 

-JVMMMJBtfMVMaaamBBBBBBIBBflBBBBmV^JIBBBBaBBBBBaBBBBBBBBBBBimmWBIBimBim 
-BJiBrMMMMaMflBBaBBaBBBBBBBBBBBBBmflrBafllBBBIBBBBBBBBBBBmmBmmmmmmmBi 

FMMrMMMffMVMiiMiiiMUMifniMnHiiHuimimmmmmmmm 

-WMivmfffffiiiiiiiiiiiinHffVMiiiiiiim 

wna^mmam 

jimmsmmm 



Fio. 10. — Bernal’s chart for reading reciprocal lattice coordinates ^ and T from cylin- 
drical films. Scaled to fit camera of 57.3 mm. diameter. Layer lines run horizontally on 
this chart. 

Determining Unit-cell Dimensions. — The cell dimensions are readily 
determined for any crystal that yields layer lines when rotated about its 
a, b, and c axes (cubic, tetragonal, orthorhombic, orthohexagonal). The 

* J. D. Bernal has published this chart on tracing paper for a lO-cm.-diameter 
camera and has published also a chart for flat films [Proc. Roy. Soc. {London), vol. A 113 i 
p. 117 , 1926 ]. 
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points in a single layer of the reciprocal lattice have a constant f value and 
form one layer line on the film. Since the axes of the reciprocal lattice for 
these crystals are parallel to the crystal axes, it follows that a rotation 
photograph with rotation around the a axis has a succession of layer lines 
at f values corresponding to the a* spacing of the layers in the reciprocal 
lattice, so that 

= ha* = — 
a 

where h = 1 for the first layer line, 2 for the second, etc. Similarly, for 
rotation around b, 

= kb* = 

aud, for rotation around c. 



Therefore, the a dimensions of the unit cell can be determined unequivo- 
cally from the f values read by means of the chart from the lay(!r lin(*s of 
an a rotation photograph. By choosing the rotation axes along a, b, and 
c, in turn, all dimensions of the cell are determined. 

Assigning Indices to Reflections. — The relations between reciprocal' 
lattice coordinates and indices of i-eflections are simple if the crystal has 
orthogonal axes (cubic, tetragonal, orthorhombic, or orthohexagonal) and 
is rotated around these. First the a*, b*, and c* dimensions of the recip- 
rocal lattice arc determined by the equations of the previous section. 
These data make it po.ssiblc to plot the reciprocal lattice (this is usually 
done a layer at a time). Indices are assigned to each of the points in the; 
lattice in the simple manner that has been illustrated in Fig. 6. Then the 
I and f coordinates of the spots on the film are compared, gi'aphically, 
Avith { and f coordinates of points on the ])lot. A spot on the film is 
identified when a point is found that has the same coordinates as the spot; 
the indices of the spot and its corresponding point are the same. Instances 
sometimes occur in which two or more reciprocal lattice points have the 
same { and f coordinates, and the corresponding reflection may have the 
indices of any of these — or all of tho.se if reflections have overlapped. 

An alternate method of assigning indices to reflections is to compute 
the ^ and f values. * The increased accuracy of computed ovej' graphi- 
cally measured values is seldom needed, however. 

* For an orthogonal crystal rotated about the a axis, 

fo = ha* 

{ = V'k^b*^ + 

and similar equations apply to rotation photographs around b and c &tes. Formulas 
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The reciprocal lattice layers of monoclinic and triclinic crystals do 
not lie directly over each other; a* is not at right angles to fe* and c*. 
Hence the rotation axis, which is the origin of { coordinates and passes 
through the point 000, does not pass through the points 100, 200, etc., on 
the upper levels. This must be taken into account in working out the 
coordinates. 

Oscillating-crystal Photographs. — One method of avoiding over- 
lapping reflections, which lead to uncertainties in indexing and in deter- 
mining the intensities of reflections, is to limit the range through which 
the crystal is rotated. This reduces the number of reciprocal lattice 
points that come into contact with the reflection sphere and so reduces 
the number of reflections. The crystal is set as for a rotation photo- 
graph, and with a known face exactly perpendicular to the x-ray beam 
the crystal is oscillated through a 5, 10, or 15® range of angles around this 
position; by means of an azimuth circle on the camera a new azimuth 
setting is made and a new oscillation photograph is made around it, etc., 
until all typical reflections have been obtained. The ranges of oscil- 
lations are made small enough to prevent overlapping spots. 

A graphical construction predicts which reflections will occur, by 
showing which reciprocal lattice points touch the sphere of reflection. 
Assume, for convenience, that the reciprocal lattice remains stationary 
while the x-i’ay beam and the reflection sphere revolve around the axis 
of rotation in the sense opposite to the actual crystal rotation. The 
sphere swings through the angle of oscillation and sweeps out two cup- 
shaped regions in leciprocal space, instead of the entire tore as it would 
in a rotation pliotograpli. Figure 11 illustrates an oscillation of 30® 
about the a axis of an orthogonal crystal. The reflection circle has AT) 
and X'O as diameters at the extremities of its oscillation. The reciprocal 
lattice plane containing the origin cuts the sphere of reflection in a circle 
of unit radius that sweeps through the shaded areas of Fig. 11a. All 
points lying in the shaded areas correspond to planes that will reflect 
in the oscillation pliotograph; and since these points are on the layer for 
which h is everywhere zero, all these reflections will fall on the zero layer 
line on the photogi’aph — the etiuatorial layer line. 

Points on one of the layers above this one will lie on a plane that 
intersects the sphere of reflection in a circle of smaller radius. A side 
view of the sphere of reflection is shown in Fig. 116, where it will be seen 
that the radius of the circles for these higher sections can be readily 
scaled from the drawing or computed analytically and varies with each 
value of f. To determine the possible reflecting planes for the second 
layer line the construction of Fig. 11c is used. Here it is assumed that 

for less symmetrical crystals are given in J. D. Bernal, Proc, Roy, Soc. {London) y 
vol. Alls, p. 117, 1926. 
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the axis of rotation is perpendicular to the plane of the net and that the 
reciprocal lattice is rectangular so all layers directly superimpose with 


067 056 055 054 053 052 05! 050 



hOO directly above 000, etc. The centers of all circles are at unit distance 
from the points AOO. Reflecting points arc again shown by the shading. 
In practice, points will reflect that lie 1° or so from the limits indicated, 
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because of crystal imperfection and angular divergence in the primary 
beam of x-rays. 

In an interesting variation of the oscillating-crystal method Buerger 
rocks a crystal in such a way that a crystal axis sweeps over the surface 
of a cone coaxial with the incident beam. The pattern obtained on a 
stationary film is then an almost undistorted picture of the reciprocal 
lattice; the diffraction spots can be 

a.ssigned indices by inspection, without q 

computation; and the symmetry of the 
photograph is the symmetry of the crys- ^ss***®* 

tal axis that oscillates about the direct P ^ 

beam. ^ ““TTTffflMtl 

The Weissenberg Goniometer. — An I * Fil 

ingenious camera first designed by • 1 j i j 

Weissenbergi completely eliminates ! I j * I 

overlapping reflections and has other i j | j 

advantages as well, making it highly j ! 1 , I 

desirable for tht; analysis of complex • { ! I M 

crystals. The principle of the instru- I i i * I 

ment is illustrated by Fig. 12. A j ! | j j 

cylindrical film, F, moves back and j ^ j 

forth longitudinally in exact synchro- 
nism with the oscillation of the crystal 

this is accomplished by a pulley 1 1 '^^3^ til 

arrangement, as indicated, or by an | I I 

appropriate set of gears. A stationary Jlf i I ' 

metal shield, S, surrounds the ciystal ! I I 1 

and contains a circumferential slot that |L| | j I 

l)ermits the recording of a single layer I | | [ H 

line of spots at one setting. The shift- I | J j 0 

ing of the film during the oscillation of 1 k'"’” 1 | 

the crystal causes the spots from a v!. 1 ' 

single layer line to be spread out over ^ H 

th» whole of the aim (Fig. 13). The 
vertical distance between two spots of 

Fig. 13 is directly proportional to the angle through which the crystal 
turns in going from one reflecting position to another. 

The indexing of spots on Weissenberg photographs has been worked 
out in various ways.^ In the method of Wooster and Wooster® the polar 


* K. Weissenbekq, Z. Physik, vol. 23, p. 229, 1924. J. Bohm, Z. Physik, vol. 39, 
p. 657, 1926. 

® For a detailed treatment of moving-film techniques and methods of interpretation 
see M. J. Buerger, “X-ray Crystallography,” Wiley, New York, 1942. 

* W. A. Wooster and Nora Wooster, Z. Krist., vol. 84, p. 327, 1933. 
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coordinates (^, «) of the spots are read from a chart that is laid over the 
film, and the reciprocal lattice is constructed graphically (f is determined 


Fig. 13. — VVeissenberg photograph of a monoclinic crystal rotated about the c axis, 
with unfiltered copper radiation. Lines along which one index changes are sketched at 
right. 


Fig. 14. -Buerger’s method for reading Wcisseriborg films. 


when the layer line is chosen; it is the same for all spots of one photo- 
graph). In the reciprocal lattice any row of points that passes through 
the origin is represented on the film as a straight line of spots. The 
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inclination, v, of the line to the longitudinal direction on the film is 

_ / circumferenc e of ca mera \ 

j/ — an ^translation for l^° rotation/ 

These lines on the film are marked out by white radiation streaks and are 
the lines that contain different orders of reflection from a single plane. 

Buerger constmeted a reading device (see Fig. 14) that slides over the 
film and provides convenient scales for reading spot coordinates. A 
celluloid triangle with an angle v slides along a mler on which the azimuth 
coordinate w has been marked (the coordinates are those of Fig. 9). 
Along the edge of the triangle is marked a scale that gives ? values when 
the edge is made to touch a spot; the u value for the spot is then read 
from the intei’section of the edge of the triangle with the co scale. One | 
scale applies to all zero layer-line photographs, but for nonzero layer-line 
photogi-aphs other scales of f must be marked on the triangle. 



FiCr. 15. — Simplified sketch of Buerger’s design for Weisseiiberg camera, with variable 

inclination of rotation axis. 

In making photographs of the higher layer lines, Buerger has pointed 
out the convenience of adjusting the incident beam so that both incident 
and diffracted beams make equal angles with the axis of rotation, giving 
what is ternuid an equi-inclination photograph. Figure 15 is a diagram- 
matic sketch of his eciui-inclination camera (rotating and shifting mecha- 
nisms are not indicated). 

A Weisseiiberg photograph is simply a two-dimensional projection of 
one of the reciprocal lattice levels. The rows of points of the reciprocal 
lattice appear in a distorted form on the photograph and can be recog- 
nized with experience or with the aid of appropriate charts.^ (Note the 
lines of constant k and I indices in Fig. 13.) When the lines are recog- 
nized on the film, indexing of spots can be done simply by inspection and 
is a matter of five minutes or so as compared with an hour or two by the 
method of Wooster and Wooster. In equi-inclination photographs the 

> M. J. Bukrokb, Z. Krist., vol. 88, p. 366, 1934; “X-ray Crystallography,” Wiley, 
Now York, 1942. 
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rows of reciprocal lattice points fall on curves of similar shape on the films 
for all layers of the reciprocal lattice. Hence a single transparent tem- 
plate can be employed to mark the rows on the film.^ 

Sauter^ designed a camera in which a flat film is rotated instead of 
being shifted, as in the Weissenberg camera. It is inferior to the Weisscn- 
berg camera because some reflections cannot be picked up. The de 
Jong-Bouman camera^ also has blind areas where reflections cannot b(‘ 
obtained, but it has the remarkable characteristic that a photograph 
made in the camera is a direct enlargement, without distortion, of a level 
of the reciprocal lattice. To accomplish this desirable result, the camera 
is provided with a flat film that rotates in its own plane in synchronism 
with the rotation of the crystal. The axis of rotation of the film is 
parallel to the axis of rotation of the crystal but is displac('d from it by 
such an amount that the center of film* rotation is at the origin of the 
reciprocal lattice layer being photographed. A shield between crystal 
and film absorbs all but one layer line of reflections, as in the other 
moving-film cameras. 

1 In a further development of Weissenberg photograph technique M. .1. Jhierger 
shows that it is possible to determine the space-lattice type and the spacer group of 
a crystal by the simple inspection of a properly chosen sot of Weissenberg photographs, 
without indexing any of the spots. This is possible by rt^cognizing th(‘ symmetry 
properties of the reciprocal lattice from the appearance of the photographs. There 
are 15 possible types of spot arrangements in equi-inclination photographs, which 
have been catalogued and related to the possible arrangements of reciprocal lattice 
points in a given level. From a series of equi-inclination Weissenberg photographs 
it is possible to recognize not only the arrangement of points in a level but also the 
stacking of the levels over one another; glide planes and screw axes arc also rec-ogiiizt^d. 

However, there are limitations to .space-group determination by diffraction data 
alone; for example, a simple monoclinic crystal would give the same pattern of spots 
whether it belonged to space groups Pm, P2, or P2/m; space group 7222 cannot be 
distinguished from 72i2i2i, nor 723 from 72i3; left-hand(*d screw axes cannot be 
distinguished from right-handed screw axes. A total of 121 dilTraction pattern typ(\s 
is possible out of th^ 230 space groups. 

* E. Sauter, Z, Knst., vol. 84, p. 461, 1933; vol. 85, p. 155, 1933; Z. Physik. 
Chem.j vol. B23, p. 70, 1933. E. Schikbold, Z. Knst., vol. 86, p. 377, 1933. 

3 W. F. DE Jong and J. Bouman, Z. KrisL, vol. 98, p. 456, 1937-1938; Physica, 
vol. 5, pp. 220, 817, 1938. See also discussion in M. J. Buerger, “X-ray (Vystal- 
lography,'' Wiley, New York, 1942. 



CHAPTER VII 
THE POWDER METHOD 

The powder method, devised independently by Debye and Scherrer* 
and by Hull,^ is. by far the most useful method in the field of applied 
x-rays. Many special cameras and techniques have been developed, and 
it well repays the user to keep informed of the more important advances 
as they appear. A comprehensive treatment of all the past developments 
in the field is neither possible nor desirable here, but an attempt is made 



Fig. 1. — Powder camera. A, camera; B, cap witli pinholes for incident beam; C, cap 
over exit hole; Z>, rotating spindle for specimen; E, ring for clamping film; F, cov^r; G, base 
with motor for rotating specimen. {Baird Associates,) 

to cover the more important ones that are now in widespread use. The 
fundamental principles of the method have been presented in Chap. IV 
and need not be repeated here. 

Cylindrical Cameras. — Figure 1 illustrates a typical Debye-Scherrer 
camera.^ The incident beam enters the chamber A through pinholes 
in cup B and on the exit side is trapped by a tube C in which a fluorescent 

1 P. Debye and P. Scherrer, Physik. Z., vol. 18, p. 291, 1917. 

* A. Hull, Phys. Rev., vol. 10, p. 661, 1917. 

* Manufactured by Baird Associates, Cambridge, Mass. 
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screen may be mounted to aid in lining up the camera. The specimen 
is accurately centered in the camera on an axis D that can be rotated by 
a motor in the base G. The film is inserted in a slot and clamped in such 
a way that it conforms accurately to the circumference of the brass 
cylinder. Holes are punched in the film so that it will fit over the 
projecting tubes. * -■ 

Another instrument is illustrated in Fig. 2.‘ A wedge-shaped speci- 
men can be rocked by the motor fastened to the side of the instrument ; 



Fig. 2. — Powder camera arranged for oscillation of a wedge specimen. A, cylindrical 
film and cover; B, specimen mount; C, motor for oscillating specimen. (General Electric 
X-ray Corporation,) 

another specimen mount, interchangeable with this, provides complete 
rotation of the specimen, and a septum can be used so that two spectra 
can be photographed side by side. 

* A camera* developed in Sir Lawrence Bragg’s laboratories is sketched 
in Fig. 3. The customary cylindrical film is replaced by two semicircular 
films that extend from the inlet tube on the left to the outlet on the right 
(Fig. 3a). Knife-edges at these two ends furnish an abrupt end to the 
fogged region on the film and thus furnish reference marks from which 
diffraction angles can be measured. Figure 36 shows the inner part 
of the camera around the edge of which the film is held by elastic bands. 

‘ Sold by General Electric X-ray Corporation, Chicago, 111. 

* A. J. Bradley, W. L. Braqo, and C. Sykes, J. Iron Steel InsL, vol. 141, p. 63, 
1940. A. J. Bradley, H. Lipson, and N. J. Fetch, J. Sci. Instruments, vol. 18, 
p. 216, 1941. 
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A lightproof case (Fig. 3c) fits over the internal part and provides for 
rotation of the specimen; the slits and the thumbscrew centering device 
for the specimen are indicated in Figs. 3d and 3e, respectively. 




Scale Centimefers 



(d) 


« « I I I 1 

Scale Cen+ime+ers 



Yiq, 3. — Powder cameia dobigned by Bradley and collaborators, (a) Horizontal 
section of camera, {b) vertical section, (c) lighttight cover with pulley and arm to rotate 
specimen mount, (ri) slit system, (e) specimen mount with screws F and G for centering 
specimen. 


Idle slit arrangement in any camera is important. There should be 
thi’ee openings properly cvit and spaced so that the first two limit the 
divergence of the beam and the last one just misses the beam but stops 
the diffracted rays arising from the metal at the second opening, as 
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indicated in Fig. 4. If rays are taken from a target at grazing angle so 
that they effectively diverge from a line source, the first slit of Fig. 4 is 
unnecessary. 

The usual specimen for Debye cameras is a thin-walled capillary tube 
0.3 to 0.5 mm. in diameter of lithium borate glass, silica, or cellophane, 
which is filled with powder that has been passed through a sieve of about 
250 mesh. Davey* has recommended diluting the more absorbent 
specimens with amorphous materials like wheat flour, the amount of 
dilution increasing with the atomic number of the specimen to keep the 
linear-absorption coefficient in the powder about constant. Excellent 
specimens can bo prepared by mixing powder with collodion, dilute 
shellac, or the like, packing it into a small tube, and then extmding it by 
pushing a wire through the tube. Small-bore stainless-steel tubes can 
be purchased for the purpose, * and if the mixture is only partly extruded 



Fig. 4. — Design of slits. Primary beam through openings 1 and 2 should not touch II. 


from these they will serve as excellent mounts to fasten into the camei’a. 
Powders can also be coated on a fine fiber using an adKesive. 

A polycrystalline solid formed into a wire may be used in Debye 
cameras, but these must be used with caution owing to the preferred 
orientations that are likely to be generated in the wire by the forming 
process. If a block of material has a sharp edge, this can be placed so as 
to cut across the beam from the slits and provide a thin line of diffracting 
material — the so-called “wedge technique.” The purpose of oscillating 
or rotating a specimen is to reduce spottiness of the diffraction rings by 
bringing a greater number of particles into reflecting positions. 

Cameras have been specifically designed for flat sheet specimens® and 
for other special shapes, but they are not in general use. Some investi- 
gators have mounted a rock salt crystal as a monochromator on Debye 
cameras. This is advantageous for work with vitreous materials as it 
reduces the background blackening markedly and renders weak and 
diffuse lines more visible, but unfortunately it multiplies the exposure 
times manyfold. 


* Wheeler P. Davby, “A Study of Crystal Structure and Its Applications,” 
p. 117, McGraw-Hill, New York, 1934. 

*The Superior Tube Co., Norristown, Pa., is one source; 19-gaugo J-in. lengths 
are convenient. 

*R. A. Stephen and R. J. Barnes, Nature, vol. 136, p. 793, 1935. J. C. M. 
Brentano, Proc. Phys. Soc. {London), vol. 47. p. 932, 1936. 



THE POWDER METHOD 


119 


Choice of Camera Dimensions. — For rapid exposures and for mate- 
rials of poorly developed crystallinity a small camera is favored, usually 
one of about 5 cm. diameter, but for complicated patterns or other 
problems where high dispersion is required it is better to use larger ones. 
A camera of 19 cm. diameter (0 = 5 to 85°) is useful in alloy studies, ^ and 
cameras of even 35 cm. diameter serve for occasional special problems. 



Fig. 5. — High-teinperaturc powder ramei a. {Hume-Rotkery and Reynolds.) 


The exposure lime increases roughly as the cube of the diameter, and in 
addition it is advisable to fill the largest cameras with hydrogen to 
reduce absorption and scattering from the air, yet these disadvantages 
are frequently overcome by the advantage of greater contrast between 
background and lines and greater dispersion. ^ 

High-temperature Cameras. — A number of designs have been pub- 
lished for cameras that operate with the specimen at an elevated tem- 
perature.^ One of the most suitable designs for precision work is that of 

1 A. J. Bradlky, W. L. Bragg, and C. Sykes, /. Iron Steel Inst, vol. 141, p. 63, 
1940. A. J, Bradley, H. Lipson, and N. J. Fetch, J, Set Instruments, vol. 18, 
p. 216, 1941. 

* A. J. Bradley and H. Lipson, Proc. Roy. Soc. {London), vol. A167, p. 421, 1928. 

*A. Westgren and G. Phragm^n, Z. physik. Chem., vol. A102, p. 1, 1922. 
W. Cohn, Z. Physik, vol. 50, p. 123, 1928. O. Ruff and F. Ebert, Z. anorg. Chem., 
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Hume-Rotheiy and Reynolds^ illustrated in Fig. 5. The sample of 
metallic filings is sealed in a thin-walled silica capillary tube which 
may be sealed off in a‘ vacuum or filled with inert gas. It is mounted 
on the axis of the camera, which consists principally of a pair of rings 
AA' machined in one piece with the connecting block VV and a pair of 
disks, supported by these, which contain circular cooling-water channels 
DP. The film is held in contact with the outer circumference of the disks 
by rubber bands XX. The beam of x-rays enters through tubes M and 
Ml of 2 mm. inside diameter and leaves through the port at the left. 

The furnaces mounted on the disks Li and Li are bell-shaped to 
minimize thermal gradients. They consist of heating wire wound on 
silica forms and fastened with alundum cement. They are fixed in the 
outer quartz tubes and Qi with tightly packed lagging and are centered 
and clamped by adjusting screws in the brass shields F and Fi. The 
leads to the heating elements are Ji and li. A black-paper shield at E 
protects the film from the heat, and at high temperatures an aluminum- 
foil shield (0.0075 mm. thick) is added at Al. Temperatures are meas- 
ured by a 3-mm.-diameter platinum ring welded to a platinum and 
platinum-rhodium thermocouple mounted in the holder H. This is 
adjustable vertically to explore the temperature at various points. With 
a^mm. gap between the two furnaces it is possible to reduce the thermal 
gradient in the irradiated region to l^C. at lOOO^C. Temperatures can 
be regulated by hand or by a potentiometric regulator. Diffraction lines 
firom silver are satisfactory at 943°C., though the general background is 
more intense than at lower temperatures; lattice parameters appear to be 
reproducible to 0.0001 A. The specimen is rotated by means of the 
pulley at the top. 

Low-ten^rature Cameras. — Powder photographs have been made 
at low temperatures by blowing cold air over a specimen or by attaching 
a specimen to a copper conductor cooled by liqmd air,^ but the simplest 
and perhaps the most effective scheme for maintaining the specimen at 


vol. 180, p. 19, 1929. H. Braekken and L. Harano, Z. Krist., vol. 76, p. 538, 1930. 
N. P. Goss, Metal Progrees, vol. 28, p. 163, October, 1936. A. Goetz and R. C. 
Hemenrother, Phye. Rev., vol. 40, p. 643, 1932. R. Berthoed and H. B6hm, 
Md(dlv>irtschaft, vol. 11, p. 667, 1932. A. H. Jat, Z. Kriet., vol. 86, p. 106, 1933; 
Proe. Phye. Soe. (London), vol. 45, p. 636, 1933. , 

* W. Hcxe-Rothebt and P. W. Retnoeds, Proe. Roy. Soc. (London), vol. A167, 
if. 26, 1938. 

* M. WoET, Z. Phyaik, vol. 63, p. 72, 1929. R. F. Mehe and C. S. Barrett, 
Trane. A.I:M.E., vol. 89, p. 676, 1930. O. Kratkt and P. Losada in F. Halla and 
H. Mark, “BOnt^nograpUsche Untersuchung von Kristallen,’' p. 149, Barth, Leipzig, 
1987. F. Feber and F. KeOtzer, Z, EleUroettem., vol. 41, p. 850, 1936. W. H. 
Barnes and W. F. Hamfton, Rev. Sd. Instrummta, vol. 6, p. 342, 1936. N. W. 
Pateor, Ree. 8ei. Jnetrumenta, vol. 2, p. 761, 1931. 
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the temperature of liquid air seems to be merely to cause a fine stream of 
liquid air to flow continuously over the specimen in an ordinary powder 
camera. The specimen may be mounted on a glass rod (about 0.5 mm. 
in diameter) and enclosed in a small cellophane tube that is connected 
to a storage reservoir of liquid air.^ *, 

Focusing Cameras. — Cameras in which the slits, specimen, and film 
all lie on. the circumference of the same cylinder (Fig. 19, page 84) have 
been much used since their development by Seemann and !Bohlin.* 
Since all the diffracted rays from a large area of the specimen are focused 



(110)K;3 (110) Ka, 


(200) Kot 


( 211 ) (211) Ka. 


(220)jK’l (810)^^ 


Fio. 6 — Powder pattern of a-iron in Phragm^n focusing cameras with overlapping ranges. 
Diffraction angle increases from left to right. Unfiltered iron radiation. 


to a sharp line, the exposure times are relatively short; a second advan- 
tage is the fact that dispersion of these cameras is twice that of a Debye 
camera of the same radius. Westgren and Phragm4n in their extensive 
studies of alloy constitution have used focusing cameras in which the 
range from 16 to 82° is covered by three separate cameras in order to 
obtain optimum conditions in each range.® Figure 6 illustrates the films 
obtained from these. Jette covers the range from 17.5 to 77° in a single 
camera of high dispersion,^ illustrated in Fig. 7. The specimen is held 
on an oscillating arm, pivoted at the center of the camera. 

Focusing cameras of this type are calibrated by taking photographs of 
standard materials. The position of a diffraction line is measured from 

> The tube may be made by dissolving cellophane cuttings in a 50-50 solution of 
amyl acetate ahd acetone until the solution becomes fairly viscous, then dipping a 
soft copper wire in the solution. After drying for 2 days, the wire is reduced in size 
by stretching and can then be removed from the cellophane tube. (K. Lonsdalb 
and H. Smith, J. Sci. Inatrumenta, vol. 18, p. 133, 1941.) 

* H. Seemann, Ann. Phyaik, vol. 59, p. 455, 1919. H. Bohun, Ann. Pkyaik, 
vol. 61, p. 421, 1920. 

’ A. F. Westgben, Trana. A.I.M.E., vol. 93, p. 13, 1931, 

* Built by George C. Wyland, Ramsey, N. J. 
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the shadow of one of the knife-edges at the ends of the film. The distance 
from a knife-edge shadow to a line is corrected for shrinkage or expan- 
sion of the film by multiplying by the distance between knife-edges on the 
standard film and dividing bj"^ the distance between knife-edges on the 
film being measured, thus effectivelj’^ reducing each film to standard 
length. Single emulsion films must be used because of the oblique 
incidence of the diffracted lays. Specimens may be prepared by coating 
a layer of powder on a strip of paper with a small amount of an adhesive 



Fig. 7. — Focusing camera designed by Jette. A, cover; By handle; C, adjustable slit c:n 
circumference of film cylinder; Z>, adjustable stand. {George C, Wyland,) 

or by placing a layer of powder on paper and covering it with Scotch tape. 
The .specimen is clamped in place so that it accurately fits the cylindrical 
surface of the camera. Symmetrical back-reflection focusing cameras are 
discussed in the following section. 

Back-reflection Cameras. — Precision determinations of lattice con- 
stants are best made at high diffraction angles because of the greater 
dispersion in this range. Cameras for this purpose using flat films or 
photographic plates^ are usually provided with means for rotating the 
specimen and film, as in Fig. 8, to make smoother lines. By placing a 
shield over the film and exposing a segment at a time, it is possible to put 

‘ G. Sachs and .1. Wkkhts, Z. Physik, vol. 60, p. 481, 1930. G. Sachs, Trans. 
A.I.M.E., vol. 93, p. 39, 1931. F. Weveb and A. Rose, Milt. Kaiser-Wilhelm Inst. 
Eisenforsch. DUsseldorf, vol. 17, p. 33, 1935. 
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Fio. 8. -Fo(fusiiig camera with flat film. A, film cassette; B, shield over portion of 
film, C, film-rotating motor; D, specimen holder rotated by motor E, {General Electric 
X^ray Corporation,) 



Fig. 9.- Back-reflection powder pal tom oti a flat film. Alternate segments are from 
solid-solution alloys of different composition and different lattice parameter. Kai and 
Ka 2 linos are fully resolved. 
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.several exposures on one film (see Fig. 9). Film-to-specimen distances 
can be measured by micromotel’s or determined by calibration spectra.* 
By setting the pinhole at the proper place along the axis of the film 
carriage it is possible to obtain a focusing condition on one line of the 
spectrum (the pinhole, specimen, and line on film must lie on the circum- 



Fig. 10.-— Symmetrical back-reflection focusing camera. 



Fig. 11. — Crystal monochromator for a focusing camera. 

fercnce of a circle). However, the focusing condition does not extend 
over the entire film in a camera of the flat-film type. 

Cylindrical back-reflection cameras of the type indicated in Fig. 10 
provide focusing over their entire range and are very effective in precision 
studies of noncubic metals, as Jette and Foote have shown.** A movable 

^ Cameras of this tj^je have been sold by General Electric X-ray Corporation, 
Chicago, III., and by the American Instrument Company, Washington, D.C. 

* E. R. Jette and F. Foote, J. Chem. Phya., vol. 3, p. 605, 1935. A camera of 
their design has been marketed by George C. Wyland, Ramsey, N.J. Cylindrical 
cameras are also supplied by Baird Associates, Cambridge, Mass. 
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arm for shifting the specimen is advantageous but must be so constructed 
that friction of the moving parts does not raise the temperature of the 
specimen more than 1°C. The camera can be calibrated by direct 
measurement of its diameter, and the films can be corrected by proper 
extrapolation to 0 = 90°. This is discussed in a later section (page 135). 

Bozorth and Haworth,^ find that a bent-crystal monochromator (Fig. 
11) will reduce the intensity of the background to one-eighth that of the 
usual focusing camera yet will require exposure times scarcely double the 
normal ones.'^ Synthetic rock salt crystals are more suitable than natural 
crystals for this purpose.® 

Choice of Radiation. — To produce satisfactory photographs it is 
necessary to avoid fogging the film with fluorescent radiation from the 
sample. One way of doing this is to employ molybdenum radiation, 
which has a fairly short wavelength, and to filter the fluorescent radiation 
by placing a zirconium filter between the specimen and the film. This 
technique gives satisfactory films for most materials,'* and suitable filter 
strips are available on the market.® But longer wavelengths are often 
needed, and it is then important to ehoose a target that emits a line 
spectrum of longer wavelength than the K absorption edge of the sample, 
if this is practicable. A filter to remove the radiation is optional. 
This is ordinarily placed between the tube and the camera, but if it is 
placed between the sample and the film it will serve also to filter out 
fluorescent radiation. Radiations of Cr, Mn, Fe, Co, Xi, Cu, and Zn are 
commonly used, and some hav'c also used Au Lai and La^ (1.27377, 
1.28502 A) after removing the L/3 and Ly lines with a Ga filter.® In preci- 
sion work, radiation is chosen to yield diffraction lines at high angles, 
preferably above 0 = 70°, and to give sufficient lines in tliis neigh- 
borhood it is helpful to use alloy targets.'^ A table of wavelengths is 
given in Appendix II. 

Interpretation of Powder Patterns. — A powder or polycrystalline 
specimen has crystalline particles at all orientations. Consequently the 

‘ R. M. Bozorth and F. E. Haworth, Phys. Rev., vol. 53, p. 538, 1938. 

* They used a rock salt crystal 3.3 by 1.7 by 0.24 cm. which was clamped between 
cylindrical forms while immersed in a concentrated solution of sodium chloride. 'I'he 
crystal was bent to a radius of 20 cm., then dried, and the concave side ground to a 
radius of 10 cm. and etched with water until clear. 

’ Charles S. Smith, Rev. Sci. Instruments, vol. 12, p. 312, 1941. Crystals are 
obtainable from Harshaw Chemical Company, Cleveland, Ohio. 

‘ J. D. Hanawalt, H. W. Rinn, and L. K. Frevel, Ind. Eng. Chem., anal, ed., 
vol. 10, p. 457, 1938. 

® The Patterson Screen Company, Towanda, Pa. 

® O. S. FIdwards and H. Lipson, J. Sci. Instruments, vol. 18, p. 131, 1941. 

' E. R. Jette and F. Foote (J. Chem. Phys., vol. 3, p. 605, 1935) have used 5J 
atomic percent alloys of Fe-Mn, Fe-Ni, F'e-Cr, Cjn-Ni, Fe-Co, Ni-Cr, Ni-Co, and 
Cu-Mn. 
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diffracted rays from it travel outward in all directions that make an angle 
of 26 with the direct beam, where 6 is the Bragg angle. Thus each order 
of reflection from each set of planes forms a cone of semiapex angle 26 
concentric with the primaiy beam and produces a diffraction line on the 
film. The 6 values are computed for all the reflecting planes from 
measurements of the line positions. Identification of the lines is a simple 
matter with cubic crystals but is difficult with crystals of lower symmetry 
and generally impossible with monoclinic or triclinic crystals. Fortu- 
nately, most of the metals and alloys are cubic, tetragonal, or hexagonal. 

Identification of the lines in a powder pattern is always based on com- 
paring the measured list of 6 values with a list predicted for a unit cell of 
assumed dimensions. Given the parameters a, b, c, a, ;8, y of a cell and 
the wavelength to be used, one can quicklj'^ compute all possible reflections 
by using the quadratic forms on page 77 and inserting all possible values 
of h, k, and 1. With cubic crystals the equation is 

sin^ 6 = Kih^ + + l^) ( 1 ) 

where K = XV4o^. It will be noted that reflections 100, 010, and 001 
all fall on the same ring; likewise, reflections from all planes of the general 
form {hkl] superimpose. However, this is not true of noncubic crystals, 
as can be seen, for example, from the quadratic form for Ihe orthorhombic 
class: 


• 2 ,k^ , 

“ 4 V' + + rv' 


( 2 ) 


The quantity (h^ k^ + P) in Ec}. (1) has small integral values — 
in fact, by a proper choice of indices this quantity can have any value 
from 1 through 6, 8 through 14, 16 through 22, etc. To identify the 
lines of a cubic pattern it is nece.ssary merely to choose a set of these 
integers so that (sin* 6)/ (/i* -f A:* -|- P) will have the same value for every 
line in the pattern. The value of the constant K is then X*/4a*. It is 
obvious, of course, that Eq. (2) and other noncubic formulas do not per- 
mit a simple identification of this sort. 

To facilitate computations of the lattice constant or, conversely, to 
speed the calculation of cubic patterns when a is known, a table of reflect- 
ing planes is included in Appendix IV with logarithms of (h^ + k^ + P).^ 
Only with simple cubic lattices will there be reflections for all possible 
values of QP -h A:* P) ; other space lattices will have characteristic 


‘ For more extensive tables see “Internationale Tabellen zur Bestimmung von 
Kristallstrukturen,” vol. II, Borntr&ger, Berlin, 1935. L. W. McKebhan, Am. J. 
Set., vol. 17, p. 548, 1829. 
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absences by means of which it is possible to distinguish body-centered 
cubic from face-centered cubic. Consider the structure-factor formula 


= [2/ cos 2Tr{hu -4- Aw H- lw)Y -f [2/ sin %r{hu kv + lw)Y (3) 


discussed in Chap. IV. If this is applied to a unit cell of any simple 
space lattice, the coordinates of the only atom in the cell are uow = 000; 
hence, = P for any reflection, regardless of indices, and there will be 
no missing reflections. On the other hand, if it is applied to a body- 
centered cell with atoms at 000 and iii, we see that = 0 whenever 
(h + k + 1) is odd and so these reflections will be absent, for example, 
too. 111, 210, etc. In a face-centered lattice one can easily show in the 
same way that all reflections will be missing for which the indices h, k, I 
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Diamond 

cubic 


Fig. 12. — Powder patterns fur different cubic ciystals, illustrating ciiaiactenstic reflections 

for each type. 


are mixed odd and even, for example, 100, 211, etc. These rules apply 
to all crystal systems. There are also characteristic absences for the 
diamond cubic structure.^ The characteristic sequence of lines in cubic 
crystals is illustrated in Fig. 12, where -f- -f- P is indicated for each 

line that is observed in simple, body-centered, face-centered, and diamond 
cubic spectra. 

Graphical Methods of Solving Patterns. — The logarithmic scales of 
a slide rule provide a rapid means of solving cubic patterns. Various 
arrangements have been proposed,® one of the best being illustrated in 
Fig. 13,® in which four logarithmic scales are used. A, B, C, D. Along 
the log scale A are marked all wavelengths to be used, including 
as well as Ka. Scale B is an ordinary log scale for reading the cube 

* The structure of diamond, silicon, germanium, and gray tin, with atoms at 000, 
i 4 0, § 0 i, 0 i i 4 . H 4 > 4 i 4 ) 1 4 4- The reflections that can be obtained for each 
of these lattices are indicated in the table, Appendix IV. 

* E. ScHiEBOLD, Z. Physik, vol. 28, p. 355, 1924. G. Kettman, Z. Physik, vol. 53, 
p. 198, 1929; vol. 54, p. 596, 1929. Wheeeeb P. Davey, “A Study of Crystal Struc- 
ture and its Applications,” McGraw-Hill, New York, 1934. 

’ D. E. Thomas. J. Sci. Instruments, vol. 18, p. 206, 1941. 



128 


STItUCrUHE OF METALS 


dimension a. Distances along C arc proportional to log + A:^ -j- 1‘ 
and are marked with the corresponding hkl indices; it would be bettei' 
to add B, F, and D notations to each of these to indicate reflections for 
body-centered, face-centered, and diamond cubic structures. Scale D 
has distances proportional to log sin 6 with graduations in 6 values (sin 6 
graduations would also be useful). The four scales are laid out so that 
the equality (sin 0)/\/A-’ -b k'^ -j- = X/2a is represented by one setting. 

If a series of d values is marked along the D scale, their indices will be 
found when the rule is adjusted to the position for which they simultane- 
ously match the marks on scale (7, -and at this setting of the slide the a 
value (scale B) will appear under the wavelength used (scale A). If 


A 

B 

C 

D 



Fig. 13. — Slide rule for solving powder patteios of culiic erysti^ls. The wavelength 
scale (.4), lattice parameter scale {B), indices scale {('), and 0 scale (Z>) arc set for Co Ka 
radiation and iron specimen with ao ~ 2.80. {Thomas.) 


both Ka and lines appear on the pat tern, lhe.se retiuire independent 
settings of the slide. 

Powder patterns for lattices with two parameters (tetragonal, hexa- 
gonal, and rhombohedral) can be solved with the aid of charts devised by 
Hull and Davey, giving the relative spacings for unit cells having all 
possible axial ratios within their range.' The chai’ts are made with 
lattice-plane spacings plotted along the axis of abscissas according to a 
logarithmic scale, as indicated in Fig. 14, and different axial ratios 
C = c/a appear at different vertical levels on the chart. At a given 
axial ratio the distances from left to right are given by the formula 



A strip of paper is marked with the spacings calculated from a diffraction 
pattern and is moved over the chart to various horizontal positions until 

* A. W. Hull and W. P. Davey, Phys. Rev., vol. 17, p. 549, 1921. W. P. Davey, 
Gen. Elec. Rev., vol. 25, p. 564, 1922. 
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the marks coincide with curves on the chart (see Fig. 14). Doing so 
amounts to trying various c/a and a values until the predicted pattern 
agrees with the observed one. Indices for each of the lines are then read 
from the curves. Figure 15 is the chart for simple tetragonal lattices.* 
It is desirable to have a graphic/al method in which the scale can be 
much larger than in the Hull-Davey charts as reproduced, for curves are 



I' Hi. 14. — Illufstrating a Hull-Davcy chart and its use in indexing the powder pattern of 

MgO. {Wykoff.) 


too densely packed in some regions of the charts. , An ingenious ruler, 
illustrated in Fig. 16, has been devised by Bjurstrom for this purpose.® 
For the hexagonal system, lines arc drawn parallel to AB at distances 
above AB that are proportional to the observed sin® d values. Points 
are marked oft’ along the ruler CD so that the distances from 00 are 
proportional to /i® + A:® + hk for various h and k values. From these 
marked points, parallel strings are stretched to a second straightedge, 

‘ Others appear in the preceding references (Hull and Davey) and in W. P. Davey, 
“A Study of Crystal Structure and Its Applications,” McGraw-Hill, New York, 1934, 
and Fairbanks, “Laboratory Investigation of Ores,” McGraw-Hill, New York, 1928, 

»T. BjURSTRdM, Z, Physik, vol. 69, p. 346, 1931. 
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Fia. 16 . — Hull'Davey chart for simple tetragonal lattice. 
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and points are marked on the strings for values, at distances proportional 
to 1®, 2*, 3*, 4^, etc., from the edge CD. The straightedge is then laid 
so the point 00 rests on AB, and the angle between the edge CD and the 
strings is varied together with the angle between CD and AB until a 
mark on a string lies on each of the horizontal lines. The indices are 
then read off : the h and k values are taken from the ruler and the I values 






// y// 




h k I 

3 3 2 
0 0 4 

4 0 2 

4 2 0 
4 I 1 

3 3 0 

4 0 0 
3 I 2 
2 2 2 


3 I 0 
2 0 2 

1 I 2 

2 I I 
0 0 2 

2 0 0 


Ficf, 10. — Bjurstrom’s ruler for solving powder patterns. The indices at the right will he 
obtained if the strings are tilted at a slightly greater angle. 


from the marks on the strings. 1 1 will be seen that this procedure amount s 
to varying the quantities Kx and Ki in the quadratic form 

sin'-* 0 = + k- + hk) + K 2 l^ {hexagonal systrn:) (5) 

An analogous procedure is used for tetragonal ciystals, for which the 
(Huulratic form is 


sin^ B = Kx(h^ + k~) + K 2 l'^ {tetragonal system) (G) 

A modification of this device will operate for the orthorhombic systerr, 
where one seeks three sets of lines from the entire list, each set, satisfying 
one of the equations 

sin2 e = Kxh'^ - K2k*) 

sin® B = Kxh^ — K 3 P > {orthorhombic system) (7) 
sin® 6 = Kik^ - Kzl^ ) 


The distances on the straightedge from the point 00 are made propor- 
tional to 1®, 2®, 3®, etc., and on the strings the distances to the marks are 
also proportional to these numbers. When the marks on the strings 
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are made to coincide with a certain series of lines on the paper, two indices 
are tentatively determined; three series are sought that give consistent 
values of Ki, K^, and Ks. 

The purpose of all graphical methods is to aid in tentatively identify- 
ing the diffraction linos. They should not be trusted for the final 
assignment of indices or for the accurate determination of the lattice 
constants, which should be done by putting the tentative indices and the 
observed 6 values in the appropriate formulas and making the computa- 
tions \vith logarithms. 

Precision Determinations of Lattice Constants. — Precise lattice- 
constant determinations are important for the determination of .solubility 
limits in constitution diagrams. Other ai)i)lications in research include 
determinations of the coefficients of thermal expansion of metals and 
alloys, studies of precipitation from solid .solution, and determination 
of diffusion rates in .solids. 

Much work in the past has been done with Debye cameras, but they 
are inherently less precise than back-i’eflection cameras, which operate 
in the .sensitive range of d values near 9 = 90°. Precision work with 
Debye cameras is hampered by many factors; (1) film shrinkage, (2) 
errors in measuring the camera radius, (3) displacement of the specimen 
from the center of the camera by improper adjustment, (4) displacement 
of the effective center of the speciimm from the center of the camera by 
absorption of the rays in the sample, (.5) x-ray beam divergence, (6) 
finite height of slits, and (7) deviations from Bragg’s law due to refraction 
of x-rays. Careful de.sign of cameras and careful technique reduce many 
types of error, and correction formulas have been employed to eliminate 
some, but the greatest improvements have come from the more recent 
methods for eliminating systematic errors by extrapolation. 

Errors and Corrections in Debye Cameras. — When a film is put 
through the developing, fixing, and washing baths, it undergoes expansion 
or contraction of uncertain amounts. Further iteration occurs in 
storage and while it is being mca.sured. This film shrinkage alters the 
apparent circumference of the camera. A remedy for it is to print a 
scale on the film at the time the photograph is made. Subsequent 
measurement of this scale then reveals the amount of shrinkage that has 
taken place. Unless the film has been mishandled or has dried unevenly, 
it can be assumed that shrinkage is uniform throughout the length of the 
strip; hence, the same percentage correction can be applied to all measured 
distances on the film. 

One method is to allow the film to wrap completely around the camera 
and overlap ; the inner end is then in position to cast a sharp shadow on the 
overlapping end at a distance along the film that equals the effective 
circumference of the camera. If the film subsequently shrinks, this 
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distance also shrinks in proportion. Since a diffraction ring for B = 90° 
would cause two spots on the film separated by a full circumference it 
follows that 


6° ^ S 
90° So 


( 8 ) 


where /S is the distance from one arc of a diffraction line to its mate and 
So is the effective circumference. 

Another common method of marking a standard distance on the film 
is to build two knife-edges into the camera so that they Avill form sharp 
limits to the exposed (Harkened) portion of the film. The camera then 
requires calibration experiments to determine the camera dimensions, 
The preceding formula is then replaced by 


_ S 
Si 


( 9 ) 


where Bi is the diffraction angle for a line exactly at the knife-edges and 
*Si is the circumferential distance between them.^ 

The principle of calibration can be applied to individual films if the 
powders of the unknown sample and the standard substance are mixed 
and the superimposed spectra are obtained. The angles of reflection 
from the standard powder, which are known accurately, are plotted 
against the measurements of the corresponding lines to give a calibration 
curve for* the film. "J'hen the corrected angles for other lines are I’ead 
from the curve. ^ Some cameras contain a septum that divides the 
interior into two independent compartments, one for the standard speci- 
men and one for the unknown. To attain precision with this type of 
instrument the operator must be carefid to center the specimens in the 
axis of the camera and to equalize the absorption of rays in the two 
s{)ecimcns by diluting with an amorphous material like flour.® 


* This may be done by mpa.suriiig the camera directly or, alternatively, by taking 
a photograph of a substance of known lattice spacings [see A. J. Bradley and A. II. Jay, 
/Voc. Phys. Eoc. {London), vol. 44, p. 563, 1932]. 

Quartz (the clear variety, not smoky) is recommended for a calibrating substance. 
The quartz spectrum has been listed by A. J. Bradley and h.. H. Jay, Proc. Phys. Soc. 
(London), vol. 45, p. 507, 1933, but their spacing values have been criticized and 
amended by H. Lipson and A. J. (j. Wilson, J. Sci. Instruments, vol. 18, p. 144, 1941. 
Much attention must be given to the question of the purity of any calibration substance, 
for dissolved impurities altej the spacing. 

* Interpolation formulas have also been used for this procedure (see F. Wever and 
O. Lohrmann, Mitt. Kaiser-W ilhelm Inst. Eisenforsch. Dusseldorf, vol. 14, p. 137, 
1932). 

® See W. P. Davey, “A Study of Crystal Stnicturc and Its Applications,” McGraw- 
Hill, New York, 1934. 
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Attempts have been made to correct for the radius of the specimen by 
using correction formulas, though the results are less reliable than are 
obtained by calibration methods.^ The simplest formula, which assumes 
that the incident rays are parallel and are completely absorbed in the 
specimen, is 

/S, = S' - 8 (10) 

where S' is the film measurement between outer edges of the two arcs 
of a Debye ring, 8 is the diameter of the cylindrical specimen, and S, 
is the corrected value of the ring measurement from which d is obtained 
(6 = Sc/-iR radians if li is the camera radius). « 

Graphical Extrapolation Methods for Debye Films. — To compute 
the error in lattice spacing, Ad, that results from an eri’or of Ad in the 
measurement of 6 we ma}'^ put Hi agg’s law in thd form 

d .sin 6 = ^ (11) 

which by differentiation yields 

d cos 9 A$ + .sin 0 Ad = 0 (12) 

from which 

-j" = - cot 0 Ad (13) 

Thus the percentage error in spacing measurement caused by a given 
error in angle measurement approaches zero as cot 6 approaches zero, 
hence as 0 approaches 90®. Kettmann*^ used this fact to eliminate errors 
by simply plotting the apparent lattice constant determined from each 
line against the value of 0 for that line; a smooth curve drawn through 
the plotted points and extrapolated to ^ = 90® gave the corrected value 
of the lattice constant. 

Bradley and Jay^ have improved upon Kettmann\s method by 
handling the data in such a way that the extrapolated curve is approxi- 
mately a straight line. From the geometry of a forward-reflection 
Debye camera they show that two important systematic errors can be 
effectively treated. Fractional errors in lattice spacings, Ad/d, that arise 
from incorrect centering (eccentricity) of the specimen in the camera 
depend upon 0 in the following way: 

^ = Cl cos^ 0 (14) 

* F. Wever and O. I^ohrmann, Mitt. Kaiser- Wilhelm Inst. Eisenforsch. Dtisseldorfj 
vol. 14, p. 137, 1932. 

* G. Kettmann, Z. Physik, vol. 63, p. 198, 1929. 

® A. J. Bradley and A. H. Jay, Proc. Phys, Soc. {London) ^ vol. 44, p. 563, 1932. 
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where Ci is a constant for all lines of a given film. Similarly, the frac- 
tional spacing errors arising from the absorption of rays in the sample arc 
given by the approximate equation 

^ = cA cos* d (15) 

a u 

where C 2 is another constant for all lines of one photograph. Both 

errors approach zero at 0 = 90°, as 

docs the sum of the two, and both 1 

vary approximately in propoi’tion to 2890 

the factor cos* 6. Therefore by plot- 

ting computed values of d against cos* 

6, as in Fig. 17, a curve through the 2.888 - 

points approximates a straight line 

high values of 0. This line extrapolates 0 0.1 02 03 

to the true d value at cos* 0 = 0. The Cos*© 

linear extrapolation becomes the more parameters to ^ = 90° by plotting 
precise the nearer the points are to against cos^ e. Specimen was 85 5 
B = 90° and the smaller the systematic ^ peicent Ai. adieu 


errors. 


Shrinkage and radius errors do not lead to a straight line on a plot of 
this kind/ for they produce spacing errors of magnitude 


B cot d 


where Ai? is the error in equivalent radius, /?, caused by shrinkage or by 
incorrect measurement of the camera radius. If shrinkage errors of any 
importance are present, the curve on a Bradley and Jay plot approaches 
cos^ ^ = 0 with a marked slope which makes extrapolation very uncer- 
tain. Therefore, an essential element of Bradley and Jay\s technique 
for Debye films is to calibrate the camera and correct for shrinkage in the 
film before plotting the results. 

Extrapolation for Cylindrical Back-reflection Cameras. — The differ- 
entiated form of Bragg’s law given in Eq. (13) shows that the percentage 
error in the determination of a lattice spacing is least when 0 is greatest, 
for the term cot 0 approaches zero as 0 approaches 90°. Back-reflection 
cameras utilize this principle. With no more than ordinary care these 
cameras can equal the precision attained by Debye cameras that are 
operated with the most painstaking technique. 

The correction of systematic errors by extrapolation is very effective 
in back-reflection cameras, ^ which admit the beam from the x-ray tube 

1 M. J. Buerger, ** X-ray Crystallography, Wiley, New York, 1942. 

* W. Stbnzel and J. Weerts, Z. KrisL, vol. 84, p. 20, 1933. J. Weigel, Helv. 
Phya. Acia^ vol. 7, pp. 46, 51, 1934. M. XJ. Cohen, Z. Krist.j vol. 94, p. 288, 1936. 
M. J. Buerger, X-ray Crystallography," Wiley, New York, 1942. 
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through a hole in the center of the film. As sketched in Fig. 18, the angle 
2<l> rather than 2d or 40 is measured and d is obtained from the relations 
</> = jT — 20 or <l>/2 = (•7r/2 — 0). The equation for radius and shrinkage 
errors then becomes 

Therefore, if a film contains onl.v eirors of this type, the computed spac- 
ings will fall on a straight line when plotted against l(ir/2) — 0] cot 0. 
They will also fall on a line that is appro,\imately straight if plotted 
against cos^ 0 owing to the fact that this trigonometric function varies 
almost linearly with [(ir/2) — 0] cot 0 in the range of 0 values that is 

useful for extrapolation. Since eccen- 
tricity errors are also linear on a cos* 0 
plot, they too are eliminated by linear 
extrapolation to 0 = 90“. Absorption 
('rrors are not linear on this plot and can 
therefore introduce some curvature into 
the line that is extrapolated. Buerger 
points out that if eccentricity is elimi- 
nated by accurate instrument construc- 
tion, and if shrinkage errors are corrected 
for by calibrating the film, then the 
remaining absorption errors can be eliminated by a linear extrapolation 
provided that the computed spacings are plotted against the function 
cot 0 cos* 0. * 

Cohen’s Method. — Cohen has developed an analytical method for 
extrapolating to eliminate systematic errors. ^ The method is particularly 
valuable for nonctibic crystals and for lease squares computations of the 
errors.* The eccentricity and absorption errors in cylindrical cameras of 
the Debye type may be written in the approximate form 

^ = D cos* 0 (18) 

a 

w'here D is a constant [see Eqs. (14) and (16)]. This is applicable to 
0 values above 0 = 60°. From Bragg’s law, by squaring and taking 

* M. .1. Buergkh, “X-ray Crystallography,” p. 426, Wiley, New York, 1942. 
The function cot d cos* $ replaces Bradley and Jay’s (1/0) (cos* 6) of h]q. (15). 

^ M. U. Cohen, Rev, Sci. Instruments^ vol. 6, p. 68, 1935; vol. 7, p. 155, 1936; 
Z. Krisi.j vol. 94, pp. 288, 306, 1936. 

* E. R. Jette and F. Foote, J. Chern. Phys.j vol. 3, p. 605, 1935. M. J. Buerger, 
X-ray Crystallography,” p. 426, Wiley, New York, 1942. 



Fig. 18. -Angles m a back-reflection 
Debye camera. 
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logarithms we have 

2 log d = — log sill* 0 + 2 log 
and differentiating gives 

- Ad _ _ A sin* 6 
d sin* 6 

Substituting Eq. (18) in this expression leads to 

A sin* d = D sin* 20 (19) 

where D is a constant. Thus the important systematic errors give values 
of sin* 0 that are incorrect by an amount D sin* 20 where D is different 
from film to film but is constant throughout any one film. If this correc- 
tive term is added to the quadratic form for cubic crystals, we have 

sin* 0 = iv(/i* + A;* + Z*) + £) sin* 20 (20) 

where K = X*/4a*. An ecpiation of this type is written for each line of 
the pattern. The least sejuares valui's of the constants K and D are 
obtained from the entire si^ries of lines by setting up two normal equations^ 

Ki:oc\ + DllaA = 2a. sin* 0. ) 

KXaA + D23? = 25. sin* 0, / 

where a, = /i* + ^* + Z* and 5. = 10 sin* 20,. The factor 10 is used 
merely so that the coefficients of the normal equations will be of the same 
magnitude. The summations extend over all the equations for the 
separate lines. Solution of the two simultaneous normal equations gives 
the corrected value of K and thus the lattice constant. This method of 
calculation is readily extended to other systems with additional parame- 
ters; for hexagonal crystals, Etp (20) is replaced by 

sin* 0 = aKi + yK-i + 51) (22) 

where a = /i* +/iA: + A;*, 7 = Z*, 5= 10 sin* 20, Ki = X*/3o*, K 2 = X*/4c*. 
Orthorhombic crystals are handled in a similar way. 

Cohen finds that symmetrical focusing cameras have systematic 
errors in Ad/d that in the range sin* 0 > 0.7 are proportional to 
<j> tan where <t>/2 = 7r/2 — 0 = L/SR, In this e(iuation L is the 

distance between reflections from the same plane on opposite sides of 
the center and R is the camera radius. This leads to corrected quadratic 
forms as follows: 

sin* 0 = iiL(/i* + A:* + Z*) + D<j> sin ^ (cubic) (23) 

sin* 0 = Ki(h^ + hk + ^•*) + + D<t> sin <Z> (hexagonal) (24) 

‘ J. W. Mbi,i,or, “Higher Mathematics,” T.iongmans, New York, 1926. 
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which are employed as in the Debye case. is convenient to use 
b4> sin </) as 5 in the computation. For cubic crystals the lattice constant 
may be plotted against <l> tan (</>/2) and a straight-line extrapolation to 
<{> tan (<^/2) = 0 gives the corrected value. To make use of Cohen’s 
method the camera must be constructed so that the x-ray beam enters 
rather than leaves the camera through the center of the film. Jettc and 
Foote* have discussed the evaluation of standard errors and fiduciary 
limits of results from a single film and from a set of films when computed 
by Cohen’s method. 

Deviations from Bragg’s law due to refraction of the x-rays are small 
(roughly 0.01 percent) and are usually neglected. Jette and Foote, 
however, believe a detectable improvement results from applying a 
refraction correction, and they use the correction 


A sin^ d = 


4.895pZX2 

M 


io-« 


(25) 


where p is the density, Z the atomic number, X the wave length in ang- 
stroms, and M the atomic weight. Results obtained on cubic and 
hexagonal crystals with a 10-cm symmetrical focusing camera gave five 
significant figures; fiduciary limits were ±2 to 7 parts per 100,000 when 
the limits were computed so the chance that the correct value of the 
lattice constant falls within the limits is 19 out of ^0. Tempei’aturc 
corrections are important, for a temperature difference of 1®C. introduces 
a detectable change in the data. 

Different laboratories favor different film-reading instruments, vary- 
ing from a simple glass scale to precision comparators and microjihotom- 
eters. All workers seem to agree that magnifications of 1 to 3 arc 
best for visual work, since high magnification renders the lines almost 
invisible. 

Charts have been published* by which the proper radiation or com- 
bination of radiations for precision photographs may bo selected quickly 
when approximate lattice constants are known. 

Scale of Wavelengths Used. — For many years the scale of wave- 
lengths used in precision x-ray work has been based on Siegbahn’s values® 
(Appendix II) for which the spacing dioo of calcite was assumed to 
be 3.O2945A at 18°C. and Avogadro’s number N was assumed to be 
6.0594 X 10*®. It is now known that this scale of wavelengths is not a 
true scale. Consequently, densities computed from x-ray measurements 

* E. R. Jette and F. Foote, J. Chem. Phys., vol. 3, p. 605, 1935. 

*L. A. Cakapella, J. Applied Phys., vol. 11, p. 510, 1940 (for cubic crystals); 
vol. 11, p. 800, 1940 (for hexagonal, rhombohedral, and tetragonal crystals). 

’ M. SiEOBAHN', “Spectroscopie der RSntgenstrahlen,” 2d ed., Springer, Berlin, 
1931. 
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based on it disagree with measured values. Nevertheless, it seems 
inadvisable at present to discard this scale since it would require recal- 
culation of all the precision lattice constants determined to date and 
would make them inconsistent with future ones based on an absolute 
scale. 

Foote and Jette^ suggest that the fundamental equation of density 
of a crystal be written 


KnM 

P = -yy-- 


(26) 


where V' is the volume of the unit cell calculated on the basis of lattice 
dimensions computed with Siegbahn’s wavelengths, n is the number of 
atoms (molecules) per cell, M is the atomic (molecular) weight, and K 
is a constant that is chosen to make observed and calculated densities 
agree. The best value of K is computed from precision measurements 
of the rhombohedral angle of calcite, its measured density, and Siegbahn’s 
value dioo = 3.02945. When K is computed to make calculated and 
observed den.sities of calcite agree, it also serves to bring agreement to 
all other properly measured values. Foote and Jette’s value of X is 

K = 1.65023 + 0.00015 
(Standard deviation = 14.7 X 10“®) 

Chemical Analysis by X-ray Diffraction. — The possibility of chemical 
analysis by the powder method w'as clearly stated by HulP in 1919 when 
he pointed out that every crystalline substance gives a diffraction 
pattern; that the same substance always gives the same pattern; that in 
a mixture each substance produces its pattern independently of the other, 
just as if each of the components had been exposed separately for the 
same length of time; and that quantitative analysis could be made by 
suitable measurements of the relative intensities of the lines from the 
various components. Hanawalt and his coworkers at the Dow Company 
added another useful fact to this list — viz., that the thousands of patterns 
rcpre.senting the thousands of different chemical substances can be 
classified so as to be readily usable for the identification of an unknown 
substance of even a mixture of unknowns.® The classification system 
they adopted as the result of carrying out several thousand analyses 
in a period of many years is highly effective and is being made the basis 
of a “Recommended Practice,” by the American Society for Testing 

* F. Foote and E. II. Jbtte, Phys. Rev., vol. 58, p. 81, 1940. 

* A. W. Hull, J. Am. Chem. Soc., vol. 41, p, 1168, 1919. 

» J. D. Hanawalt and H. W. Rinn, Ind. Eng. Chem., anal, ed., vol. 8, p. 244, 1936. 
J. D. Hanawalt, H. W. Rinn, and L. K. Fbevel, Ind. Eng. Chem., anal, ed., vol. 10, 
p. 457, 1938, 
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Materials (A.S.T.M.). The reader is referred to the article by Hanawalt, 
Rinn, and Frevel* for details of the technique. 

The problem was to devise a classification system somewhat analogous 
to that employed for filing fingerprints, so that any pattern similar to an 
unknown could be quickly located in the file and compared with the 
unknown; this was successfully accomplished by using the interplanar 
spacings, d, of the lines together with their relative intensities. The 
spectra are classified according to the spacing of the three strongest lines. 
A set of diffraction data has been prepared by an A.S.T.M. subcom- 
mittee, in which is recorded the- spacing and intensity data for over a 
thousand substances.* Three cards are included for each substance, 
one giving the strongest line fii-st, one giving the second strongest line 
first, and one the third strongest. All cards are arranged in a file in 
the order of the spacing of the firet line listed. On the cards arc printed 
spacings and relative intonsitu's, I/Ii, for all lines of the spectrum, 
referred to the inten.sity of the strongest line. An example taken from 
the original article,* in which 1000 patterns were published, is given in 
Table VII. In addition to the relative intensities I/Ii, the approximate 
absolute intensities arc given for a few lines in order to provide a basis 
for judging relative proportions of components in a mixture of two 
substances. 

Table VII. — Powder Diffraction Spectrum for FeO (Serial Number 425 of 
Hanawalt, Rinn, and FrevklO 



/ 

///l 

d 

Absolute 

Intiuisity relative to 


intensity 

strongest line 

2 47 

(20) 

0.50 

2 14 ! 

(40) 

1.00 

1.51 j 

(2.>) 

0.C3 

1 293 ' 


! 0 15 

1 238 


' 0.08 

1 072 1 


1 0 03 

0 984 i 


0.03 

0.959 


0.05 

0 876 


0 03 


The steps in conducting an analysis are as follows: 

1. Calculate d values for all lines of the unknown spectrum, and 
estimate their relative intensities. 

^ J. D. Hanawalt, H. \V. Rinn, and L. K. Frevki., Ind, Eng. Che^n., anal, od., 
vol. 10, p. 457, 1938. 

* Obtainable from the A.S.T.M., Philadelphia, Pa. 
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2. Search the section of the card file containing all substances with 
the strongest line having d values near that of the unknown. 

3. Locate the entries in this section that have the second strongest 
line near the second strongest of the unknown (usually a range of d values 

0. 01 A on each side of the measured value should be searched). 

4. Check the third strongest and all the weaker lines against the 
spectra thus located. The best check is always to compare the films 
of the known and unknown substances. 

When the unknown is a single phase this procedure will find it if 
listed, but when the unknown is a mi.xture there will be lines left over 
that are not explained by the printed spectrum. These leftovers must 
be treated similarly, as the pattern of one or more additional substances. 
Another difficulty arises if the constituent giving the strongest line of the 
unknown pattern is not listed or if the strongest line should happen to be 
so by virtue of the superposition of weaker lines. Then one must proceed 
by using the second strongest line to locate the material in the file, etc. 
Superimposed lines can often be detected by anomalous intensities in 
the unknown compared w'ith the standard sjjectra. The procedure 
w'hen properly conducted should not fail to locate anj^ and all components 
of a mixture that are listed in the file, provided that the components are 
present in sufficient quantity to yield readable patterns. 

The apparatus with which these standard patterns were prepared 
consisted of an early-model multiple-diffraction unit cmi)loying molyb- 
denum radiation; Kp filters of zirconium dioxide were used in front of 
the film and Fluorazure intensifying screens were placed immediately 
behind the double-emulsion film. Intensities were judged by comparison 
with narrow blackened strips that were given exposures in the ratios 

1, 2, 4, 8, 10, 15, 20, 30, 50, 75, 125, 175, 250, 325. 

Field of Application of Diffraction Analysis. — It was found that some 
substances will produce a pattern in a mixtuie if they represent only 1 
percent or so of the material being examined; but many will not show at 
less than 10 percent, and some will not show plainly e\'en in a 50 percent 
inixture. Klements present in solid solution may not be detected by the 
method as described; their pre.sence can sometimes be inferred from 
precision measurements of lattice constants or other means. About 
5 percent of the solid inorganic substancas give only an amorphous 
pattern w'ith no distinct lines. Liquids can be analyzed only if they can 
be photographed in the solid state at low temperatures. 

Special advantages of the diffraction method of analysis are that it 
identifies conclusively amounts of material even as small as 0.1 mg.; 
that it differentiates different phases of the same composition and differ- 
ent states of chemical combination; that it supplies a permanent record 
of the original data; and that it does not destroy the sample. 
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Particle-size Determination. — The determination of the size of 
colloidal particles using x-ray diffraction needs but a brief mention, for 
the great majority of problems in this field can be attacked more 
successfully by the electron microscope. Elaborate techniques have 
been worked out for the x-ray method,* but these are unnecessary 
when experiments are confined to particles of about 200A diameter or 
less and when no attempt is made to d(*termine the distribution of sizes 
or the shape of particles. This discussion will therefore be limited to 
the .simplest procedure, the method of mixtures.^ 

Because of the lack of resolving power of very small crystallites each 
diffraction line is broadened. A plot of intensity vs. angle for .such a line 
will have the shape of an error curve when conditions are favorable for 
the simplest technique. The breadth of this curve, in radians, is meas- 
ured from one side of the curve to the other at the level midway between 
base and peak. Let this measured breadth be B,„. To correct this 
width for the many factors arising from the finite width and height of 
the camera slits, the wavelength distribution in the x-ray beam, the 
divergence of the beam through the slits, and the penetration of the rays 
below the surface of the sample, a calibration substance is mixed with the 
sample. A substance is cho.sen in which there is no widening of lines from 
particle size, the substance having particles in the rQ,nge of 10“'* to 10“® 
cm. A line from this substance is chosen that lies near the pi'cviously 
measured line; let its breadth be B,. Under the above conditions the 
broadening due to particle size alone will then be 

Bl, = Bi - Bl 

and the corrected quantity Bps may be put in the Scherrer formula 

^ _ 0.89X 

Bps cos 9 

where Lhki is the thickness of the particles in angstroms in the direction 
normal to the reflecting plane (hkl), X is the wavelength in angstroms, and 
6 is the Bragg reflecting angle. ^ 

^ For summaries, see George L. Clark, “Applied X-rays,'^ 3d ed., McGraw-TIill, 
New York, 1940. Symposium on Radiography and X-ray Diffraction, A.S.T.iM., 
Philadelphia, 1936. J. T. Randall, “The Diffraction of X-rays and Electrons by 
Amorphous Solids, Liquids and Gases, Wiley, New York, 1934. R. Brill, Kolloid-Z.y 
vol. 69, p. 301, 1934; vol. 55, p. 164, 1931. C. C. Murdock, Fhys. Rev,^ vol. 31, p. 304, 
1928; vol. 35, p. 8, 1930. 

2 Details are given of the method as used by B. K. Warren at the Massachusetts 
Institute of Technology. 

^ Scherrer’s original formula contained the constant 0.94 instead of 0.89. For a 
simple derivation of the constant 0.89 see W. L. Bragg, “The Crystalline State,^' 
G. Bell, Ijondon, 1933. The exact value of the constant is of little importance in 
most applications. 
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It is necessary, of course, that the standard substance (for example, 
copper powder) produce no lines overlapping those of the sample which 
are to be measured, that the slits be narrow enough for Be to be small 
compared with Bm, and that the intensity curve be the shape of an error 
curve (a partly resolved Ka doublet cannot be used without further 
correction). 

Line broadening begins to be detectable when particle size is reduced 
below about lOOOA. A back-reflection camera with narrow slits of the 
order of 0.001 in. in width is necessary with this range of sizes, while 
particles 200A or less in diameter may be studied in a Debye camera, 
preferably with radiation from copper or a similar element. 



CHAPTER VIII 

THE DETERMINATION OF CRYSTAL STRUCTURE 

Metals and alloys tend to assume the simpler crystal structures, which 
can be solved by relatively simple x-ray investigations. It is sometimes 
possible to guess the structure and to confirm the guess by a few photo- 
graphs; the position of the alloying elements in the periodic table is 
usually the background for such a guess, as will be discussed in Chap. XI. 
On the other hand, many organic and inorganic compounds have crystal 
structures so complex that they have resisted years of research without 
being deciphered. Intermediate between these two extremes are th(^ 
many structures that can be solved b}" the methods discussed in the 
preceding chapters. The steps that are generally followed in such a 
crystal-structure determination are briefly outlined in this chapter. 

There is no completely standardized procedure for determining a 
structure, for each crvstal pi*esents new difficulties that may have to be 
overcome by devising new methods of attack. To do effective work 
in this field of research requires a critical attitude tow^ard experimental 
data and inferences drawm from them and a generous exj^enditure of 
patience, understanding, and ingenuity. 

In solving crystal structures of great com])lexity it is possible to 
obtain great benefits from the mathematical dewice of using I'ourier 
series to analyze the diffraction data. Ah this is a special development 
that is infrequently used with alloys, it has been treated in Appendix 
VI rather than in the present chapter. 

The usual steps in determining the sti’ucture of a crystal are as follows : 

1. Determination of symmetry class (macroscopic symmetry). 

2. Determination of size of unit cell. 

3. Determination of space lattice. 

4. Calculation of number of atoms or molecuhis in the unit cell. 

5. Determination of space group. 

6. Tabulation of all possible atomic arrangements and choice of 
correct one; determination of parameters of this arrangement that fix 
the exact positions of the atoms within the cell. 

With crystals of great complexity, it is sometimes impossible to 
complete all these steps, although the first five can generally be com- 
pleted if suitable specimens are available. 

Determination of Symmetry Class. — Macroscopic symmetry is evi- 
dent in the arrangement of the growdh faces of a crystal. The angles 
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between well-formed growth or cleavage faces are measured on an optical 
goniometer. It is Convenient to plot the data stereographically so as 
to recognize more readily the presence of symmetry axes and planes. 
Measurements of these faces must be interpreted with care, however, 
for certain faces may be suppressed or the sample may be twinned, with 
the result that the specimen may appear to have higher symmetry than 
it actually possesses. The danger of this is lowered by critical examina- 
tion of several crystals. A study of etch pits on the faces reveals the 
presence or absence of some symmetry elements that would otherwise 
be in doubt. 

Important information on symmetry is obtained from the optical 
constants of a crystal when it is transparent. Other physical properties 
(pyroelectricity, piezoelectricity, etc.) arc also useful. Standard books 
on crystallography and petrography cover the various aspects of this 
field. The important compilation of crystal forms and crystal properties 
presented by Groth in his “Chemische Krystallographie ” has been the 
starting point for countless structure determinations. Laue photographs 
are widely employed to determine symmetry, and Weissenberg photo- 
graphs can also be used, though x-ray methods arc usually unable to 
distinguish between the presence and absence of a center of symmetry. 

Determination of the Unit Cell. — The rotating-crystal method is 
preferred when choosing the correct unit cell from the various cells that 
can be imagined, for there is then less likelihood of adopting a cell in 
which some edge is a multiple of the true unit cell. Rotation photographs 
around each cell edge in turn give the edge lengths directly from layer- 
line spacings. Laue photographs may also be used and serve as a check 
on the determination. For precise measurement of axial lengths the 
powder method is usually preferred, although it is possible to achieve 
precision in a rotating-crystal photograph with back-reflection technique. ‘ 

To prevent confusion it has been necessary to adopt conventional 
rales regarding the choice of axes for the unit cell and the labeling of these 
axes. It is the custom among crystallographers to choose the shortest 
three axes that will give a unit cell having the symmetry of the crystal. 
If orthogonal axes are desired in .spite of the symmetry (e.g., ortho- 
hexagonal axes), the shortest three orthogonal axes are chosen. A test 
for the proper unit cell is that each cell edge must be shorter than the 
face diagonals of all faces touching it. Base-centered or face-centered 
tetragonal cells are discarded in favor of smaller cells that are simple or 
body-centered tetragonal; hexagonal and rhombohedral cells are always 
chosen so as to be simple, and monoclinic cells either simple or base- 

* M. J. Buerokr, Z. Krist., vol. 97, p. 433, 1937; “X-ray Cr 3 rstaUography,” 
Wiley, New York, 1942. 
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centered. Triclinic crystals are referred to axes giving smallest simple 
cells. ^ 

Determination of Space-lattice and Space Group. — If a unit cell is 
not simple but is centered on one or more faces or is body-centered, then 
certain reflections will be absent. From the structure-factor equation, 
it can be seen that the following criteria hold: 

I — body-centered lattices: reflections absent ii h + + I is odd. 

F — face-centered lattices: reflections absent if h, k, I are mixed odd and even. 

Base-centered lattices: 

A — face-centered: reflections absent if A; + ^ is odd. 
face-centered: reflections absent if /i -f / is odd. 

C — face-centered : reflections absent ii h + k is odd. 

P — simple primitive space -lattices: no systematic absences. 

These characteristics result from the fact that in the directions cor- 
responding to missing reflections the waves scattered by body- or fac('- 
centered atoms are exactly out of phase with those scattered by th(^ 
atoms at the cell corners. That is, the spacings of certain planes are 
halved, and odd-order reflections from such planes are consequently 
destroj^ed. 

Microscopic symmetry elements likewise reduce certain spacings and 
destro}^ corresponding reflections. A glide plane halves the spacings in 
the direction of glide. A twofold screw axis halves the spacings along 
the screw axis, while a threefold screw axis reduces spacings along itself 
to thirds, etc. Table VIII summarizes the reflection characteristics of 
lattices and symmetry elements. The reflections that are present are 
listed, rather than those that are absent. 

A systematic application of these principles to each of the 230 space 
groups has now been completed, and characteristic extinctions have been 
tabulated for each.^ To determine the space group or the several 
possible space groups to which a crystal belongs, the crystallographer 
first assigns indices to his observed reflections, lists them, notes the 
characteristic absences, and then searches the tables for space groups 

1 For the triclinic system there are 24 possible ways of attaching the labels a, 6, 
and c to the axes — there would be 48 ways if crystallographers did not universally 
adhere to right-handed coordinate axes. There has been no universal convention; 
some writers have chosen the long dimension of an acicular crystal as the c axis; some 
have followed a rule that c < a < b, M. J. Buerger recommends that for consistency 
the following rules be followed in the future: (1) Label axes so that a < 6 < c, and 
(2) choose the positive directions along these axes so that the interaxial angles a, (ij 
and y are all obtuse. 

2 ‘‘International Tabellen zur Bestimmung von Kristallstrukturen,'^ Borntrager, 
Berlin, 1935. W. T. Astbury and K. Yardley, Phil, Trans. Roy. Soc. {London)^ vol. 
A224, p. 221, 1924. C. Hermann, Z. Krisi., vol. 68, p. 257, 1928. J. D. H. Donnay 
and D. Harker, Naturaliate canadieny vol. 67, p. 33, 1940. 
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Table: VIII. — Reflection Characteristics op Lattices and Symmetry Elements 


Class of 

Condition for 



reflec- 

reflection 

Lattice or symmetry element 

Symbol 

tion 

(n = an integer) 



hkl 

h k + 1 = 2n 

Body-centered lattice 

/ 


h k = 2yi 

C — face-centered lattice 

C 


/i "f” / = 2/1 

B — face-centered lattice 

R 


A; -f / = 2n 

hy ky 1 all even or 

A — face-centered lattice 

A 


all odd 

Face-centercd lattice 

F 


-h + k + 1 = 3n 

Rhombohedral lattice indexed according to 




hexagonal axes 

R 


h ~\- k 1 = 3n 

Hexagonal lattice indexed according to 




rhombohedral axes 

II 


All values hy k, 1 

Simple primitive lattice 

P 

OA/ 

k = 2n 

(100) glide plane with glide of h/2 

b 


1 = 2n 

(100) glide plane with glide of c/2 

c 


k 1 2/1 

(100) glide plane with glide of b/2 + c/2 

n 


“h / = 4/1 

(100) glide plane with glide of 6/4 + c/4 

d 

hOl 

Jl — 2n 

(010) glide plane with glide of a/2 

a 


1 = 2n 

(010) glide plane with glide of c/2 

c 


h + l = 2n 

(010) glide plane with glide of a/2 4- c/2 

n 


“h / =4/1 

(010) glide plane with glide of a/4 4- c/4 

d 

hkO 

h = 2h 

(001) glide plane with glide of a/2 

a 


k =2n 

(001) glide plane with glide of 6/2 

6 


/i -f- /l = 2u 

(001) glide plane with glide of a/2 + 6/2 

n 


/i -f- A* = 4/1 

(001) glide plane with glide of a/4 4- 6/4 

d 

hkl 

/ == 2n 

(110) glide plane with glide of c/2 

c 


h = 2n 

(llO) glide plane with glide of a/2 4* 6/2 

h 


/i -f- / = 2n 

(110) glide plane with glide of a/4 4- 6/4 4- 
c/4 

n 


2/i -f- / = 4/1 

(110) glide plane with glide of a/2 4- />/4 4- 

d 



c/4 


/lOO 

II 

[100] screw axis of types 2i, 42 



/i = 4/1 

[100] screw axis of types 4i, 48 


0A;0 

11 

[010] screw axis of types 2i, 42 



k = 4n 

[010] screw axis of types 4i, 43 


00/ 

1 ~ 2n 

[001] screw axis of types 2i, 42, 63 



1 = 3ri 

[001] screw axis of types 3i, 82, 62, 64 



1 = 4/1 

[001] screw axis of types 4i, 42 



/ = 6/1 

[001] screw axis of types 61, 62 


hhO 

II 

[1 10] screw axis of type 2i 
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having similar absences. In so doing ho must bear in mind that his 
choice of a, b, and c edges may be interchanged with respect to those 
listed in the tables and must take precautions to avoid being misled by 
this. (For example, he may list the absences in terms of every possible 
permutation of a, b, and c axes.) A large number of indexed reflections 
should be available in order to show the characteristic absences well. 

Properly done, this procedure yields a list of every possible space 
group to which the crystal could belong. Prism-face reflections (one 
index zero) are studied carefully to distinguish between systematic 
absences and “accidental ” extinctions arising from the particulai' position 
of certain atoms in the cell, and an attempt is made to single out the 
space group that explains all systematic absences. If it is known to 
which of the 32 classes a crystal belongs, it is generally possible to 
establish the space group unequivocally, but when the symmetry class 
is in doubt this may not be possible. Reflection planes and rotation 
axes do not cause extinctions, and therefore the presence or absence 
of them cannot be determined from lists of reflections. Another source of 
ambiguity should be mentioned: the shielding of some characteristic 
extinctions by a more general class of extinctions. When there is a 
characteristic set of extinctions in some general class of reflections, this 
includes corresponding extinctions in a les.s general class. For example, 
a body-centered lattice produces extinctions in hkl reflections whenever 
h k + I is odd, but it also extinguishes hOl reflections when h + I 
is odd and hOO reflections when h is odd. If the body-centered cr 3 'stal 
in this example contained a screw axis 2i, this could not be detected, for 
it also would extinguish /lOO reflections when h is odd. 

Certain sets of special atomic po.sitions occur in manj- different space 
groups. Such a set is called a lattice complex. For example, the body- 
centered cubic set of points (coordinates 000, l^i) is a special position of 
the space group 0* — I mS/ m, but it is found also in space group 0\—PwZ/ m. 
Heavy atoms may be located at such a set of points and give strong 
reflections, while light atoms, scattering weakly, may be at places cor- 
responding to only one of these space groups. Lists of lattice complexes 
are used by some crystallographers to aid in recognizing the various 
possibilities. 

Another convenience in space-group tables is a list of point sym- 
metries, which gives the symmetry of the group of atoms that exists 
around a given point position in the crystal. A study of such a list 
shows possible positions for a group of atoms, such as a silicate group, 
and eliminates incompatible positions. 

Number of Atoms or Molecules per Unit Cell. — The number of 
molecules in the unit cell is determined from the measured density of 
the substance, p, the known mass of each molecule, M, and the volume 
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of the cell, V. The obvious relation Ls p = nM/V, where n is the number 
of molecules in the cell and M is the molecular weight multiplied by the 
mass of an atom of unit molecular weight (1.65 X 10"*^ g.). In a 
chemical compound with definite molecular formula, n is integral and 
is determined as the integer that most nearly satisfies the relation 
n = pV/M. In alloys a modified formula must be used, which is given 
in Chap. XI. 

Determination of Atomic Positions. — If the space group or possible 
groups have been identified and the number of atoms of each kind in the 
cell is known, the space-group tables give at once the possible arrange- 
ments of the atoms. If it is found, for example, that there are four atoms 
of a certain kind in the unit cell, it can be assumed that they will lie on a 
set of equivalent positions containing four atom positions. (In alloys, 
however, there are exceptions to this rule which are discussed in 
Chaps. XI and XII.) There are usually several arrangements to be 
considered, and each is likely to involve one or more variable parameters. 
The choice of atom arrangement and the fixing of parameters depend 
upon relative intensities of diffei'cnt reflections and arc accomplished by 
finding the atom positions that give the best match between calculated 
and observed intensities throughout a long list of reflections. Relative 
intensities are computed by the structure-factor equation (preferably 
modified by the other intensity factors of Appendix V). Simplified 
formulas for the structure factor will be found in space-group tables, 
particularly Lonsdale’s. ^ 

Crystals with one or two parametei-s can be solved rather directly 
(graphical aids are useful in this work),^ and more parameters can be 
handled if they happen to be separable into independent pairs. In 
complicated structures it is impos.sible to guess or to deduce by straight- 
forward methods what values of the many parameters are likely because 
there is a multiple infinity of atom positions to be considered. For these 
crystals the methods of Fourier series are of great value in fixing para- 
meters and indicating atomic aiTangements. These are discussed in 
Appendix VI. In complex crystals it often happens that atoms of a 
certain kind, owing to their restricted number, must occupy special 
positions in the cell, as specified by the space group. These are fre- 
quently heavy atoms which make a large contribution to the structure 
factor, and the analysis can begin with these, using preliminary computa- 
tions which are followed bj’^ successive approximations until all atoms are 
located. An example is West’s analysis of potassium dihydrogen 

> K. LoNSDALf], “Simplified Structure Factor and Electron Density Formulae for 
the 230 Space Groups of Mathematical Crystallography,” G. Bell, London, 1936. 

* W. L. Bragg, Nature, vol. 138, p. 362, 1936. W. L. Bragg and H. Lipson, Z, 
Krist., vol. 95, p. 323, 1936. J. M. Robertson, Nature, vol. 138, p. 683, 1936. 
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phosphate.' Very complex crystals have been solved, when they arc 
one of an isomorphous scries of compounds, by substituting a differenl. 
element for one of the elements of the compound. This frequently can 
be done without altering atomic positions in the unit cell, thus changing 
the intensities of certain reflections and thereby revealing the positions 
of the substituted atoms. 

A knowledge of atomic and ionic sizes and of the habitual groupings 
of atoms — coordination and the factoi’s governing it— can aid the crystal- 
lographer by forming a basis for judging whether a given atomic arrange- 
ment is possible. 

Sizes of Atoms and Ions. — The distances between atom centers in 
crystals can be interpreted as the sum of the radii of the two neighboring 
atoms, as if 'they w'ere tightly packed spheres. After lengthy study of 
crystallographic data it w'as found that a consistent set of radii can be 


Table IX. — Radii of .\toms in Metallic Cry.stals According to Goldschmidt* 
FOR Coordination Ncmbbrs 12, 8, and 4 



Coordination number 


Coordination number 

T^l A 



A 

.. 


ifilcniciiu 


1 1 

Hiicmcnt 





12 

1 8 1 4 

-1 1 

I 

12 

8 

4 

Li 

1 .57 

; 1 ,52 

1 Ru 

l.,32 

1 28 


Be 

1.13 

1 10 

Rh 

I .34 

1 30 


C 


1 . 1 0 77 

IM 

1 37 

1 33 


Na 

1.92 

1 86 ' 

Ag 

1 44 

1 40 


Mg 

1 60 

1 1 

Cd 

1 .52 

1 47 


A1 

1.43 

' 1.39 

In 

l.,57 

1.52 


Si 


; .. , 1.17 

Sn 

1..58 

1..53 

1 40 

K 

2 36 

2 29 1 

Sb 

1.61 

1 56 


Ca 

1.97 

; 1.91 1 

Cs 

2 74 

2.66 


Ti 

1.4.5 

1 1.41 : 

Ba 

2.25 

2 18 


V 

1.36 

1.32 1 

Ce ' 

1 81 

1.76 


Cr 

1.28 

1 24 I 

1 Hf ; 

1 . 59 

1 53 


Mil 

1.30 

1 26 : 

i! Ta 

1.46 

1 42 


Fe 

1.27 

1.24 

; w ! 

1 41 

1 37 


Co 

1.26 

I 1 22 ; 

1 Re 

1 37 

1 34 


Ni 

1.24 

1 1.21 ! 

1 Os 

1.34 

1 1 30 


Cu 

1.28 

1 1 24 

1 

1 35 

1 1 31 


Zn 

1.37 

t 1..34 

1 Pt 

1.38 

1.34 


Ge 

1 39 

; 1.34 1.22 

li All 

1 44 

1 40 


As 

1.40 

I 1.3,5 

! Hg 

1 . 55 

1 . 50 


Rb 

2.53 

1 2.46 ! 

' Tl 

1.71 

1 66 


Sr 

2.16 

2.10 

' Pb 

1.74 

1.69 


Zr 

1.60 

! 1.55 

j Ti 

1.82 

1.77 


Mo 

1.40 

i 1.36 1 

' 1 1 

! Th 

1 

1.80 

1 

1.75 



1 V. M. Goldschmidt, Tram, Faraday Soc., vol. 26, p. 253, 1929. 


assumed so a given element always has approximately the same radius 
when in the same valence state and in similar surroundings. Sizes depend 
on whether an atom is closely bonded to 1, 2, 3, 4, 6, 8, or 12 neighbors; 
as the coordination (number of nearest neighbors) increases, the radius 
> J. West, Z. Krist., vol. 74, p. 306, 19.30. 
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of an atom or ion increases. Sizes also depend upon the nature of the 
binding forces in the crystal — bionic, covalent, van der Waals, or metallic. 
Variations are also introduced by the valence state of neighboring ions 
and by their sizes (radius ratio effect). For tables of radii and discus- 
sions of how they apply in crystal-structure determination, the crystal- 
lographer should refer to original papers on empirical and theoretical 
radii ‘ or to recent summaries.^ Table IX lists values for radii of atoms 
in metallic crystals for coordination numbers 4, 8, and 12. 

Example of Structure Determination. — .Jacob and Warren’s determi- 
nation* of the structure of uranium will serve to illustrate many of the 
steps in a determination of crystal structure. It is an unusual example 
in that powder diffraction data alone are sufficient to solve the structure, 
(wen though it is orthorhombic. 

Thirty-nine lines were measured on a powder pattern* and were 
graded in intensity as strong, medium, weak, or very weak. From the 
table of interplanar spaciugs it was immediately noted that the structure 
could not be cubic. No satisfactory agreement was obtained on the 
hexagonal and tetragonal Hull-Davey charts. It. was therefore con- 
cluded that the symmetry was orthorhombic or lower, and the fact that 
the pattern was not particularly complicated suggested that the sym- 
metry was not lower than orthorhombic. 

A procedure for assigning indices was followed that is analogous to 
IJjurstrom’s (page 131). The orthorhombic reciprocal-lattice points and 
the crystal spacings are related by the cqiialion 

1 = h^a*^ - 1 - + r-c*K 

Any plane network of points in this lattice that contains the a*, 6*, or c* 
axes will be an orthogonal net, and the lattice can be considered as con- 
structed of a series of these nets. A Hull type chart was made for two- 
dimensional orthogonal nets by using the logarithm of this expression 

1 V. M. OoiiDscHMiDT, Trans, Faraday Soc., vol. 25, p. 253, 1929. L. Pauling, J, 
Ani. Cheni. Soc., vol. 49, p. 765, 1927; vol. 50, p. 1036, 1928; vol. 53, p. 1367, 1931; 
Proc. Roy. Soc. {London), vol. A114, p. 181, 1927. W. H. Zachariaskn, Z. Krist., 
vol. 80, p. 137, 1931. L. Paulino and M. L. Huggins, Z, Krist., vol. 87, pp. 205, 222, 

1934. 

* C. W. Stillwell, Crystal Chemistry,” McGraw-Hill, New York, 1938. ‘‘inter- 
national Tabcllen zur Bestimmung von Kristallstrukturen,” Borntrager, Berlin, 

1935. R. W. G. Wyckoff, ''The Structure of Crystals,” Chemical Catalog Co., New 
York, 1931. 

3 C. W. Jacob and B. E. Warren, J. Am. Chem. Soc., vol. 59, p. 2588, 1937. 

^ Copper radiation was filtered through nickel to remove and 0.002 in. alumi- 
num covered the film to remove fluorescent M radiation from the sample. Copper 
filings were mixed with the uranium fillings in some exposures for calibration. 
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with one term equal to zero, in the form 
—2 log rf = 2 log a* + log 

The experimental d values, plotted on a strip, were moved about on the 
chart in the usual way. Several po.sitions W('re found at which about six 
d values fitted lines of the chart. Each of these positions, if it is not 
accidental and spurious, indicates two possible axes of the reciprocal 
lattice — at least one of which must be a principal axis, a*, b*, or c*. 
Among a series of values so obtained the principal axes will (jccur most 
often. Three of the positions that appeared particularly important l(‘d 
to the following three pairs of possible reciprocal axes; 

(a) 0.1696, 0.2023 (h) 0.1696, 0.3510 (c) 0.2023, 0.3901 

Since 0.3901 coidd be a diagonal of a rectangle having sides 0.3510 and 
0.1696, the latter were assumed to be two of the principal axes and 0.2023 
the third. In this way, tentative values for the axes were found. These 
reciprocal lattice axes were confirmed when computation showed that an 
orthorhombic unit cell ha\’ing crystal axes a = 2.852, b = 5.865, and 
c = 4.945A predicts all obseiwed spacings satisfactorily. 

Indices were assigned to each reflection, and the following chai’ac- 
teristics could be noted: 

General reflections hkl occur only for (h + k) even (111, 131, etc.). 
Prism reflections hOl occur only for h and I even (202, 204, etc.). 
Prism reflections Okl occur only for k ev'en (021, 022, 040, etc.). 

Prism reflections hkO occur only for (h + k) even (110, 130, 220, etc.). 
Reference to space-group tables shows that these; are found among the; 
orthorhombic space groups only in DU — Crncm. 

The number of uranium atoms in the unit cell was calculated from 
the measured densitj', p, by 

VpN 2.852 X 5.865 X 4.945 X 18.9 X 0.606 , ,, 

” - .4 ■ = ■■ 2.38 ■ - " 

where N/A is Avogadro’s number divided by the atomic weight. I’lu; 
four atoms coidd be placed at special po.sitions 4a, 4b, or 4c: 

4a: 000; 00^; ■^■jO; sis-s 
4b : 0^0; 04'?; ■jOO; ■jO-j 
4c: Oyl; Oyi; 

Special po.sitions 4o and 4b were excluded because they would halve the 
c spacings and hkl would then occur only if I were even; so special position 
4c was left as the only possibility. The stnicturc factor for space group 
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7>2l — Cmcm, which has also been labeled V]^ , reduces to 

F = / cos* 2jr cos 2jr hx cos 27r {^y — ^ cos 2;r ^^2 + 

For the reflections listed al)ovc and for atom positions 4c this reduces 
further to 



© 


@T 


l-y-l 




F — 4f sin 2irky, when I is odd, 

F = 4/ cos 2‘irky, when I is even. 

1 n fixing the parameter y it is unnecessary to consider values beyond the 
range 0 to 0.25, for other values will be seen to be equivalent to these when 
the origin of coordinates is shiftctl. ^ 

From the fact that 020 and 022 are v5- 
very weak it follows that cos 2ir2«/ is 
nearly zero or y is approximately 
By trial it was found that assuming 
y = 0.105 + 0.005 made calculated 
and observed intensities agree satis- 
factorily. In comparing calcu- 
lated and observed intensities there 
was a strong absorption correction 
to be considered; this was avoided 
by comparing relative intensities of 
neighboring lines only. 

After the coordinates of the 
atoms are determined it is usually 
ncce.ssary to plot the atoms or to 
c(jnstruct a model in order to com- 
{irehend their true arrangement in 
space, which is the fundamental 
information sought. In fact, axes, space-lattices, space groups, atom 
coordinates, parameter values, number of atoms per unit cell, etc., can 
bo considered merely as aids to the crystallographer in reaching this end 
and in reporting his results to others 

The data for uranium are plotted in Fig. 1, which shows a plan and an 
elevation view of the structure. The atoms are indicated by circles, and 
the fractions within the circles give the height of the atoms above the 
plane of the drawing in terms of the axial length. By studying this 
drawing (or an extension of«it to several unit cells) it will be found that the 
orthorhombic structure, with atom positions 4c where y = 0.105, can 
be considered as a distorted hexagonal close-packed structure in which 
4 of the 12 nearest neighbors of the hexagonal array are moved in to 
appreciably closer distances. 


© 


© 


Fig. 1. — Uranium, {Jacob and Warren,) 



CHAPTER IX 


POLE FIGURES AND ORIENTATION DETERMINATION 




The orientations of single crystals and aggregates arc of such impor- 
tance in laboratory investigations of metals and other crystalline materials 
that it seems appropriate to devote a chapter to a detailed explanation 
of orientation methods. The plotting of pole figures which show the 
preferred orientations in polycrystalline aggregates is covered first, since 
it is of most general interest, and is followed by a treatment of x-iay 
222 methods and etch-pit methods applica- 

single crystals. 

^ Detection of Preferred Orientations. 

// 200 When the grains of a jX)iy-crystallino 

if /' \ \ metal are oriented at random, a photo- 

jl I f/ ^ graph made by passing a “pinhole” 

jj ^ ij Vj ' I’l beam through the metal will show 

(I ] ji Debye rings of uniform intensity all 

'^v // / around their circumference. On the 

y // other hand, if the grains cluster around 
// certain orientations so the metal has a 
texture or preferred orientation, then 
more grains will b<’ in jjosition to 

Fig. 1. — Pattern of rold-clrawii x* x rxu 

aluminum wire. Radmt.on of a suikIo >-cfiect to Certain Segments of the dlf- 

wavelength incident perpendicular to fraction rings than to othci'S, and th(i 
the wire axis, which is vertical. • *11 u 

rings will have maxima. 

Figure 1 illustrates the pattern that is obtained with monochromatic 
x-rays from a cold-drawn wire of aluminum, which is a face-centered 
cubic metal that becomes oriented with the [ 111 ] direction in each grain 
parallel to the axis of the wire. The dashed circles represent J 3 ebye 
rings that would be present if the metal had a random orientation, with 
all orientations present. The limited number of orientations that arc 
present in the wire permit only a few spots in the Debye rings to appear 
strongly, as indicated in the figure. A coiflmon axis in all grains or 
crystalline fragments is parallel to the wire, but all other axes have a 
random distribution around the wircy i.e., all azimuthal orientations 
around the axis are equally probable. An x-ray photograph of the 
wire is in effect a rotating-crystal photograph in which the axis of rotation 
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Fig. 1. — Pattern of cold-drawn 
aluminum wire. Radiation of a single 
wavelength incident perpendicular to 
the wire axis, which is vertical. 
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of the crystal corresponds to the axis of the wire.^ The textures of wires 
are appropriately called fiber textures, for they resemble the structure 
of fibrous materials. The axis of symmetry of the texture (the longi- 
tudinal axis of a wire) is the fiber axis. In a rolled sheet, on the other 
hand, there is no longer an equal probability of all orientations around 
the direction of elongation (the direction of rolling), and a more detailed 
analysis is necessary. The stereographic projection is almost universally 
u.sed for this purpose. 



Fig. 2. — Relation between crystal plane, diffracted beam, and stereographic projection. 
Pole P, diffi acted spot S, and projection P' all lie in a plane, which also contains the inci- 
dent beam. 

Stereographic Projection of Data. — There is a simple and direct rela- 
tion between spots on a preferred orientation pattern and their stereo- 
graphic projection. This is illustrated in Fig. 2. A crystal plane is here 
shown in position to reflect a beam of x-rays to form a spot S on the film. 
The plane normal intersects the reference sphere, which Is inscribed 
about it, at the point P, which projects stereographically to the point 
P' in the projection plane. The incident beam, the reflected beam, and 

‘ The intense spots on the Debye rings are actually on layer lines. If the axis of 
the wire has indices [wato] in each oriented grain, then the nth layer line will contain 
the spots hkl for which hu + kv Iw = n. 
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the pole of the reflecting plane all lie in the same plane tipped at an angle 
a from the vertical. Thus, when the film and projection plane are placed 
normal to the beam as shown, it will be seen that the angle a on the pro- 
jection will be exactly equal to a on the film. 

Since the angle of incidence, 6, of the beam on the crystal plane is 
determined by the Bragg law ri\ — 2d sin $ whenever reflection occurs, 
it follows that the poles of all planes capable of reflecting must lie at a 
constant angle 90 — 0 from the incident beam and must therefore inter- 
sect the reference sphei’e only along the circle known as the “reflection 
circle,” a circle on the projection 90 — 0 from the centrally located beam. 
Both the azimuthal and radial positions on the pole figures are thus 

determined. 

Fiber Textures.- Let us consider 
an ideal fiber texture in which all 
grains have a certain crystallographic 
direction, saj'^ [111], parallel to the 
fiber axis. The stereographic projec- 
tion of the (100) planes would then 
form the pole figure of Fig. 3, in which 
(100) poles of various grains lie at 
various spots along the latitude lines 
shown as heavy lines at an angle 
p = 54°44' from the fiber axis, since 
this is the angle between [111] and 
[100] poles. Now if a beam entered 
the reference sphere at B, perpen- 
dicular to the fiber axis, and reflected 
from the planes at the Bragg angle 
6, reflections would occur at the inter- 
sections C, D, E, and F. All reflec- 
tions would fall upon the film at equal angles, a, from the projection of 
the fiber axis. 

It was remarked earlier that the angle a is identical on projection and 
film, but Fig. 3 shows that this is not exactly etjual to the angle p between 
the pole of the reflecting plane and the fiber axis. From the geometry 
of the figure when the beam is normal to the fiber axis, it follows that 

cos p = cos a cos 9 » 

which approaches the relation a = p as 0 approaches 0.* If the fiber 
axis is inclined so it makes an angle /3 with the incident beam, the corre- 

* A plot of this function and of the corresponding one for the fiber ax’s inclined at 
a certain angle to the beam has been worked out by R. M. Bozorth, Phya. Rev., vol. 23, 
p. 764, 1824. 



Fig. 3. — Ideal pole figure for (100) 
planes in a wire of a cubic metal having 
a [111] fiber texture. Poles at C\ D, E,F 
can reflect when x-ray beam is at B, 
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spending equation is 

cos p — cos /3 sin 6 + sin ji cos 0 cos a. 

Thus a series of p values can be computed for the observed spots on a 
film, and from these the indices of the 
fiber axis may be fleduced with the 
aid of tables of angles between crys- 
tallographic directions. Some tex- 
tures are composed of two fiber 
textures superimposed; for example, 
iron after compression has some 
grains with [111] parallel to the fiber 
axis and others with [1(K)], forming a 
duplex fiber texture [111] + [100]. 

A graphical determination of fiber 
axis from a series of p values is shown 
in Fig. 4. On a stereographic projec- 
tion the point is found (F.A.) that is 
the proper angle p from the ])ole of 
each refl(“cting plane; such a point is 
then the projection of the fiber axis and can be identifietl by refei’ence 
to a standard projection. In Fig. 4 the fiber axis coincides with [112]. 
Note that the arcs in the figui’es arc loci of points at equal angles from 

reflecting poles, not equal distances. If 
there is a considerable range of orienta- 
tion in the specimen, both maximum 
and minimum p values aiay be plotted 
and an area determined on the standard 
projection rather than a 'point. 

If a plane {hkl) is perpendicular to 
the fiber axis in each grain, it is advan- 
tageous to tilt the wire with respect to 
the x-ray beam so as to reflect from this 
plane. A tilt of 0m will obviously do 
this, since the reflection circle will then 
touch the fiber axis. For the case of 
aluminum wire, the fiber ajfis is [111] 
and for molj'bdenum rays flioo = 10.1°. 
The tilted condition is represented in 
The reflection in the vertical plane is 
very strong, since all grains of the texture contribute to it, while only a 
small fraction of the grains contribute to the other reflections. Thus, 
for example, a weak texture in iron after compression can readily be 



Fu;. 5. — Stereographic projection 
showing fiber axis tilted to cauhO 
strong reflection from planes iionnal 
to F.A. Beam is at B, 

the (111) pole figure of Fig. 5. 



Fig. 4. — Method of determining fiber 
axi.s (F.A.) on a standard btereographic 
projection of a cubic crybtal. Angle p 
for each reflection is laid off from a 
corresponding pole of projection. 
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shown by this kind of tilting of the specimen,' although it has been over- 
looked in some less sensitive tests. 

Plotting of Pole Figures. — Preferred orientations produced by defor- 
mation other than simple uniaxial elongation or compression are complex. 
AVhilo they are often dcsci'ib(>d in terms of ideal orientations with certain 
crystal axes jiarallel to the princi{)al axes of strain, the choice of indices 
is often arbitraiy and the description is incomplete. Pole figures provide 
a complete description of the texture and provide a safer basis for studies 
of the underlying mechanism, for they represent the observational data 
in an unprejudiced manner.* • 



Fig. 6. — Diffraction pattern of coid-rolled steel. Mo radiation perpendicular to rolled 
surface, rolling direction vertical. Shows Ka, and white radiation reflections from 
(110), (200), and (112) planes. 

To plot a pole figure, the relations of Fig. 2 are kept in mind. All 
the intensity maxima on a single diffraction ring (Debye ring) are plotted 
on a single reflection circle on the pole figure. When the circle cuts 
through heavily populated regions on the pole figure, the diffraction ring 
will show inten.se blackening at the same azimuth; when it cuts through 
lightly populated regions, the corresponding arc of the diffraction ring 
Avill be weak. To determine the true extent of the areas on the pole 
figure it is necessary to plot a series of reflection circles that form a net- 
work covering the projection. This is accomplished by taking a series 

' C. S. BARRK'rr, Tram. A.I.M.E., vol. 135, p. 296, 1939. 

* F. Wkvkr, Afilt. Kaiser-Wilkelm Imt. Eisenforsch. Dmseldorf, vol. 5, p. 69, 1924; 
Z. Physik, vol. 28, p. 69, 1924; Trans. A.l.M.E., vol. 93, p. 61, 1931. 
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of diffraction patterns with the specimen tilted increasing amounts in 
steps of 5 or 10°. The number of exposures in such a series may vary 
from 5 to 20, depending upon the detail required in the pole figure. An 
oscillating-film arrangement can be used in texture cameras so that one 
exposure gives the information ordinarily obtained from many individual 
exposures of the stationary type (see later section on cameras, page 163). 

The plotting of the data will be illustrated, using rolled steel as an example. If 
the radiation from molybdenum is used, the photographs will resemble Fig. 6, with 
concentric I3ebye rings (incomplete) from Kct and K0 characteristic radiation and an 
inner band from white radiation. The diffraction from the ferrite jllO) planes will 
occur at ^ = 10®, and the reflection circle will lie 90 — 0 = 80® from the center of the 
pole figure. If the first photogram is made 
with the beam normal to the surface of the 
specimen, the surface will appear on the pro- 
jection as the basic circle and the reflection 
circle will lie concentric with it. 

Let us suppose that the specimen is then 
rotated about a vertical axis and a new photo- 
gram taken with the specimen turned, say 30®, 
the near side rotating to the left as we look 
away from the x-ray tube. We first plot the 
data as before, with the projection plane again 
normal to the beam and the reflection circle 
again concentric. This is illustrated in Fig. 7, 
where the reflection circle is shown as a dashed 
circle and an intensity maximum is indicated 
between the limits A and B. But with this 
setting of the specimen its surface will lie at a 
tilt of 30® from the projection plane (the right 
side tilted up from the projection plane), and 
all data from this setting must be rotated 
30® back to the right in order to plot a pole figure in which the plane of the specimen 
is the projection plane. The rotation is done with the Wulff net, each point on the 
reflection circle being moved to the right along its latitude line a distance of 30® of 
longitude. This is shown in Fig. 7, where the reflection circle with the intensity 
maximum on it is plotted after rotation as a full line. Part of the rotated reflection 
circle on the right-haiiil side passes to the lu^gative hemisphere and is shown as a 
broken line. TIiq process is repeated with different settings of the specimen and 
corresponding rotations of the data until the areas on the pole figure are sufficiently 
well defined. 

Much of the labor of plotting may be eliminated if a chart is made up in which the 
series of reflection circles are shown in the position they would have after rotation back 
to the normal setting, t.^., their position with respect to the surface of the specimen 
as the projection plane. A different chart is required, of course, for every different 
value of 6 that is used, thus for different wavelengths, different specimen materials, 
and different reflecting planes. Wever^ has published charts for copper Ka radiation 
reflecting from {001} and from {111} planes of aluminum and for iron Kot radiation 

1 F. WEVKRand W. F. Schmid, Mitt. KaistrAVilhehn Inst. Kisenforsch. Diisseldorf^ 
vol. 11, p. 109, 1929. F. Weveu, Trans. A.I.M.K.. vol. 93, p. 51, 1931. 



Fig. 7. — Plotting a pole figure. 

( ), reflection circle with beam 

normal to projection plane. ( ) 

and ( ), reflection circle with plane 

of specimen as projection piano. 
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reflecting from {110) of iron. Figure 8 presents ii chart for molybdenum Ka radia- 
tion reflecting from {110) planes of iron = 10°) with reflection circles plotted for 
every 5° rotation interval from 0 to 90°. The azimuthal positions on all the circles are 
given by their intersections with the latitude linos that are drawn on the chart and 
labeled with values of the angle a (the numbers around the circumference). When 
the reflection circles lie on the back hemisphere, they are shown as dashed lines, but 
the same lines of constant a apply as on the near hemisphere. This same chart will 
serve for plotting the (200) reflections from iron if one reads the intensity maxima on 



Fig. 8. — Pole-figure chart for Mo iiCa radiation reflecting from (110) planes of iron {6 = 10°). 


the broad ring caused by general (\vhite) radiation. In this instance, the most 
intense portion of the {200} reflection of the general radiation from a tube operating 
at 30 or 40 kv. is in the neighborhood of 6 = 10°. The maximum intensity of general 
radiation from (110) planes is around 0 =■ 7° and is particularly suitable for pole- 
figure work, for it is free from overlapping {200} reflections and shows clearly the 
slight differences of intensity that are sometimes important. A chart for plotting the 
{200} reflections of molybdenum Ka from iron {B = 14°20') is reproduced in Fig. 9. 

Areas near the top and bottom of the pole figure are not crossed by any reflection 
circles on the chart. To fill in these areas the specimen may be turned 90° on its own 
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plane and then rotated a small amount about the vertical axis, as before. (This 
requires turning the pole figure plot 90° with respect to the reflection-circle chart.) 
The number of exposures may be reduced by making use of the symmetry of the orien- 
tations in the structure; in rolled sheet, for example, a symmetry plane may be antici- 
pated normal to the rolling direction and another normal to the transverse direction 
in the sheet, but it is always advisable to test for these symmetry planes before assum- 
ing them. 



Fig. 9. — Pole-figure chart for Mo Ka. ladiatiori reflecting from (200) pianos of iron 

{d = 14°20'). 


A pole figure for a mild-steel sheet rolled to a reduction of thickness of 85 percent 
and etched so that the surface layers arc removed is shown in Fig. 10.^ The rolling 
plane is parallel to the projection plane, with the rolling direction at the top. This 
figure illustrates why it is that preferred orientations appear more prominently in 
photograms made with the beam along or near to the transverse axis of a rolled- 
steel sheet than with the beam normal to the rolling plane. The (110) reflection 
circle for a beam of white radiation normal to the rolling plane is shown as a dotted 
circle near the periphery and nowhere passes into regions of greatly differing intensity. 

1 M. Gensamer and R. F. Mkhl, Trans, AJ,M,E.^ vol. 120, p. 277, 1936, 
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Oil the other hand, the reflection circle for a beam along the transverse direction 
appears as a dotted line extending from top to bottom near the center of the projection 
and jMisscs through regions of both maximum and minimum intensity, which would 
yield more pronounced maxima and minima on the (110) diffraction rings. 





Fig. 10. — Pole figure for <110> poles of mild steel reduced 85 per cent in thickness by 
cold-rolling. Two reflection circles shown (dashed). {Gensamer and Mehl.) 


Specimens and Cameras for Texture Studies.— When a sheet speci- 
men is used for pole-figure studies, there is an absorption correction that 
depends markedly on the angle of setting in the camera. Bakarian' 

has improved the techniciue by cutting a 
stem out of the sheet metal with a 
jeweler’s saw, then grinding the stem to 
a cylindrical shape, as in Fig. 1 1 . Rota- 
tion of this specimen around its axis does 
not change the absorption. With ade- 
quate calibration of the films for expo- 
sure, it is then possible to make a fairly 
reliable estimate of the relative number 
of grains in each orientation region of 
the pole figure. 

Large-grained specimens must be 
exposed in cameras that bring more 
than the usual number of grains into 
reflecting position in the beam. This 
can be done by oscillating the specimen through a slight I’ange of 
angles on an oscillating-crystal camera or by shifting the specimen in 
its own plane during the exposure. The importance of this is not often 
appreciated by beginners, and several incorrect conclusions have resulted 
» P. W. Bakakian, Trana. A.I.M.E., vol. 147, p. 266, 1942. 



Fig. 11.- Sperinion foi piufcried 
oiientation photograph of .sheet 
material. {Bakarian,) 
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Fig. 12. — Prinriplc of texture goniometer 
with eylimirioal film shifted longitudinally 
in synchronism with oscillation of specimen. 


from photographs of specimens in which the grains were too large. An 
elaborate integrating camera to sweep the beam over large areas of sheet 
specimens is described by D. W. Smith, ^ but simple shifting devices will 
often serve. 

Texture goniometers have been designed in which a single exposure 
with an oscillating film gives the information ordinarily obtained from 
many individual exposures. The 
camera^ illustrated in Fig. 12 pro- 
vides a film F, which shifts longi- 
tudinally in synchronism with the 
oscillation of the specimen P. The 
incident beam is parallel to the axis 
of the cylinder and strikes the speci- 
men which is oscillating about the 
vertical axis D. A single Debye 
ring is allowed to reach the film 
through the slit /S in a shield A surrounding the specimen. It will be 
seen that a chart can easily be prepared to convert positions on the film 
to positioas on a pole figure. Another design* is sketched in Fig. 13, 
with a film shifting behind a shield that is cut to let part of a single Debye 
ring pass. Moving the shield closer to the specimen adjusts it for Debye 
rings of higher 0. In an alternate design the shield and film are in the 

shape of cylinders concentric with the 
axis of rotation, in which case the speci- 
men and film may be mounted on a 
single carnage. 

Back-reflection cameras are not very 
well suited to pole-figure work. While 
they have been used in special cases, 
they have the disadvantage that little 
information is obtained from an indi- 
vidual film, and to combine the informa- 
tion from a series of films requires careful control of the exposure 
throughout the series. The reflection circle for a high-angle Debye 
ring is small compared with those discussed in this chapter and may lie 
entirely outside of important maxima on the pole figure. 

Orientation of the Axis of Single-crystal Rods. — The orientation of 
the axis of a cylindrical specimen may be determined by taking a photo- 



Fig. 13.--Texturc Roni )ineter with 
flat film shifted laterally. 


1 D. W. Smith, Symposium of Radiography and X-ray Diffraction,” A.S.T.M., 
Philadelphia, Pa., 1937. Blueprints of this camera have been made available by the 
Research Laboratories of the Aluminum Company of America. 

2 O. Kratky, Z, Kriat.j vol. 72, p. 529, 1930. 

3 W. E. Dawson, Fhysica, vol. 7, p. 302, 1927; Phil, Mag,, vol. 5, 7th ser. p. 766, 
192?. C. S. Barrett, Trans, A,I,M,E,j vol. 93, p. 75, 1931, 
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graph with the crystal rotating about its axis, which yields a rotating, 
crystal pattern. Since the axis of rotation is usually a crystallographic 
direction of high or irrational indices, the usual methods for solving 
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Complete Orientation of Single Crystals. — ^An oscillating-crystal 
method developed by Davey^ and described in detail by Wilson^ (often 
referred to as the Davey-Wilson method) has proved valuable for deter- 


mining orientations of single crys- 
tals and individual grains in 
metallographic specimens. It 
makes possible the solution of com- 
plex orientation problems such as 
one encounters when investigating 
the many orientations that may 
exist in an oriented overgrowth or 
among precipitated crystals within 
a grain. It has also been used to 
study the distortion of grains dur- 
ing freezing, deformation, and 
recrystallization. 

IVo concentric cylindrical films 
are used, the rays passing through 
the inner one to the outer one and 



Fig. 15. — Plotting a (123) reflection 
from known B and ct values. Position after 
rotating 0 is shown by cross. 


making a record on both. The inner film is mounted on the car- 
riage that holds the specimen and oscillates back and forth with the 
specimen, while the outer film remains stationary. Each spot is 
identified by its 6 value, which is road from the stationary film with a 



a b 

Fig. 16. — Arrangement of films in Davey-Wilson orientation goniometer, (a) Initial 
setting, (6) after rotating into reflecting position. 


chart on which ff values are marked, as in Fig. 14. The same chart may 
be graduated to read the angle a (see Fig. 2) giving the azimuthal 
j)osition of the reflected and incident beams. 

> W. P. Davky, Pfiys. Rev., vol. 23, p. 764, 1924. 

* T. A. Wilson, Gen. Elec. Rev., vol. 31, p. 612, 1928. 
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The spot may be plotted immediately on a stereographic projection, as in Fig. 16 
at a point 0° in from the basic circle and a® from the vertical. The point C on this 
projection represents the reflecting plane as it was when reflection occurred, and it is 
then necessary to correct for the amount of rotation of the specimen that permitted 
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Fig. 17. — Chart for reading 0 and x coordinates from cylindrical films of Davey-Wilson 
camera. Axis of film cylinder is horizontal. Chart must be enlarged until the distance 
from 0 to 0 to 0 = 90® is i of film circumference. 


the reflection to occur. Suppose a crystal is adjusted on the oscillating carriage so 
that the x-ray beam just grazes the surface at the end of the oscillation, as in Fig. 16a, 
and in so doing makes a spot at a on the oscillating film and at h on the stationary film. 
Then, when a reflection occurs, the specimen will have rotated from this position and 
the reflection ray will cause spots a' and h* on the two films, respectively. The 
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amount of this rotation, </>, will be given by the difference of the angles 0i, measured on 
the stationary film, and <t >2 on the moving film (Fig. 166) : 


<f> — <t>l — 02. 

The 0 values can be read with charts of thc^tj’^pe illustrated in Fig. 17 enlarged to the 
proper size for each film. The point on the stereographic projection is then rotated 
0°, point C going to C' in Fig. 15 along the latitude line of a Wulff net. This procedure 
is followed for a number of reflections, each being identified by its lvalue, plotted, and 
rotated the amount 0 determined for it, giving a final plot resembling Fig. 18. The 
position of any other poles can then be found by rotating a standard projection of the 
crystal into coincidence with the plotted poles. 

In this method it is necessary to pair off the spots on the two films correctly. 
Often this can be accomplished by noting the shape of the spots, but it may be neces- 
sary to rely upon measurements. For this purpose it is convenient to use the vertical 
lines of the chart in Fig. 17. These mea- 
sure a coordinate, x, that is the same for 
both spots of a pair — ?>,, if a spot on the 
moving film lies on a certain x h^ie of the 
moving film chart, then the related spot 
on the stationary film must lie on the 
same x hne on the stationary-film chart 

Back-reflection Lane Method 
for Determining Crystal Orienta- 
tion. — One of the most convenient 
and accurate methods of determin- 
ing the orientation of a single crys- 
tal or an individual grain in an 
aggregate is the back-reflection 
Laue method. ‘ It is a method 
that is useful not only for labora- 
tory research but also in the production of commercial crystals, 
such as quartz crystals cut for piezoelectric control of radio circuits. 
An exceedingly simple camera will yield accuracies of the order of 
and cameras for more precise work arc not elaborate, as will be seen from 
the one illustrated in Fig. 19. The interpretation of a photograph 
may be carried out in a few minutes by making use of the chart developed 
by Greninger* together with a stereographic net and a standard projection 
of the crystal. When the incident beam in a back-reflection Laue camera 
is made to straddle a boundary between two grains, two components of a 
twin, or two imperfect regions of a crystal so that the two are jointly 

' L. Chrobak, Z. KrisL, vol. 82, p. 342, 1932. W. Boas and Pi. Schmid, Metall- 
wirtschaft, vol. 10, p. 917, 1931. A. B. Gbgninger, Trans. A.I.M.E., vol. 117, p. 61, 
1935; Z. KrisL, vol. 91, p. 424, 1935. 

* A. B, Gbeningeb, Trans. A.I,M.E., vol. 117, p. 61, 1935; Z. KrisL, vol. 91, p. 424, 
1935. 



Fig. 18. — Projection showing final posi- 
tions of reflections after roiation of each 
point the amount 0 determined for it. 
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recorded on the film, it is possible to determine their relative orientations 
to within a few miiuites of arc.* 



Fig. 19. — Camera for back-reflection Lane photographs. Crystal is adjustable with 
horizontal and vertical graduated circles A and B\ its distance from film in cassette F is 
adjusted by C, Portion of gas x-ray tube shown. (Greninger,) 



Fig. 20. — Back-reflection Laue pattern of a-iron with principal zones and spots identified. 

Tungsten target x-ray tubes are best suited for the work, Init any 
tube giving appreciable general radiation with or without characteristic 
radiation will serve. ^ A back-reflection pattern of a body-centered cubic 

^ A. B. Greninger, Trans, A.I.M,E.j vol. 117, p. 75, 1935; vol. 122, p. 74, 1936. 

2 In typical experiments a tungsten tube with a 2-mm. focal spot operating at 
8 ma., 40 kv. requires exposures of 15 to 60 min. with a pinhole 0.8 mni. diameter, 
6 cm. long, and crystal-to-film distance of 3 cm., with standard x-ray film and Pduor- 
azure intensifying screens. A 5- by 7-in. film is convenient at this distance. For 
metals such as Cu, Zn, I"e, etc., there is considerable fogging from fluorescent radiation, 
but this may be reduced by a filter, for example by 0.01-in. aluminum sheet. 
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crystal (a-iron) is shown in Fig. 20. The circle at the center indicates 
the hole that is punched to enable the film to slip over the pinhole system. 
It will be seen that the Ijaue spots lie on hyperbolas. The spots on each 
of these rows are reflections from various planes of a given zone, i.e., 
planes parallel to a line that is the zone axis. The geometrical conditions 
arc sketched in Fig. 21. A cone of reflected rays is formed for each zone 
of planes in the crystal, such as the one shown in the drawing, and each 
cone intersects the flat film to form a row of spots (C, D, E) along a 



Fig. 21. — Bark-reflention Lane pattern of planes of a zone in a crystal. 

hyperbola. If the zone axis A 5 is inclined to the film, the hyperbola 
will lie at a distance from the center of the film an amount that is related 
to the angle of inclination, if AB is parallel to the film (<#> = 0), the 
hyperbola will degenerate into a line passing through the center of the 
film. If the axis of the cone is projected pei’pendicularly upon the film, 
forming the line A' B, it is obvious that the hyperbola will be symmetrical 
with respect to this line. 

^ The closest approach of the hyperbola to the center of the film is given by the 
relation S = R tan 2<^, where R is the distance from the specimen to the film, and S 
is the minimum distance of the hyperbola from the center. 
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In determining the orientation of a crystal from a pattern of this type 
it is necessary to assign the proper indices to some of the zones causing 
these hyperbolas or to some of the individual spots. The technique Jor 
doing this is much simplified if attention is directed merely to the hypei - 



Flo. 22 . — Chait for back-rcflection pliotograph.s. PrintCil for 3-crn. di.staiiue from spoci- 
men to film; graduated in 2® intervals. 

bolas which are the most densely packed with spots and to those spots 
which lie at the intersections of three or more prominent hyperbolas, for 
then only low indices are involved. 

On every film of a cubic crystal will be found prominent rows of sjfots 
fron| the zones [100], [110], and [HI] and less prominent ones from the 
zone [113]. Many other zones also appear but are not ea.sily recognized. 


POLE FIGURES AND ORIENTATION DETERMINATION 171 


The spots at the intersections of these principal hyperbolas are reflections 
from the planes common to the principal zones in the crystal; in the body- 
centered cubic patterns they are (100), (110), *(112), and others of higher 
indices, which are less prominent. In the face-centered cubic patterns, 
(111) appears in addition to these. These important spots with low 
indices are always of high intensity and are somewhat isolated from 
their neighbors on the hyperbola (see Fig. 20). 

Figure 22 is Greninger’s chart for reading angular relations on back- 
reflection films and is reproduced in the proper size for a 3-cm. separation 
of specimen and film. Any row of spots on the film can be made to 



a h 

Fig. 23. — (a) Back-roflcftioii Lane film superimposed on chart. (6) Stcreographic projec- 
tion paper supei imposed on net; the zone of spots is plotted at A. 


coincide with a hyperbola extending across the chart horizontally by 
suitably turning the film about its center when it is placed centrally on 
the chart. The angle of inclination, <f>, of the zone axis to the film is 
given directly from the chart; hyperbolas have been drawn for each 2“ 
of <t>, with heavy lines each 10°. The amount of rotation of the film that 
is required to get a row to coincide with a horizontal hyperbola on the 
chart is a direct measure of the azimuthal angle a (see Fig. 21), for it is 
the angle between the line A'B and the vertical reference line. 

It is most convenient to solve the films by plotting a sterographic projection; this 
can be done rapidly by a method which will be described with reference to Fig. 23. 
'rhe plane of the projection is made perpendicular to the primary x-ray beam (parallel 
to the plane of the film), and the film is read from the side opposite to that on which 
the reflected rays were incident, so as to give a projection of the crystal that corre- 
sponds to viewing it from the position of the x-ray tube. An arrow is marked on the 
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film parallel to some fiducial mark on the specimen, and the film is superimposed on 
the chart, as in Fig. 23a, with its central hole at the center of the chart. A piece of 
tracing paper is then placed on a stcreographic net and pivoted at the center of it with 
a pin. An arrow is drawn on the paper radially outward from the central pin. The 
zones recorded on the film are then plotted on the paper, as indicated in Fig. 236, by 
turning the paper and film together so that both arrows are parallel and point to the 
same angle a and by plotting the angle ^ upward from the basic circle of the projec- 
tion. The point A thus plotted is the projection of the zone responsible for the entire 
row of spots on the film. 

Tentative indices are assigned by det<'rmining the angles between prominent zones 
and comparing the angles with a table (see the table on page 35). This tentative 
assignment of one or more possible sets of indices is merely for the purpose of saving 
time in the final operation, which is that of finding a position of a standard projection 
of zone axes and an amount of rotation of the standard such that its points will coin- 
cide with all the plotted ones and thus will disclose th(‘ir indices. When a match 
has been found between each zone and a corresponding zone from a rotated standard 
projection, it is possible, of course, to rotate any other zone or any pole of the standard 
by the same amount and thus to show its position in the crystal. The final plot 
expresses the crystal orientation graphically; in addition, it can also be described in 
terms of the angles between the crystallographic axes and convenient marks or surfaces 
on the crystal. 

The above technique is but one of several by which one may deduce the indices of 
the zones and spots. No use has been made in this procedure of the vertical curves of 
the chart (Fig. 22). These have been drawn to measure angular Halations between 
spots on a given hyperbola and are spaced at 2*^ intervals just as are the others; i.e., 
two planes of the same zone in a crystal that he at an angle of 2° to each other will 
reflect to form two spots separated by one of the intiTvals marked out by two adjacent 
vertical curves. The angle between the two principal spots of Fig. 20, for example, 
can be measured directly from the chart and will be found to be 45'"; this suggests at 
once that the indices of one of the spots are (100) and of the other are (110), although 
it does not tell which spot is which. 

If the spots thus partly identified are plotted on the proje*ction, they will greatly 
reduce the number of trial rotations of the standard projection that are necessary to 
find the complete solution. The pole of a plane causing a spot is plotted by a pro- 
cedure analogous to that of Fig. 23, except that the spot is made to lie on the cerdral 
vertical line of the chart, and the corresponding pole is plotted yp from the center of 
the projection, rather than </)° up from the circumference (since the pole is normal to 
its zone axis). Poles thus plotted are useful for a rapid solution of the film, but zones 
can be read from the film more accurately. 

The Transmission Lane Method. — It has’been mentioned in Chap. V 
that a transmission Lane pattern has a symmetry around the ccntei' 
similar to the .symmetry of the axis or plane in the crystal along which the 
x-ray beam is directed. If a cubic crj'-stal is mounted on a goniometer 
head and turned until thel.aue pattern has four-fold symmetry, it becomes 
at once obvious that the incident beam is parallel to a cube axis, [100]; 
similarly, three-fold symmetry indicates that the beam is parallel to a 
cube diagonal, [111]. With crystals of high reflecting power and with 
intense radiation it is possible to see these patterns on a fluorescent screen 
and to adjust the crystal quickly to a symmetrical position, though it is 
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necessary to work in a darkened room with the eyes fully accommodated 
to the dark. 

To find the orientation of an unsymmetrically oriented crystal one can 
transfer each of the spots on a transmission photograph to a stereographic 
projection. The prominent zones then appear as points along great 
circles of the projection and can be identified either by the symmetry of 
their arrangement or by the angles between them. 

The Determination of Orientations by Etch Pits. — Various orientation 
methods have been employed for the reflection of light from crystal- 
lographic etch pits, llridgman^s method^ consists in attaching the 
specimen to a sphere (a transparent sphere is convenient^), holding it at 
arm’s length, and marking a spot on it when it has been turned so that 
the etch pits reflect light into the eye of the observer from a lamp standing 
behind him. It has an accuracy of about 2° and is extremely rapid. A 
greater accuracy can be obtained by causing the reflected light to fall on 
a screen, as has been done by Czochralski,^ Chalmers,^ and Schubnikov.® 
Tammann and his coworkers^ developed a method for estimating the 
number of grains in a polycrystallino aggregate having orientations in a 
given region of the stereographic triangle and thus obtained statistical 
information a])out deformation and rccrystallization textures. While the 
method has had some use in j-ecent years, it is not applicable to the 
majority of problems in physical metallurgy. Smith and Mehl^ deter- 
mined orientations by plotting the directions of the sides of individual 
etch pits on a stereographic projection. The accuracy is limited to about 
3®, and the method recpiires careful polishing and high magnification. 

The most useful methods involve the measurement of the angles 
l)otween the etch-i)it faces using a goniometer. ^ Weerts® has given a 
lengthy discussion of a technique using a three-circle goniometer and 
polarized light. A less elaborate method, which gives an accuracj^ that is 
sufficient for the great majority of investigations, consists simply in 
measuring the orientations of the etch-pit faces on a two-circle optical 
goniometer.^® It has an accuracy" of ^ or 1®. The method operates 

* P. W. Bridgman, Proc. Am, Acad, Arts Sci,, vol. 60, p. 305, 1925. 

2 J. B. Baker, B. B. Betty, and 11. F. Moore, Trans, A.I,M,E,^ vol. 128, p. 118, 
1938. 

2 J. Czoc^iiRALSKi, Z, anorg, allgem. Chem,, vol. 144, p. 131, 1925. 

4 B. Chalmers, Proc, Phjjs, Soc, {London), vol. 47, p. 733, 1935. 

s A. ScHUBNiKov, Z, Krist., vol. 78, p. Ill, 1931. 

® G. Tammann, J, hist, Metals, vol. 44, p. 29, 1930. G. Tammann and H. H. 
Meyer, Z, Metallkunde, vol. 18, p. 339, 1926. 

’ K. J. Sixtus, Physics, vol. 6, p. 105, 1935. 

8D. W. Smith and R. F. Mehl, Metals cfe Alloys, vol. 4, pp. 31, 32, 36, 1933. 

® J. Weerts, Z, tech, Physik, vol. 9, p. 126, 1928. 

W. McKkehan, Nature, vol. 119, p. 705, 1927. L. W. McKeehan and H. J. 
Hodge, Z, Krist., vol. 92, p. 476, 1935. H. H. Potter and W. Sucksmith, Nature, 
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satisfactorily with grains as small as 0.1 mm. cUametor and has been 
used with cold- worked and annealed grains and single crystals.^ 

1. A Goniometer. — An inexpensive two-circle goniometer may be constructed 
from an old surveyor's transit (Fig. 24). It consists of the horizontal circle of the 
transit /f, a vertical circle V (formerly the compass circle of the transit) mounted on 
the rotating cover of the horizontal circle, a shaft through the vertical circle for sup- 
porting the specimen a light source and collimator C, and the transit telescope all 
mounted on a base plate. The specimen S is mounted with modeling clay on the 
faceplate F. The specimen is illuminated by parallel light from the collimator C, 
which contains a lamp and lens, and is observed in the transit telescope 7', fitted with 
cross hairs. For ordinary measurements of single crystals or large grains a magnifica- 
tion of two or three times is used in the telescope. 



Fig. 24. — A two-circle goniometer. F, vertical circle; //, horizontal circle; F, specimen 
mount^ jS, specimen; C, collimator; T, telescope. 

The grain to be measured is placed at the intersection of the vertical and horizontal 
axes of the instrument, and the axes of the telescope and collimator arc made to inter- 
sect at this point. The axes of the collimator and telescope lie in a vertical plane and 
make equal angles of about 10® with the horizontal; with this arrangement, light that 
is multireflected from the three faces of an etch pit of cubic shape is returned in the 
incident direction and is not seen in the telescope. 

2. Etching Technique. — An ideal etchant would be one that develops etch pits 
or facets with plane faces accurately parallel to crystallographic planes of low index. 
The etched metal specimen would then appear intensely bright when the normals to 
these planes bisected the angle between telescope and collimator and perfectly black 
in all other positions. Actually, however, the etch-pit faces arc always more or less 
rounded, causing the intensity of the reflected light gradually to build up to and drop 
off from a maximum as the reflecting plane approaches and recedes from the reflecting 
position. For the same metal and etchant the position and sharpness of the maxima 

vol. 119, p. 924, 1927. C. S. Barrett and L. H. Levenson, Trans, vol. 137, 

p. 112, 1940. 

^ C. S. Barrett, Trans. A.I.M.E., vol. 135, p. 296, 1939. C. S. Barre'fc and 
L. H. Levenson, Trans. A.I.M.E., vol. 137, p. 76, 1940. 
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vary with the etching time and the temperature of the etchant. When the maxima 
are sharp enough to be reproducible within their positions usually coincide with 
the crystallographic poles, but sometimes they tend to fall a degree or two away from 
true crystallographic polos. For example, maximum reflections from cubic etch pits 
are often 88 or 89°, rather than 90°, apart. Since only two poles are necessary to 
determine the orientation and three can usually be measured, the observed poles can 
be corrected by moving them a minimum amount to make them mutually perpen- 
dicular. Occasionally, a few large noncrystallographic pits are developed; these may 


Table X. — Directions for Etching 


Metal 

Purity, 
per cent 

Etchant* 

Etch- 

ing 

time, 

min- 

utes 

Pianos 1 
developed 

Remarks 

Aluminum 

09.95 

9 parts HCl 

3 parts HNOi 

2 parts HF 

5 parts HaO 

2 

(1001 

Use large quantity of 
etchant with respect to 
surface of specimen, and 
avoid heating of etchant 

a>iron 

Ha purified de- 
carburized 
mild steel 

1 part HNO| 

4 parts HaO 

4 

(lOO) 

Avoid heating, as above; 
wipe dui ing etching 

Copper 

i 

0 X y g c n - f I e e 
high-condiictn - 
ity copper 

1 part HCl 

1 part H?0; mixture 
saturated with 
FeCli-eHaO 

10 

(1001 


Brass 

1 

Cartridge brass 
(70-30) 

1 part etch for Cu 

1 part HaO 

20 

{100} and 
{111} 

Agitate etchant at 2-min. 
intervals 

l^ead 

99.9 

3 paits HaOa 

2 parts glacial acetic 
acid 

2 parts HaO 

10 

(100} 


Tin 

99.991 

1 part etch for C u 

1 pait HaO 

10 

{100} and 
(110} 

Wipe off at 2-min. inter- 
vals 

Tungsten 


100 parts saturated 
KiFe(CN)« 

5 parts saturated 
KOH 

95 parts HaO 

15 

1110} 

Agitate etchant at 2-min. 
intervals. Composition 
of etch is critical 

Zino 

99.99 

7 pai ts saturated 
CuCla-2HaO 

3 pai ts HCl 

90 parts HaO 

3 

(lOW}, 1 

having 

many 

values 

Wipe off deposited copper 
at 30-scc. intervals. 
Maximum reflections lie 
in three planes intersect- 
ing at pole of basal plane. 
Hexagonal axes lie 90** 
from the intersection and 
midway between these 
planes 


♦ For other etchants that have been uso<l by various investigators see references in C. S Barrett 
and L. H. Levenson, Trans, A.J.M.E , vol. 137, j). 76, 1940, 
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be readily recognized as such, since they have no definite inaxiniuin. Jii Table X 
directions are given for etching various metals for orientation work. The etching 
times are for etchants at room temperature and for strain-free metals of the purity 
indicated; for cold-worked metals the etching time usually must be reduced. 

3. Method of Plottii^g. — The readings on the two circles of the goniometer cor- 
responding to a reflection maximum (a cube pole in this discussion) can be plotted 
directly as a point on a stereographic projection. The data are plotted on tracing 
paper fastened over a stcreographic net by a pin at the center of the net, the paper 
being left free to turn about the pm. 



Pig. 2o. — Stcreographic projection of data. Pole.s of cube faces of etch pits aie A, /i, mid 
C; .specimen surface normal is at center. 


Transferring data from the goniometer to the projection is direct and simple, for 
readings on the horizontal cinde of the goniometer correspond to radial distances from 
the center of the projection and readings on the vertical circle corn\s})ond to azimuthal 
positions around the center if one makes the plane of projection parallel to the surface 
of the specimen. 

Let us illustrate with an example using a portion of a grain in a rolled specimen in 
which it is desired to find the orientation of the cube poles with respect to the rolling 
direction and the normal to the rolling plane. Let the zero setting of the instrument 
be the one for which the rolling direction is vertical and the rolling plane is in the 
reflecting position (this can be found by holding a small mirror on the surface). 
Assume that to bring the specimen into a position of maximum reflection reipiires a 
30° clockwise rotation of the vertical circle (as seen from the telescope) and a 40° 
clockwise (looking down) rotation of the horizontal circle. Tlie pole of this refleiiting 
plane is plotted by rotating the tracing paper 30° clockwise about tlie center of the net 
from the position in which RD is at the north pole and marking a point 40° to the right 
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of the center on the equatorial line of the net. The pole A in the projection of Fig. 25 
is plotted thus, with the rolling direction indicated on the boundary circle at RD, The 
same plane can also be brought into its reflecting position by a 150° counterclockwise 
rotation of the vertical circle and a 40° counterclockwise rotation of the horizontal 
circle from thd zero setting. Thus for each of the faces of an etch pit there are two 
settings for maximum reflected intensity 180° apart on the vertical circle and sym- 
metrical with respect to the zero position of the horizontal circle. The closeness with 
which these two plotted points agree on the projection is a check on the alignment of 
the apparatus and the reliability of the readings. The other two cube poles, B and C, 
are found and plotted similarly and, as shown in Fig. 25, lie 90° apart on a great circle 
90° from A. The third pole might have been plotted at once 90° from the other two, 
but it is better to use its experimentally observed position as a check on the accuracy 
of the orientation determination. 

4. Application to Deformed Metals. — ^The optical goniometer has especial 
value in the study of lattice orientations in deformed grains and single crystals, in 
which fields x-ray work is difficult. In general, with either single crystals or grains of 
a polycrystalline aggregate, the orientation after deformation varies considerably and 
ill an irregular manner over each grain. In determining the range of orientation, a 
grain is divided into a number of areas, and the orientation of each area is measured 
separately and transferred to a standard projection.^ The grouping of points on the 
final projection gives a pole figure of the preferred orientations present. This tech- 
ni(iue has been used to prepare pole figures of polycrystalliiie specimens, both in 
cold-worked and r(*crystallized states,^ the individual grains of which were a few 
millimeters in diameter; but it does not, of course, detect the fragments of microscopic 
or subnucroscopic size that can be registered by x-rays. 

^ C . S. Barrett and L. II, Levenson, Tram, A,LM,E,, vol. 137, p. 112, 1940. 

2 C. S. Barrett, Trans . A.LM.E.j vol. 137, p 128, 1940. 
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DETERMINATION OF CONSTITUTION DIAGRAMS WITH X-RAYS 

The variety of properties encountered in different alloys or that may 
be induced in one alloy by different heat-treatments makes it almost 
essential to have a guide to each alloy system in the form of a constitution 
diagram showing the various solid solutions and compounds which exist 
in the system and the ranges of temperature and composition within 
which they are stable. The diagram guides the practical metallurgist in 
his melting and heat-treating and aids the research laboratories in select- 
ing alloys for particular uses or alloys that seem capable of improvement. 

X-ray diffraction has been of great value in the determination of tin; 
constitution of alloys. At the present time, only a small fraction of the 
great number of possible binary alloy systems and almost no systems 
with three or more component metals have been investigated with the 
care necessary to provide accurate phase diagi’ams; most of the existing 
diagrams must be considered merely as approximations. Many of tho 
errors and inconsistencies in these have resulted from the use of impure 
materials; some from a lack of appreciation of the faults of the methods 
u.sed in their determination; others from a failure to apply the most 
suitable methods; some from failure to regard the phase rule; and some, 
of course, from incomplete experimental work. 

Comparison of Methods. — A brief listing and discussion of the various 
methods employed in phase-diagram work will aid in showing tho x-ray 
method in a proper perspective. Thermal analysis (the use of heating 
and cooling curves) is particularly valuable for determining the beginning 
and end of freezing. Dilatometric measurements are excellent for 
determining the presence of transformations in the solid state. Micro- 
scopic observations of polished and etched sections are often sufficient to 
establish all phases and transformations in the solid state and are more 
widely used than electrical, magnetic, or other physical properties in 
determining the boundaries of the single- and polyphase regions on the 
diagram. The microscope reveals the distribution of the products of a 
reaction, which none of the other methods can do, and makes it possible 
to determine the nature of most of the high-temperature reactions by 
inference from the microstructures they produce. X-ray diffraction is 
capable of determining not only the phases present in an alloy but also 
the crystal structure of the phases. It excels the other methods in its 
ability to detect metastable and transitional states and to relate these 
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to the, phases preceding and following them in a transformation — ^per- 
mitting in some cases a detailed understanding of the mechanism of 
transformation and of the strains accompanying it (this is treated in 
Chap. XXIl). A diffraction pattern of a polyphase alloy can be made 
to yield, by comparison with alloys of known compositions, the composi- 
tions of the individual phases present, since the spectra of the phases are 
superimposed in the diffraction pattern for the aggregate. 

Conversely, we may summarize the principal limitations of these 
methods as follows: Thermal analysis is a poor method of studying slug- 
gish reactions; the heat of reaction is evolved over such an extended 
period of time that it is difficult to detect or measure. This method is 
also likely to fail if the heat of reaction is small. Dil^tometric curves are 
sometimes better than cooling curves for studies of transformations in 
the solid state, but neither thermal nor dilatometric data are suitable for 
determining the range of composition of single-phase or polyphase regions 
in the solid state. Mechanical strength is a good method for determining 
the beginning of melting and is coming into wide use for this purpose, but 
otherwi.se the mechanical methods find little service in phase-diagram 
work. The valuable microscopic method runs into difficulties when the 
grain size of a sample is too small or when the products of a reaction are 
too finely dispersed. This is likely to occur with reactions in the solid 
state that take place at low temperatures. It depends upon room- 
temperature observations and consequently gives only indirect evidence 
of phase's that are not retained by quenching to room temperature. The 
microscopic method fails in occasional instances for lack of a suitable 
etching reagent that will distinguish between the various phases present. 

The x-ray method also has its limitations. It is capable of disclosing 
conditions in an alloy at elevated temperatures in two ways: (1) by 
quenching the alloy to room temperature and taking a diffraction pattern 
at that temperature, in which case it is limited to alloys in which the 
high-temperature condition is adequately retained at room temperature 
by the quenching action, and (2) by applying the method at the elevated 
temperature, a procedure requiring special cameras, temperature-control 
equipment, and inert atmospheres for protecting the sample against 
oxidation. It is not possible to recognize extremely small quantities of a 
second phase in a binary or polyphase alloy, and so x-rays are usually 
inferior to the microscope in this re,spect. This is not a serious limitation 
in phase-diagram work, however, as will be discussed later (page 187). 
The x-ray method reveals practically nothing about the distribution 
of pha.ses, which is evident in microscopic examination and is of vital 
importance in practical problems. 

Binary Diagrams — Disappearing-phase Method. — The accepted man- 
ner of presenting data on the constitution of alloys is to plot a diagram 
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on which single-phase and polyphase regions are plotted agains^t com- 
position as abscissa and temperature as ordinate, as in Fig. 1. It will bo 
remembered that, when such diagi-ams represent equilibrium in the 
alloys, they mu.st be drawn in accord with the relations embodied in 
Gibbs’s phase rule.^ 

It follows that, in an equilibrium diagram for binary alloys at atmos- 
pheric pressure, there will bo regions of single- and two-phase equilibria 
"alternating with each other across the diagram at any constant tempera- 
ture. If x-ray diffraction patterns arc made of a s('ri(!s of alloys in such 
a system, the films will show single patterns with single-] )hase alloys and 



Fig. 1. — Constitution diuKiaia for copper-zinc alloys. Compositions in wtught percent. 

{National ^fetah Handtwok .) 

two superimposed patterns with two-phase alloys. Figure 2 is a repro- 
duction of typical powder diffraction patterns for one- and two-phast' 
specimens. This principle alone could be used to establish the solid 
portion of the diagram in a rough fashion, but much labor is saved by 
using the ‘Tever principle’^ in the two-i)hasc regions. Reference to Fig. 3 
shows that an alloy of composition P in equilibrium at a certain tempera- 

^ This states that, if the equillhriuiri between the phases is influenced only by tem- 
perature and pressure and not by gravitational, electrical, or ‘magnetic forces or by 
surface conditions, then P + F = C + 2, where P is the number of stable phases 
present, F is the number of degrees of freedom, and C is the number of components. 
A phase may be defined as any physically distinct part of a system that is separated 
from the other parts of the system by definite bounding surfaces. The number of 
degrees of freedom of a system is the number of independently variable factors (such as 
temperature and pressure of the system and composition of any phase) that must be 
specified completely to define the conditions in the system. The number of com- 
ponents of a system is the smallest number of independently variable substances by 
means of which the composition of any phase present can be expressed. In most alloy 
systems this is the number of elemental metals present in the alloy. 
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ture in the two-phase region a + /3 contains the a and ^ phases in the 
proportions given by the relative lengths of the lines Px and Py, i.e., 
; amount of a\ amount of ^ = Py.Px; or, equivalently, Py/xy of the total 


Atomic per cent 
Nickel 



Fia. 2. — Powdei-diff Faction patterns of alternating one-jihase and two-phase regions 
in aluiiiimiiii-rioh aluminum-nickel alloys. (A. J, Bradley and A. Taylor, Proc, Roy, Soc,, 
{London), vol. .4159, p, 53, 1937.) 

alloy is a and Pxfxy is Th<; intensity of the diffraction pattern of a 
phase is proportional to the quantity of that phase present in the alloy 
(barring disturbing effects). It follows, therefore, that as the boundary 
of a two-phase region is approached the diffraction pattern of the disap- 



Fig. 3. — The level principle illustrated in tlie two-phase region of the copper-silver diagram. 

pearing phase will steadily diminish in intensity; the boundary can thus 
be located by extrapolation to the point of disappearance on a plot of 
intensity vs. composition. This has been called the disappearing-phase 
method. 


182 


STRUCTURE OF METALS 


Parametric Method. — The most precise location of the phase bound- 
aries by x-rays involves the use of lattice-spacing measurements. Within 
a single-phase region the lattice spacings (lattice parameters) usually 
follow a smooth curve when plotted against composition and not infre- 
quently vary linearly, as in Fig. 4. Variation with composition is to be 
expected whenever there is an appreciable range of composition within 
which there exist homogeneous single-phase alloys, regardless of whether 
the single-phase region is a solid solution at an extremity of the diagram— 
a terminal solid solution — or within the diagram and whether the solute 
atom replaces one of the solvent atoms to form a substitutional solid 
.solution, or fits interstitially between the solvent atoms to form an 



ALU m HUM. ATOMte ACR CENT 

Flu. 4. — Lattice oonutants and densities of silver-aluminum alloys. (Foote, and JeUv.) 

interstitial solid solution, or replaces more than one solvent atom to 
form a defect lattice. Within a two-phase region of a binary diagram, 
on the other hand, the lattice spacings of each pha.se arc invariant with 
composition at constant temperature. The spacings of each phase are 
those corresponding to alloys with compositions at the ends of the tie 
line* drawn on the binary diagram through the point representing the 
two-phase alloy. For example, in Fig. 3 the alloy P will yield the .super- 
imposed diffraction .spectra of the a phase of composition x and the /3 
phase of composition y, which are at the ends of the tie line through P. 
The lattice parameter of the a phase in this alloy will match some point 
on the lattice-parameter curve for the a field, a curve that is deter- 
mined by quenching from the temperature at which solubility is a maxi- 

* A tie line is a line joining the two points that give the composition of the two 
coexisting phases in equilibrium. 
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mum; the composition corresponding to the point of equal lattice param- 
eter will be the composition of the a phase on the boundary of the a 
field at the temperature chosen. To locate the entire curve giving the 
limit of solubility for the a phase, it is merely necessary to homogenize 
alloys in the two-phase region at a scries of temperatures, to determine the 
corresponding lattice parameters after quenching from these tempera- 
tures, and to compare these parameters with the parameter curve^ for 
the solid solution. For example, in an investigation of the Ag-Al system 
the data in Fig. 4 were first assembled, then the parameters were deter- 



Aluminum, Atomic Per Cent 

Fig. 5. — Constitution diai^rain of silver-noIi silver-aluminum alloys determined with the 

aid of Fig. 4. {Foote and Jelte,) 

mined for alloys in the adjoining two-phase field after quenching from 
the homogenizing temperature. Comparison of the quenched parameters 
with Fig. 4 gave the solubility limits shown in Fig. 5.^ 

Accuracy of the Parametric Method. — It is well to review the diffi- 
culties that may be e^icountered with this parametric method. The 
accuracy with which the solubility limits can be determined is directly 
proportional to the slope of the lattice-parameter curve in the single- 
phase region; the method is unworkable when there is no variation in 
lattice dimensions with composition as, for example, in aluminum-rich 
Ag-Al alloys. Unless suitable precautions are taken, this parametric 

* F. Foots and E. R. Jbttk, Trans. A.I.M.E., vol. 143, p. 151, 1941. 
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curve may be in error as a result of (1) improper removal of segregation 
in the sample; (2) oxidation; (3) sublimation; (4) contamination by 
diffusion from adjoining solids or by reaction with vapors; (5) internal 
strains resulting from (pienching, filing, or grinding the samples; and 
(6) alteration of surface composition by the selective action of an etchant. 
The data from the two-phase region is subject to the same errors, espe- 
cially^ those arising from the lack of equilibrium in the specimen. When 
the degree of supersaturation in a two-phase alloy is slight and the rate 
of diffusion is slow, it sometimes requires prohibitive annealing times to 
reach equilibrium; it is then advantageous to speed up the equilibration 
by cold-working the alloy before the annealing treatment. In other 
cases, reaction rates are so fast that it is difficult or impossible to retain 
the high-temperature state by quenching. 

The devices used to minimize these difficulties are varied and must 
be altered to fit particular cases. A technique that gives excellent 
results when it can be employed is as follows: The alloy is first homo- 
genized, then powdered by filing (or crushing) ahd sealed into small 
capsules of glass or silica. The capsules are annealed at the required 
temperatures for a sufficient number of hours to produce equilibrium and 
are then plunged into water and smashed immediately, so that the hot 
particles of powder are individually brought into contact with the quench- 
ing medium and are cooled instantly. The powder is then collected, 
dried, and mounted for use in the x-ray camera. Intc^rnal strains from 
<iuenching are avoided by the .small size of the individual particles, and 
decomposition of the high-temperature state is minimized by the drastic 
quench. 

Anyone who finds he is not critical of the technique used in the aver- 
age x-ray investigation of an alloy diagram should read a discussion by 
Hume-Rothery and Raynor' in whic4i it is pointed out that filings from 
a two-phase alloy are likely to consist chiefly of .single-phase particles, 
and these quite commonly are different-size partichis from the different 
phases. In such ca.ses the composition of the filings varies with the 
finenes.s of the sieve through which they are passed. In an extreme 
case only one phase of a two-phase alloy passed a 250-mesh screen. 
Chemical analyses of filings require particular care. Computing the 
percentage of one element by diffca’cnce is wholly unreliable, for dust, 
moisture, etc., may amount to as much as 1.0 percent when filing is done 
under ordinary conditions. Filing and screening under argon is recom- 
mended. Inadequate quenching of filings permits decomposition of 
phases and causes incorrect results like those shown by the dotted lines 
in Fig. 6. The solid lines were determined by methods in which pre- 
cipitation was prevented. 

* W. Humb^-Rothehy and G. V. Raynok, J. Sci. Instruments, vol. 18, p. 74, 1941. 
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Naturally, the accuracy attained in any diagram is dependent upon 
the accuracy of the x-ray technique, which means that back-reflection 
powder cameras should be used, with proper corrections for film shrink- 
age and other instrumental errors. The design of slits to give diffraction 
lines of suitable sharpness without excessively long exposures is a matter 
of some importance; the details of camera design are also of considerable 
importance when the method of disaijpearing phases is employed. 



Fm. 6. — Phase diagrams of /:i-phaso regions of Ag-Zn and Cu-Zn alloys. Dotted linet- 
resulted from unsatisfactory x-ray technique, solid lines fiom satisfactory technitjue. 
{Humfi-Rothery and Raynor.) 


Ternary Diagrams.— The commercial importance of ternary and 
more complex alloys has foctised an incroa.sing amount of attention- on 
them in recent years. X-ray methods have proved very fruitful with 
ternary alloys, both in rough survey work and in more precise deter- 
minations of diagrams. Owing to the fact that the individual regions 
within a ternary equilibrium diagram may represent single-phase, two- 
phase, or three-phase equilibria, the principles governing ternary dia- 
grams and their determination necessarily differ somewhat from those 
employed with binary alloys. 

To plot the phases in a three-component system, it is best to use an 
equilateral-triangle plot. The three pure metals are represented by 
the corners of the diagram, as indicated by the letters A, B, C in Fig. 7. 
All the binary alloys of these metals will be represented by points along 
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the boundaries of the tiiangle, and alloys containing all three components 
will lie within the triangle. The location of a point within the triangle 

gives its composition; thus the alloy 
P in Fig. 7 contains amounts of 
metals A, B, and C in proportion to 
the perpendicular distances PX, PY, 
and PZ respectively.^ The same 
principle holds, of course, for points 
along the boundaries where the alloys 
contain only two metals. Atomic 
percentages are of more .significance 
than weight percentages in deter- 
mining the extent of phase fields 
and are usually preferred in research 

Fio. 7. — Triangular plot foi teinaiy WOrk. 

systemb. Figure 8 illustrates a possible 

disposition of phase fields in a ternary diagram and gives the equilibrium 
relations for one temperature. It is an isothermal section through a 
three-dimensional plot having the composition triangle as a base and 
temperature as the ordinate. A succession of such plots for different 
temperature levels would be necessary 
for a full specification of the ternary 
constitution, but usually only a few 
are of suflScient practical importance 
to be mapped out in detail. 

The geometry of an isothermal 
diagram is important, for the x-ray 
method depends upon it. Three- 
phase fields are always triangular. 

They always have boundaries in com- 
mon with two-phase fields and comers 
that touch one-phase fields at cusps 
on the one-phase boundaries. ^ 

The tie lines within the two-phase 
fields, which give the compositions 
of the two coexisting phases, are straight lines that never cross each other 
and that change in direction gradually from one side of the area to the 
^ This method of plotting is possible because the sum of the perpendicular dis- 
tances from any interior point to the three sides is always the same, a length which is 
taken as 100 percent. 

* Certain rules govern the angle relationships that are permitted at these corners. 
ExtrapSlation of the single-phase boundaries at a corner should result either in two 
lines extending into the three-phase triangle or in two lines extending into the two- 
phase regions, but not in one line extending into each, 



Fig. 8. — Isothermal section of a 
hypothetical ternary diagram showing 
one-, two-, and three-phase fields as 
open, ruled, and Idack areas respec- 
tively. 
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other. The relative proportion of two phases in equilibrium is given by 
the lever relation just as with binary alloys. Referring to Fig. 8, the 
fever principle applied to alloy P gives 

A mount of a = length of Py 
Amount of /3 = length of Px 

or, equivalently, Py/xy of the total alloy is a. 

Jn any three-phase region the compositions of the coexisting phases are 
given by the three corners of the three-phase* tiiangle and are independent 
of the over-all composition of the alloy. The relative proportion of the 
phases present in a three-phase region may be found by the construction 
shown in Fig. 9, where an alloy P lies within a three-phase region con- 
taining a, /3, and y phases. The amounts of the individual phases are 
given by drawing a line through P and one corner of the three-phase tri- 
angle and sotting up ecpiations of the typo 


and 


Amount of = length of Px 
Amount of (a -f- 7 ) = length of Pv 

A mount o f a = l ength of xw 
Amount of 7 = length of xu 


Disappearing-phase Method in Ternary Diagrams. — Boundaries of 
two-phase regions and corners of three-phase regions can be located by 
applying the above relations to the relative intensities of the spectra of 
the individual phases. This procedure is analogous to the disappear- 
ing-phase method discussed in connection with binary diagrams. It 
has been employed with marked success by Bradley and his associates^ in 
various ternary systems of iron, nickel, aluminum, and copper, although 
it has not been held in high regard by many investigators, perhaps for 
the reason that full use is not often made of intensity data and the lever 
relations mentioned above, and perhaps because imperfectly crystallized 
transition lattices may exist that lead to diffuse spectra of the minor 
constituent. Bradley and Lipson succeeded in detecting a phase when 
it was only of the total alloy and regularly used films showing a 
phase that constituted only of the specimen, usually employing for 
this purpose a cylindrical camera of 19 cm. radius, nicely adjusted, with 
suitably chosen radiation that had been passed through a filter. 

Parametric Method in Ternary Diagrams. — While the method of 
disappearing phases is useful for survey work, there seems no doubt 

lA. J. Bradley, H. J. Goldschmidt, H. Lipson, and A. Taylor, Nature, vol. 
140, p. 543, 1937. A. J. Bradley and H. Lipson, Proc. Roy. Soc. (London), vol. 
A167, p. 421, 1938. A. J. Bradley, W. L. Bragg, and C. Sykes, J, Iron Steel Inst., 
vol. 141, p. 63, 1940. 
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that lattice-parameter measurements are required for precision determina- 
tions of ternary diagi’ams, just as with binaries. The principles involved 
have been summarized by Bradley and his co workers^ and in greater detail 
by Andersen and Jette.^ 

The investigator first determines the variation of the lattice spacings 
within the single-phase regions of the three binary constitution diagrams, 
then over the single-phase regions of the ternary diagram. He then 
prepares diffraction patterns for alloys in the three-phase regions and 
uses the principle that each ph^e in any three-phase alloy will have the 
same lattice spacings as the alloy at the corresponding corner of the three- 
phase triangle. For example, the alloy P in Fig. 9 will contain an a 
phase with the same parameter as alloy u. Thus comparison with the 

spacings of the one-phase regions 
touched by the triangle corners will 
immediately locate the position of the 
corners and thereby the whole trian- 
gular region. By locating the three- 
phase triangles in this W'ay, the 
investigator has also located some of 
the boundaries of the contiguous 
two-phase regions. The remaining 
boundaries of each two-phase area are 
located by mea.surements on a scries 
of alloys within the area. Each alloy 
will give the superimposed spectra of 
the two alloys at the ends of the tie line through the point representing 
the alloy. Turning again to Fig. 8, for example, the alloy P will yield 
the spectra of alloys x and y. The lattice spacings of x and y, of course, 
will coincide with the spacings for certain compositions in the single- 
phase regions and will thereby determine the compositions of the ends 
of the tie line. With a series of alloys in the two-phase region, a series 
of points will be determined on the cuiwcd boundaries of the region. 
The fixing of all boundaries of thrce-pha.se and two-phase regions com- 
pletes the diagram, for the one-phase regions are then fully outlined. 

Laborsaving Principles. — Let us now consider how the labor can be 
minimized in this procedure. By judicious choice of alloys the number 
that must be studied to work out a ternary system can be greatly reduced. 
Bradley and Taylor,® for example, used 130 alloys spaced as much as 
possible near the boundaries of one-phase regions and obtained results 



Fig. 9.- 


-The lever principle in three- 
phase ternary fields. 


^ A. J. Bradley, H. J. Goldschmidt, H. Lipson, and A. Taylor, Nature, vol. 140, 
p. 543, 1937. 

2 A. G. H. Andersen and E. R. Jette, Tram, A.S,M,, vol. 24, pp. 376, 619, 1936. 
® A. J. Bradley and A. Taylor, Proc, Roy, Soc, {London), vol. A166, p. 363, 1938. 



DETERMINATION OF CONSTITUTION DIAGRAMS WITH X-RAYS 189 


comparable in accuracy with those that would have been obtained With 
741 alloys equally spaced at 2.6 atomic percent intervals. Their choice 
of alloys for an x-ray investigation of the system Fe-Ni-Al is shown in 
Fig. 10, with open, half-filled, and filled circles indicating alloys that we’re 
found to contain one, two, and three phases, respectively. The ternarj”^ 
diagram derived from these data is reproduced in Fig. 11. 

As a rule, the phases along the three binaries extend considerable 
distances into the interior of the triangle, and there are relatively few 
single-phase regions that are entirely divorced from the boundaries. 


A/i 



Fig. 10. — Plot of alloy compositions used in an x-ray investigation of the iroii-nickel- 
aluminum system. Open, lialf-filled, and filled circles represent alloys found to contain 
one, two, and three phases, respectively. (A. Bradley and A. Taylor y Proc. Roy. Soc, 
(London) y vol. A 160, jj. 353, 1938.) 


There also appears to be a tendency in some ternary diagrams for the 
phase boundaries and the tie lines to run roughly parallel to the lines of 
equal ratios of valence electrons to atoms — an extension of the Hume- 
Rotheiy rule in binary alloys. When similar structures occur at similar 
electron-to-atom ratios on two of the binaries, it is not unlikely that a 
single-phase region will extend entirely aci’oss the ternary triangle from 
one to the other, as in the case, for example, in the Fe-Ni-Al system 
where a phase exists that has a cubic structure with aluminum atoms at 
cube corners and iron or nickel atoms at cube centers and extends from 
the composition NiAl across to the composition FeAl (see Fig. 11). 
These rough generalizations .enable the investigator to guess somewhat 
more readily the possible configuration of the phase fields and thereby 
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minimize the number of alloys to be made. It has been remarked that 
the mapping of a ternary is often less laborious — after the component 
binaries are known — than mapping out a single complicated binary 
system. 

Interpolation is important if one is to reduce the labor of the lattice- 
parameter method of fixing the phase boundaries. Andersen and .lette^ 
have developed a convenient way of interpolating in ternary diagrams 
based on plotting the lattice parameters for any phase as ordinate on the 
composition triangle as a base. In such a three-dimensional plot, the 


Ni 



Aluminum, Atomic Per Cent 


Fio. 11. — Diagram based on the data of Fig. 10. Single-phase fields are unshaded, 
two-phase fields are ruled with tie lines, three-phase regions are black. Superlattices arc 
present but are not indicated. 

parameters will form a .surface — the “parametric surface.” This surface 
will have the following properties illustrated by the drawing in Fig. 12, 
which is supposed to represent the a-phase parametric surface for Fig. 8. 
In three-phase regions it will be a horizontal plane of constant parameter. 
In two-pha.se areas it will be, in general, a curved surface; horizontal 
sections through this will be .straight lines identical with tie lines. In 
one-phase regions, the parametric surface is generally curved and need 
not contain any sections that are straight lines. The surface for a single- 
phase region must intersect the surface for the adjoining two-phase 
region along the boundary line between the^ regions (generally a curved 

> A. G. H. Andsrsen and E. R. Jate, Trans. A.S.M., v,pl. 24, pp. 376, 519, 1936. 
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line) and must touch the three-phase parametric plane at the corner of the 
three-phase triangle.. 



Fill. 12. — Sketch of a-phase parametric surface for the hypothetical diagram of Fig. 8. 

With these facts in mind, it is not difficult to interpret the parameter 
measurements in terms of phase boundaries or to devise schemes for 



Fig. 13. — Parameters along sections of constant iron content in iron-chromium-silicon 
alloys, projected on a plane of constant iron content. (A. G, H, Andersen and E, R, Jette^ 
Trans, Am. Soc. Metals, voL 24, pp. 375, 519, 1936.) 

interpolation. Andersen and Jette recommend instead of a solid model 
of the surface, which is a cumberaome device to use, a series of vertical 
sections of the surface projected orthogonally u])on a plane. Figure 13 
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illustrates this procedure for the phase in the iron corner of the Fe-Cr-Si 
system, where a family of similarly shaped parameter curves have been 
drawn through the experimental points labeled Fe, 6, 9 ... 63. It will 
be seen that the method of drawing these parameter curves amounts to 
graphical interpolation both in the plane of constant iron content and in 
the direction perpendicular to this plane. A horizontal section through 
this plot gives the compositions along a contour of the parametric surface, 
which can then be plotted as a contour map on the compasition triangle, 
as in Fig. 14. The solid lines in this figure indicate the single-phase 
region and the dotted lines the adjacent two-pha.se regions who.se contours 



Atomic Per Cent Silicon 

Fit}. 14. — Parametric surface mdiratetl by contours of etjual parameter derived from 

Fig. 13. 

must connect at the phase boundary Avith those in the single-phase 
region. When these two surfaces intersect at an appreciable angle the 
boundary can be fixed with accuracy, but when the contours pass from 
one to the other without a distinct change in dii’ection the investigator 
must re.sort to the method of disappearing phases to place the boundary. 
When it is found that the tie lines of a two-phase field converge to a point, 
it must be concluded that a compound of substantially invariant com- 
po.sition occurs at that point, and from the degree of convergence the 
extent of the homogeneity range of this phase can be estimated. A 
suitable choice of vertical sections through the parametric surfaces near a 
phase boundary aids in making the exact position of the boundary 
evident. 
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The iron corner of the Fe-Cr-Si diagram determined by x-rays is 
reproduced in Fig. 15. Solubility limits are shown for three tempera- 
tures, obtained by quenching the powdered samples from homogenizing 
temperatures of 600, 800, and 1000°C., respectively. 

Quasi-binary Systems. — Consider the case of a binary system A-B 
containing an intermediate phase that melts congruently, i.e., with 
liquidus and solidus meeting at a maximum, say at the composition 
AmBn. It usually occurs that the phase at AmBn divides the binary 
diagram into two independent partial .systems, viz., A-AmBn and AmBn-B, 
each of which is represented by a diagram obeying all the rules of a true 



Fi(i. 15. — The iron -1 ich coiner of the iron-chromiuin-hilicon system determined by x-rays; 
isothoiinal sections at 600, 800, and 1000°C. 

binary .system, the compound or intermediate phase taking the place of 
an element. Now if this binary is one .system in a ternary diagram, 
A-B-C, it may occur that the A^Bn pha.se also acts as an element in the 
ternary, dividing the diagram into independent partial diagrams. In 
such an event there will be a quasi-binary system between the phase 
AmBn and some other element or intermediate phase. If AmBn-C is such 
a quasi-binary .system, then the line between A„Bn and C will be a tie 
line in any two-phase region on this line, and no tie lines will cross it. 
X-ray spectra of any alloy on one side of this line will show only the 
sjjectra of phases on the same side of the line and none from phases 
on the other side. The division of the ternary diagram into two partial 
diagrams by the quasi-binary line simplifies the work of interpretation. 
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If congruently melting compounds occur on two or more binary 
diagrams of a ternary diagram, then a number of quasi binaries may exist. 
A rapid survey of the diagram is possible by first locating which of the 
possible ones, if any, actually exist. A short-cut method of accomplish- 
ing this was worked out by Guertler {Kldrkreuzverfahren) and is illustrated 
in the isothermal section sketched in Fig. 16. The method is based on 
the rule that qvasi-binary lines cannot cross each other. Thus the quasi 
binaries in Fig. 16 may be any of those shown as dashed linos except that 
AB-C and AC-B cannot both exist. Therefore, examination of an alloy 
P at the intersection of two passible quasi binaries will reveal which of 
these two systems, if any, actually exist. For example, if the alloy P 
shows by microscopic or x-ray examination only the phases AC and B, 


B 



Fig. 16. — Possible quasi-binaiy hues 
in a ternary diagram with congruently 
melting compounds AB and AC. 



Fio. 17. — A simple isothermal sec- 
tion based on quasi-binary AB-AC and 


AC-B. 


then it is inferred that A C-B is a (juasi binary. Then if another alloy is 
examined on the line AC-AB and shows only phases AC and AB, it can 
be inferred that the i.sothcrmal section has three partial diagrams and 
may appear as in Fig. 17, or it may contain other fields in addition to 
these. Naturally, merely the examination of one isothermal section 
cannot establi.sh whether or not a quasi binary exists between two com- 
ponents at all temperatures or only over a limited range of temperatures. ^ 
A complete exploration of a diagram, cither binary or more complex, 
requires the use of the older methods, particularly in the range of tem- 
peratures near the liquidus and solidus. 


* If ternary compounds exist within a ternary diagram, these may also act as com- 
ponents of various quasi-binary systems, connecting them with other compounds 
or with the comers of the ternary. The distributions that are possible are discussed in 
R. Vogel, Der Heterogenen Gleichgcwichte, vol. II, “Handbuch der Metallphysik,” 
Akademische Vcrlagsgesellschaft m.b.H.,Ijeipzig, 1937, and in J. S. Marsh, “Principles 
of Phase Diagrams,” Mc(lraw-Hill, New York, 1935. An analogous short-cut method 
is useful in quaternary diagrams. 
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Complexities. — It might be well to remind the reader that alloys often 
are not so simple as they might be. If they have not been brought to 
('(juilibrium, they may not obey the phase rule. They may contain 
t ransition stmctures that disappear on further annealing, as, for example, 
martensite, the familiar transition stnicturc forming from the eutectoid 
inversion in the Fc-C system; or the O' phase that forms during the first 
stages of precipitation from the aluminum-rich matrix in Al-Cu alloys 
and later decomposes to the stable precipitate. These transition states 
may be fully developed three-dimensional crystallites, or they may be 
segregated layers or imperfectly formed structures capable of developing 
only two-dimensional grating diffraction, as in the case of binary Al-Ag 
alloys' and the ternary alloys of Fe, Cu, and Ni.^ Alloys that have not 
been brought to ctiuilibrium may contain phases that are supercooled 
from a region of stability at higher temperatures. The presence of coring 
in crystals that solidified from the melt may cause weak and diffuse x-ray 
diffraction linos that are seen with difficulty. 

The obs<!rver may find the atoms in his alloy distributed on the atomic 
sites of a phase in any degree of order from complete randomness to com- 
plete order; i.e., he may find a superlattice of one of the types discussed 
in Chap. Xll. When he inserts superlattice data on his phase diagram 
and draws the boundaries of the temperature-composition region in which 
it exists, he is usually at a loss to know whether the lines obey the phase 
rule or not. Actually it remains uncertain whether the lines should 
obey the jdiase rule — whether, for instance, there should be I’egions where 
two phases having different compositions are in equilibrium with each 
other, the one, partially ordered and the other disordered. Data appeal' 
inadequate to decide the (piestion and the observer is free to draw con- 
ventional line's obeying the phase rule, as in the jS' phase of the Cu-Zn 
diagram of Fig. 1 (which is a superlattice), or he may draw in dotted lines 
of highly unconventional character that violate the phase rule but that 
represent the diffraction data nicely. In either case, his choice will 
jirobably enrage some serious stu<lent of phase diagrams; but, in either 
case, if the work has been done with care, the published diagram will be 
worth while and a needed contribution to our very limited knowledge of 
the constitution of alloys. 

1 C. S. Barbk'I'T, a. H. CJkislkr, and K. F. Mkhl, Trans. A.T.M.E., vol. 143, 
p. 134, 1941. 

* A. J. Bradley, W. L. Bragg, and C. Sykes. J. Iron Steel Inst., vol. 141, p. 63, 
1940. 
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THE STRUCTURE OF METALS AND ALLOYS 

Numerous summaries of crystal structures have been published, the 
most extensive being the various volumes of ‘^Strukturbericht by P. P. 
Ewald and C. Hermann,^ which contain abstracts of all x-ray crystal- 
structure determinations from 1913 to 1936. More condensed listings of 
structures are available in numerous recent books.- Phase diagrams for 
metallic systems are covered in the ('xtensivc book by Hansen'* and else- 
where. ‘ The treatm(uit in this chapter and the two following chapters 
does not attempt a complete listing of structures but is directed toward a 
correlation of the structunvs and an understanding of the principles under- 
lying the structures of the metallic phases. 

Crystals may be classified as to types of binding forces as follows: 

1. Metallic crystals consist of positive ions immersed in a ‘‘gas'' of 
negative electrons. The attraction of the i)ositive ions for the negative 
electrons holds the structure together and balances the repulsive forces 
of the ions for (mo another and of the electrons for other electrons. The 
electrons move freel}" through the lattice and provide good electrical and 
thermal conductivity. 

2. Ionic crystals aie bound together by the eh^ctrostatic attraction 
between positive and negative ions. They are combinations of strongly 
electronegative and electropositive elements. In NaCl, for example, the 
electron affinity of chlorine' atoms causes a transfer of electrons from the 
electropositive sodium atoms to yield Na+ and Cl” ions. 

3. Covalent crystals (“homopolar," or “valency,'' crystals) are held 
together by t he sharing of elect rons betwe^en neighboring atoms. Diamond 

^ Publishf<l serially in Z. K/is(. and also as si*paratc voluiiios by Akadoinis(;ho 
Verlagsgosellschaft ni.b H., Loi])zig, 1931 ff. 

2 R. W. Cm. Wy('Koff, “The Struftiire of Crystals/^ 2d cd., 1931, and ‘‘Supplement 
to the Second Edition,” Ueinhold, New York, 1935. R. Glockkr, “ Materialpnifung 
mit Rontgcnstrahlen,” Springer, Berlin, 193(5. C. H. Douglas Clark, “The Fine 
Structure of Matter,” Wiley, New Yc.rk, 1937. W. Hume-Rothkry, “The Structure 
of Metals and Alloys,” Institute of Metals, TAuidou, 1936. U. Dehlingkr, “Git- 
teraufbau mctallischer Systeine,” “Handbuch dor Metallphysik,” vol. I, Akadeinische 
Verlagsgesellschaft, rn.b.H., Leipzig, 1935. 

® M. Hansen, “Der Aufbau der Zweistofflegh^rung,” Springer, Berlin, 1936. 

^Metals Handbook, A.S.M., Cleveland, Ohio, 1939. G. Sachs and K. R. Van 
Horn, “Practical Metallurgy,” A.S.M., Cleveland, Ohio, 1940. E. Janec’ke, “Kurz- 
gefasstes Handbuch aller Legierungen,” Otto Spaincr, I.eipzig, 1937. Alloys of Iron 
Research, Monograph Series, McGraw-Hill, New York. 
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is a typical example, in which each carbon atom shares its four valence 
electrons with the four nearest neighbors and thus completes an outer 
shell of eight electrons in each atom. The crystals are characterized by 
poor conductivity and great hardness. 

4. Molecular crystals are composed of inactive atoms or neutral 
molecules bound by weak van der Waals forces. They have low melting 
points. Typical examples are the rare gases. 

Many cry.stals are intermjidiatc between these “ideal” types. For 
example, some, alloy phases have metallic conductivity and other proper- 
ties associated with metallic binding yet at the same time resemble cova- 
lent crystals. 


STRUCTURES OF THE ELEMENTS 

The crystal structures of the elements are listed in Appendix VII. 
We arc concerned here w’ith th(‘ more common typos and their relation to 
the periodic table. 



Body- Centered 
Cubic 



Face-Centered 

Cubic 



Close Packed 
Hexagonal 


1. — The priueipal strurtiires of the metals. 


The structures of most metals are face-centered cubic (f.c.c,), hexago- 
!ial close-packed (h.c.j).), or body-centered cubic (b.c.c.) (Fig. 1). These 
are structures in which each atom is surrounded by 12 or 8 near neighbors 
in out! of the sim])le ways of packing spheres. Klements in the same group 
of the periodic table tend to have the same structure.s — for example, the 
alkali metals Li, Na, K, Rb, Cs are all b.c.c.; Be, Mg, Zn, Cd are h.c.p.; 
Cu, Ag, All are f.c.c., as are most of the eighth-group elements in at least 
one of their modifications. 

^'ho electropositive elements, those toivard the left of the periodic 
tabic (Fig. 2), tend to have these stnictures. In this class are the alkali 
metals with one valence electron, the alkaline-earth elements with two 
valence electrons (Be, Mg, Ca, Sr, Ba), and most of the transition ele- 
ments in which the process of forming a new shell of electrons awaits the 
filling of interior shells. The latter are boxed in the figure and include 
21 Sc to 28 Ni in the first long period, 39 Y to 46 Pd in the second, and 57 
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La through the rare earths to 78 Pt in the third. Because of their low 
electron affinity, these elements give up their valence electrons to the 
electron gas. 

Hexagonal close-packed and face-centered cubic crystals are much 
more closely related than would appear from Fig. 1. Both aie structures 
that represent spheres in closest packing. In the h.c.j). structure the 
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Fig. 2. — The periodic table. 


close-packed (0001) layers are stacked above each other in the sequence 
ABAB . . . ; Lc., atoms of the third layer are directly above those of the 
first. In the f.c.c. structure the [111] planes have the same h.c.p. array 
of atoms and are stacked in the sequence ABC ABC ... so that the 
fourth layer is directly above the first. The atoms in each layer fit in the 
hollows of the layer beneath. Tightly packed rows of atoms iTin in six 
directions through h.c.p. and f.c.c. structures and in four directions 
through the less densely packed b.c.c. lattice. 
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The S ~ N Rule. — The B subgroup elements, in which the outer shells 
are again in the process of being filled, are in general less closely packed. 
The binding becomes more a covalent binding between certain neighbor- 
ing atoms instead of a binding among positive ions and electrons. The 
homopolar character increases toward the end of the periods until it is a 
true covalent bond in the diatomic molecules F 2 , CI 2 , Br 2 , and I 2 . 

Most of the structures in the B subgroups follow Bradlej'^ and Hume- 
Rothery’s interesting “S — N rule,” which states that each atom has 
8 minus N close neighbors, where N is the number of the group to which 
the element belongs. 



Fio. H . — Tlic structure of diamond, (a) Projection on the basal plane. Fractions 
in circles indicate heights above the basal plane, (h) Perspective drawing, showing that 
each atom has four nearest neighbors. 


Consider first the structure of diamond. Fig. 3. The atoms arc 
arranged on two interpenetrating f.c.c. lattices. Projected upon the 
basal plane the atom positions are as indicated in Fig. 3a, where the 
fractions give the coordinate normal to the plane of projection. A per- 
spective view of the structure. Fig. 36, shows more clearly that each atom 
has four near neighbors.^ Gray tin. Si, and Go of Group IVb also have 
this diamond cubic stmcture with coordination number 4. 

In Group V b, As, Sb, and Bi have rhombohedral structures with each 
atom surrounded by three (Fig. 4). Group Via has Se and Te with the 
structure of Fig. 5, in which the atoms are linked in chains with each atom 
having two neighbors. There is only one nearest neighbor to each atom 
in solid iodine. Fig. 6, for which 8 — JV =* 1. The pairs of iodine atoms 

‘ Neither of these common ways of drawing crystal structures shows the effective 
size of the atoms in relation to their distance apart, for they are usually spheres in 
contact with the nearest neighbors. Only the positions of the atom centers are 
indicated. 
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correspond to the diatomic molecules of the other elements of this group. 
The S — N rule does not apply to Group Ills (B, Al, Ga, In, Tl), but 



Fig. 4. — ^The stiucture of autiinoiiy. 
Each atom has throe nearest iieighbor^, 
as indicated by the connecting lines. 


there seems to be some effect of the 
rule in Group IIs. In this group, Hg 
crystallizes in a simple rhombohedral 
lattice, equivalent to a distorted 
simple cubic, in which there are 
six nearest neighbors for each atom. 



Fig. 5. — Tlie structure of tellurium. 
Atoms are ai ranged in spiral chains in 
which eacli atom has two nearest 
•neighbors. 


Also in this group are h.c.p. Zn and Cd, but the unit cells of these metals 
are not the normal shape expected of close-packed spheres {c/a = 1.633) 



a b 

Fio. 6. — The structure of iodine, (a) Projection on (010) plane. Fractions indi- 
cate distances below the plane of the paper. (6) Drawing showing the packing of iodine 
atoms in the structure. {Wyckoff.) 


but are stretched along the c-axis to axial ratios of approximately 1.9. 
Consequently, each atom has six nearest neighbors in the (0001) plane 
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in which it lies, while the atoms in the planes next above and below this 
are more distant. 

Allotropy. — Many of the elements exist in more than one form (see 
Appendix VII). ^ The low-temperature b.c.c. structure of iron (a-Fe) 
changes to f.c.c. at 910° (y-Fe) and reverts to b.c.c. again at about 1400° 
(5-Fe). A similar reversion seems to occur in cobalt where a f.c.c. phase 
divides two h.c.p. ranges. Usually, however, the various modifications are 
different, as in manganese where the a, /3, and y forms have 58, 20, and 2 
atoms per unit cell, respectively. The familiar white form of tin (jS) is 
tetragonal, while the gray form (a) is stable below 18°C. and has the 
diamond cubic structure. This low-temperature form is the “tin pest” 
to which tinned articles are sometimes subject when exposed to cold 
weather. Some of the reported allotropic changes are based on inade- 
quate experimental data^ — for example, heats of recrystallization may be 
mistaken for latent heats of transformation. Some polymorphic modifi- 
cations have been found in electrolytic deposits that are not seen under 
ordinary conditions. 

Bridgman^ has shown that many unusual allotropic forms of the 
elements appear at high pi-essures. The transformations with increasing 
pressures are always to more dense modifications, an expression of Le 
Chdtelier’s principle. 


SOLID SOLUTIONS 

T3rpes of Solid Solution. — The lattice of nickel can accommodate 
atoms of copper without losing its f.c.c. structure. Substitution of copper 
atoms for nickel atoms on the f.c.c. lattice points is an example of the 
formation of a substitutional solid solution. In the Cu-Ni system the two 
elements can be substituted in all proportions and are said to form a con- 
tinuous series of solid solutions. All alloys of the system consist of a f.c.c. 
lattice with copper and nickel atoms distributed at random on the lattice 
points. A continuous series of solid solutions is found only between 
elements of the same crystal structure and only when the sizes of the 
solute and solvent atoms are not too different. 

Addition of an element in substitutional solid solution may either 
increase or decrease the lattice parameter, as shown by examples in Fig. 7. 
Usually the unit cell is enlarged by dissolving atoms larger than those of 
the solvent and contracted by dissolving atoms smaller than the solvent 
atoms. This is not always true, however; for example, some Ag-Au 
alloys have a smaller unit cell than either silver or gold (see Fig. 8) . To a 
rough approximation the lattice parameters in substitutional solutioas 

‘ Polymorphism among the elements is termed allotropy. 

* P. W. Bridgman, Phys. Rev., vol. 48, p. 893, 1935; Proc. Natl. Acad. Sci., vol. 23, 
p. 202, 1937. 
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vary linearly with composition expressed in atomic percent. This rule, 
Vegard’s law, is indicated by dot-dash lines in Figs. 7 and 8, and the 
deviations from it are seen to be marked.^ Lattice constants may be 
smaller than, equal to, or greater than those predicted by Vegard’s law. 
The law holds for Au-Pt, Au-Pd, Mo-W, Pt-Ir, Pt-Rh, Pb-jS-Tl, and 
possibly Sb-Bi; but negative deviations (smaller lattice constants) are 
found in the systems Cu-Ni, Au-Ag, Ag-Pd, Ag-Pt, Co-Ni, and Cr-Fe and 
presumably indicate a specific attraction for the unlike atoms. Positive 
deviations are found in Cu-Au, Cu-Pd, Fe-Cr (at the Fe end) and at both 



At.— Per Cent 

Fio. 7. — Lattice constants in systems exhibiting a continuous series of solid solutions. 
Dot-dash lines indicate Vegard’s law. 

ends of the eutectic system Cu-Ag. Atoms of very similar size and 
electronic structure tend to form systems in which Vegard’s law is fol- 
lowed, while negative deviations tend to occur in those systems in which 
intermetallic compounds are formed. ^ 

1 R. F. Mehl points out that the cube of the lattice parameter rather than the 
parameter itself is a more logi(!al quantity to plot when considering deviations from 
the rule of mixtures in atomic percent. {Trans, vol. Ill, p. 91, 1934; R. 

F. Mehl and B. J. Mair, J, Am. Chem. Soc.j vol. 50, p. 55, 1928.) The effect of plot- 
ting the parameter cubed or the volume per atom against atomic percent is to lower 
the curves, making positive deviations from the rule of mixtures less marked, making 
‘‘ideal'' Vegard's law curves show negative deviations, and increasing the magnitude 
of negative deviations from the rule of mixtures. When atoms are nearly the same in 
size, the methods of plotting differ but slightly. 

* A. Westgrkn and A. Almin, Z. physik, Chem,, vol. B5, p. 14, 1029. E. R. 
Jettr, Trans. A.I.M.E., vol. Ill, p. 75, 1934. 
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As a rule, alloy systems in which the liquidus is convex, i.e., bulges 
upward, give negative deviations, while the opposite is true for systems 
with a concave liquidus A Atomic radii are altered by changes in coordi- 
nation number; decreasing the coordination number from 12 to 8 decreases 
radii 2 to 3 percent. This alters the predicted “rule of mixtures” 
curve slightly for .systems in which the elements crystallize in different 
structures.^ 

Interstitial solid solutions are formed when light atoms with small 
radii are accommodated in the interstices of the lattice of a solvent. The 
solid solution of carbon in y-Fe (austenite) is an example of this type; the 
iron atoms are on f.c.c. lattice points, and the carbon atoms occupy 
interstitial positions. The largest “holes ” in the lattice are at the points 



Afomic Percent Silver 

Fig. S.“- Latiieo roiistants m the silver-gold system, showing negative deviations from • 

Vegard’s law. 

^00 and Fig. 9, and here the small carbon atom is able to lit in 
with only a slight expansion of the unit cell.*^ The elements H, B, C, 
and N tend to take up interstitial positions in alloys; all have radii less 
than l.oA. When a solvent lattice accepts one of these interstitially, 
there is always an expansion of the unit cell. 

Til multicomponent systems some atoms may be dissolved interstitially 
and others substitutionally. For example, in a manganese steel the 
manganese atoms are on lattice points, replacing iron atoms, and the 
carbon atoms are interstitial. 

^ F. Halla, ^‘Kristallchcmie iind Kristallphysik mctallischcr Werkstoffe,’' Barth, 
Leipzig, 1939. 

2 E. R. Jette, Trans. vol. Ill, p. 75, 1934. 

® In a b.c.e. lattiee like a-Fe there are ‘‘holes'* at positions of the type JOO and 
2 5 0 and others at positions of the type ^ iO; of the former type there are three holes 
per Fe atom and of the latter six per Fe atom (c/. C. H. Johansson, Arch. Eisenhiiitenw.^ 
vol. 11, p. 241, 1937; see also discussion of austenite, Chap. XXII, 
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A type of solid solution in which not all the lattice points of the stmc- 
ture are occupied is called a subtraction solid solution or a defect lattice. 
An example is the jS phase in the system Ni-Al, ‘ in which adding aluminum 
results in removing some nickel atoms from lattice points without alumi- 
num atoms’ having taken their place.® Another example is the phase 
“FeO,” in which there are vacant points on the lattice of iron atoms.® 
In some instances, a pair or a group of atoms may replace a single 
atom of an intermediate phase. ^ 

A solid solution at an extremity of a binary-alloy diagram is referred 
to as a terminal solid solution. . There are also intermediate pha.ses that 
are true solid solutions. These intermediate solid solutions may have 



1. a ^ 


oFe-Atom 

xCenfer of the largest 
empty space 




Iron with 
^ interstitial 
carbon 


(a) (b) Cc) 

Fig. 9. Holes in the 7-iron structure, (fi) Location of the largest holes in the b.c.c. 
unit cell are indicated by crosses, (ft) Atomic packing in 7-iron. Atomic radius is R,, 
(c) Atomic packing in austenite, with carbon atom of radius Rr dissolved interstitially, 
expanding the lattice. 


either narrow or wide ranges of homogeneity and may or may not include 
a composition having a simple chemical formula. One is justified in 
classifying intermediate phases as intermetallic compounds only if they 
have a narrow range of homogeneity and simple stoichiometrical propor- 
tions and if atoms of identical kinds occupy identical points on the lattice. 
In general, the term “compound” is inappropriate. The homogeneity 
range may not actually include a composition having a simple chemical 
formula — the phase “CuAl,” for example, exists in a homogeneity range 
that does not include the compo.sition CuAl. In systems such as Ag-Cd 
the € phase corresponds to the composition AgCd.?, but the structure is 
h.c.p., and it is impossible to place the Ag atoms on one set of equivalent 
points and the Cd atoms solely on another set; in fact, the two kinds of 

* A. J. Bradley and A. Taylor, Proc. Roy. Soc. {London), vol. A159, p. 56, 1937. 

* It is curious that when nickel is added, it replaces aluminum atom by atom. 

* E. R. Jette and F. Foote, J. Chem. Phys., vol. 1, p. 29, 1933. 

* M. VON Stackelbbrg, Z. physik. Chem., vol. B9, p. 437, 1930. 
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atoms are distributed at random on the atom positions, just as in a solid 
solution. Intermediate phases may be of any type between the ideal 
solid solution on the one hand and the ideal chemical compound on the 
other. Even a single alloy may be a true solid solution at high tempera- 
tures and yet resemble a compound at low temperatures if it becomes 
an ordered superlattice as is discussed later. 

Determination of the T3rpe of Solid Solution. — The types of solid solu- 
tions are distinguished from each other by density comparisons. The 
density of an alloy computed from an x-ray measurement of the unit-cell 
size will agree with the observed den.sity if the correct typo of solution is 
assumed. For a substitutional solid solution the calculated density pr is 
given by thd relation 

_ nA 
Po - vlf 

where n is the number of atoms contained in the unit cell of volume V, N is 
Avogadro’s number, and A is the mean atomic weight of the atoms. ‘ 

For an interstitial solid solution there is a contribution to the density 
by the interstitial atoms in addition to the contribution from the lattice- 
point atoms given by the above formula. There is usually a fraction of an 
interstitial atom, on the avei’age, in each cell. If we call this n* and let n 
be the number of lattice-point atoms per cell, then we may determine n* 
from the relation n*:n = atomic percent interstitial atoms: atomic per- 
cent lattice-point atoms. If the interstitial atoms have a mean atomic 
weight A *, their contribution to the density, to be added to the above pc, 
amounts to n*A*/VN. 

Generalizations Concerning Solubility. — Several factoi’s are now 
known that control the ranges of solubility in alloy systems: the type of 
crystal structure of the alloying elements, the relative sizes of the atoms 
(the “size factor”), the electronegativity of one element with respect 
to the other, and the concentration of valence electrons in the alloys. 
These factors are understood largely through the work of Hume-Rothery 
at Oxford University. ^ 

‘ The mean atomic weight is computed from the atomic percentages pi, pt, etc., 
of the elements comprising the alloy and the atomic weights A{, d 2 , etc;., with the 
formula 

T ^ PiAi , ptA i 

iOO 100 • 

The atomic percentages are obtained from weight percentages Wi, Wi, etc., by the 
relation 

A 1 mo 

~ Wi/Ai -f Wt/Ai + • • • 

® W. Hume-Rothery, “The Structure of Metals and Alloys.” Institute of Metals. 
London, 19.36. 
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Complete solid solubility of two elements in all proportions is never 
encountered unless^the elements have the same crystal stiructure and 
similar atomic radii. Silver and gold, which form a continuDus series of 
solid solutions, are both f.c.c. and the atoms differ only 0.2 percent in size. 
Molybdenum, which is b.c.c. in structure, is completely soluble in tung- 
sten, which is also b.c.c. with similar atomic radius. However, molyb- 
denum has only limited solubility in silver, which differs only 6 percent 
in atomic radius but is f.c.c. 

When atomic radii differ less than about 15 percent, the size factor is 
favorable to solid-solution formation. The size factor must be favorable 
if a complete series of solid solutions is to occur; an unfavorable size factor 
(radii differing more than 15 percent) restricts solubility. In fact, the 
greater the difference in size, the more limited the solubility, other things 
being equal. If the sizes differ by 8 percent or more but arc still in the 
favorable range, there is usually a continuous series of solutions but a 
minimum in the liquidus curve; this represents a tendency toward the 
formation of a eutectic.^ 

Another factor controlling solubility is the chemical-affinity effect.^ 
The more electronegative the solute element and the more electro- 
positive the solvent, or vice versa, the greater is the tendency to restrict 
solid-solution ranges and to form intermetalliq compounds. The 
electronegativity of elements in the periodic table increases from left to 
right in any period and from the bottom to the top in any group. Thus 
elements of Group VIb (S, Sc, Te) form stable sulphides, .seJenides, and 
tellurides with the elect rojmsitive metals, and solid solutions of these 
elements in normal metals are usually very limited. Group Vb (P, As, 
Sb, Bi) with somewhat less pronounced electronegative character usually 
dis.solve up to a few atomic percent in the electropositive metals, and as 
the metals approach each other in the electrochemical scries the solid 
solutions tend to become more extensive. 

The relative valency effect also governs solubility. It may be described 
by saying that a metal of lower valency tends to dissolve a metal of higher 
valency more readily than vice versa. Silicon, which crystallizes accord- 
ing to the 8 — N rule, has a structure that depends on each atom’s 
having four neighbors. Each atom shares an electron with each of the 
four neighbors so that an octet of electrons is built up. If an atom of 

1 For detailed discussions of the effect of size and polarizability on solubility, see 
papers by W. Hume-Rothery and G. V. Raynor, Phil. Mag., vol. 26, pp. 129, 143, 152, 
1938. 

* Hume-Rothery calls this the “electronegative valency effect” since it depends 
on the separation of the elements in the electromotive series. It seems more appro- 
priate to give it a name that emphasizes the role of affinity between the unlike atoms 
and that avoids confusion with the relative valency effect. 
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copper is substituted for a silicon atom there will be insufficient electrons 
to form the covalent bonds, and it is therefore understandable that 
solubility is very restricted — silicon dissolves less than 2.0 atomic percent 
copper. On the other hand, copper dissolves 14 atomic percent of the 
higher valence silicon. Magnesium (valence 2) dissolves less than 0.2 
atomic percent gold (valence 1), but gold dissolves magnesium to the 
extent of 20 or 30 atomic percent. Removal of valence electrons from a 
structure is more serious than the addition of a limited number of elec- 
trons above the fundamental electron-atom ratio for the structure. 



Atomic Per Cent Solute 

10. — (Soliduis and bolid solubility cuives for sonic copper-alloy systems. 

A solvent possesses a definite capacity to absorb the valence electrons 
of the solute. Copper can dissolve anoth(ir univalent element in unlimited 
amounts (with a favorable size factor) and forms a continuous series of 
solutions with nickel, for example. But copper dissolves decreasing 
amounts as the valency of the solute increases, as illustrated in Fig. 10. 
Each atom of zinc contributes one additional electron to the solution, 
each atom of gallium contributes two, germanium three, and arsenic four. 
The corresponding maximum solubilities in copper (and silver) are approxi- 
mately 40 atomic percent for one additional electron, 20 percent for two, 
and 13 percent for three. Thus the total number of valence electrons 
that can be accommodated per atom of the alloy is about the same for all 
these alloys, in which the size factor is favorable. The maximum solubil- 
ity corresponds to a valence electron to atom ratio of 1.4: 1 — an electron 
concentration of 1.^. 
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Electron concentration is a factor in ternary alloys (but probably a 
less decisive one). ^ It is often possible, for example, to dissolve two solute 
metals in copper in any proportion so long as their combined effect does 
not increase the electron concentration beyond the critical value for the 
lattice of the solvent. 

The expansion of the lattice of silver for dilute solutions of Cd, In, Sn, 
or Sb has likewise been correlated with electron concentration.^ The 
expansion produced by one atom of solute is proportional to the valence of 
the solute. This is a quantitative result supporting the principle fre- 
quently stated in a qualitative way, that the solubility of a metal is 
inversely proportional to the amount of alteration it causes in the lattice 
constant of the solvent. 

Hume-Rothery has also pointed out that the liquidus temperatures 
and likewise the solidus tem{)eratures of various copper alloys are almost 
identical at identical electron concentrations, and the same is true of 
silver alloys. 

It is a general rule (to which there are exceptions) that in a binary 
system the .solubility in the high-melting metal is greater than in the 
low-melting metal. 


INTERMEDIATE PHASES 

It is rare to find alloy systems in which intermediate phases obey the 
normal valencies of the elements. This is a consequence of the fact that 
the phases have metallic binding, which means that valence electrons are 
free to move about in the lattice, as contrasted with inorganic or organic 
compounds in which the electrons are tightlj^ bound into stable groups of 
atoms. Attempts at finst were made to define an intermetallic compound 
and to distinguish it from an intermediate solid solution, but the attempts 
were a source of confusion rather than of clarification. It was later 
realized that .some phases had chemical formulas that followed valence 
rules and yet had the metallic conductivity and reflectivity character- 
i.stic of metallic binding, consequently that the compounds pos.sessed an 
intermediate type of binding between covalent and metallic, resulting 
from' a partial breakdown of covalent bonds. Intermediate types of 
binding can exist, in fact, between all the ideal types of binding, ionic, 
homopolar, molecular, and metallic. 

Structures of Compounds with Normal Valency. — From the early 
work of Goldschmidt* and others it was found that the simple structures 

* See W. Humk-Rothkry, G. W. Mabbovc, and K. M. Channel-Evans, Trans. 
Roy. Soc. {London), vol. A233, p. 40, 1934; A. J. Bradley, W. L. Brago, and C. Syke.s, 
J. Iron Steel Inst., vol. 141, p. 63, 1940. 

’ W. Hume-Rothery, Nature, vol. 135, p. 1038, 1935. 

* V. M. Goldschmidt, Trans. Faraday Soc., vol. 25, p. 253, 1929. 
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illustrated in Figs. 11 and 12 are common to a great number of com- 
pounds, inchiding many intermetallic phases that obey normal valency 
laws. 



BN ZnS 7n0 


(Zinc-Blend) (ZnS.Wlirtzite) 



FeS(NiAs) No Cl CsCl 


Fig. 11. — Typical crystal structures of compounds of type AX. (Goldschmidt.) 

The structure of rock salt (NaCl) may be considered as two inter- 
penetrating f.c.c. lattices of the two types of atoms, with the corner 



T)02 Rutile CdF; (Fluoi'ite) 


Fia. 12. — Typical crystal structures of compounds of type AX 2 . (Goldschmidt.) 

of one located at the point ^00 of the other. The fluorite structure 
(CaFj) is also cubic, with Ga atoms at cube corners and face centers and 
with F atoms at all quarter-way positons along the cube diagonal (iiij 
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iff, etc.). These typically ionic structures are found among alloys of 


metals with elements of Groups IVa, 

Wn, and VI/,:' 

NaCl Structure 

(>aF 2 StructuH’ 

MgSe 

BaTe 

]Mg 2 Si 

C'aSe 

MnTc 

Mg 2 Cie 

SrSe 

SuTe 

Mg 2811 

CaTo 

VhTo 

Mg 2 Pb 

SrTo 

PhSo 



The diamond structui'c is formed by elements having a ratio of 4 
electrons to 1 atom (C, Si, Ge, Sn). Among alloys we also find closely 
related structures when the electron-atom ratio is 4. The zinc blende 
structure (ZnS) may be regarded as two interpenetrating face-centered 
lattices of the elements, with the comtu* of one located at the position 
of the other, as in the diamond stnicture. Figures 11 and 12 show 
the close similarity between ZnS and CaF 2 structures. The wurtzite 
structure (ZnS, ZnO) has one kind of atom on h.c.p. positions and the 
other at intermediate points, where each atom is surrounded symmetri- 
cally by four atoms of the othei’ kind.* Normal valency rules hold foi* 
these so-called adamantine compounds, for their binding is covalent. 
They are formed between an element that is a certain number of places 
to the left of the column containing C, Si, Ge, Sn and an element an equal 
number of places to the right in the periodic table! 


Zinc Blende Structure 

Wurtzite Striudurc 

BeS 

BeSe 

BeTe 

MgTe 

AlP 

AlAs 

AlSb 

CdSe 

(laP 

GaAs 

GaSb 

of-Agl 

«-CdS 

C^dSe 

CdTe 

(i-ZnS 

«-ZnS 

ZnSe 


/^-CdS 

HgS 

HgSe 

Hg^le 

MgTe 

/i-AgI Cul CuBr 

InP ‘ TnSb (JeSb 

The nickel arsenide structure (NiAs) is frequently formed by the 

transition metals Or, 

Mn, Fe, 

Oo, 

Cu, Pd, and Ft alloyed with the 

metalloids S, Se, Te, 

As, Sb, 

and J3i. 

The structure is composed of 


alternating layers of metal and metalloid atoms, each layer being a h.c.p. 
(0001) plane. The alloys have metallic conductivity and there can be 
more than 50 atomic percent of the metal pre.sent; so for these reasons 
they are more metallic than ionic. The following examples are known:* 

‘ W. Htjme-Rothkry, “The Structure of Metals and Alloys,” Institute of Metals, 
London, 1936. 

• Coordinates are Zn: 000; and O: OOit, where u is approximately 

J, c/a is roughly 1.63. 

’ W. Hume-Rothery, “The Structure of Metals and Alloys,” Institute of Metals, 
Ijondon, 1936. These structures are discussed in the section on Norbury’s electron- 
atom ratios. 
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Nickel Arsenide Structure 


CrS 

CoTe 

AuSn 

MnSb 

CoS 

FeTe 

('uSn 

PdSb 

FeS 

NiTe 

PtSii 

PtSb 

NiS 

CrTe 

NiSn 

MiiAs 

fJoSe 

MnTe 

Co8h 

NiAs 

FeSe 

P^lTe 

FeSb 

NiBi 

NiSe 

PtTe 

NiSh 


CrSe 

FeSii 

CrSb 



Hume-Rothery’ has shown that two generalizations are possible 
regarding normal valency compounds; (1) There is a general tendency for 
all metals to form normal valency compounds with elements of Groups 
IVb, Vb, and VIb. (2) This tendency and the stability of the compound 
are greater the more electropositive the metal and the more electronega- 
tive the B subgroup element. 

Electronegativity increases in one period in passing toward higher 
atomic numbers and in one group in passing upward (toward lower atomic 
numbers). Thus, for example, MgsSi, Mg 2 Sn, and Mg 2 Pb are listed in 
what one would expect to be the order of decreasing stability, for in the 
electrochemical series Si is more electronegative than Sn, and the lattei' 
is more electronegative than Pb. The melting points of these normal 
valency compounds serve as a rough indication of stability and they bear 
out this principle, for tlusy are, re.spectively, 1102, 780, and 563°C. 

Structurally Analogous Phases and Hume-Rothery’s Rule. — It has 
long been noted that ecpiilibrium diagrams for alloys of Chi, Ag, and Au 
with metals of the B subgroups show remarkable similarities. When the 
structures of the intermediate phases were determined by x-rays, largely 
by Westgren and Phragm6n in Sweden, the similarities became even more 
impressive. 

The system Ag-Cd is typical. As indicated in the diagram. Fig. 13, 
any alloy containing less than about 42 atomic percent Cd is homog- 
eneous a, which is a f.c.c. phase. Near 50 atomic percent there is a 
d phase (AgCd), which has the CsCl type structure, with the Ag and CM 
atoms at cube corners and centers, respectively. Throughout a homo- 
geneity range near 60 percent, there is a complex phase, y, with 52 atoms 
in a large unit cell. The e-phase and the ii-phase are h.c.p. 

In the Cu-Sn system a /3 phase with a structure analogous to jS-AgCd is 
found at 17 atomic percent (CusSn = 16.7 percent), and in Cu-Al alloys 
one occurs at 25 atomic percent (CusAl). In 1926, Hume-Rothcry^ 
pointed out that the formulas for the |8 phases fall on or near compositions 
giving a ratio of 3 valence electrons to 2 atoms. Thus, in AgCd, 1 elec- 

1 W.^ume-Rothi!:by, “The Structure of Metals and Alloys,” Institute of Metals, 
Ixindon, 1936. 

• W. Hume-Rothery, J. Iml. Metah, vol. 35, pp. 295, 307, 1926. 
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tron is contributed by an atom of Ag and 2 by an atom of Cd, making 3 
electrons for the two atoms. In CugAl there are 4 atoms and 6 valence 
electrons (3 from the A1 and 1 from each Cii atom). In CiuSn there are 
6 atoms and 9 valence electrons (4 from Sn, 1 from each Cu). 

Thus, the key to all structurally analogous phases in these systems is 
electron concentration; similar structures occur at similar electron-atom 
ratios. The phases can well bo called electron compounds because of 



Structure of the Phases 

Fig. 13. — Crystal struntures of the phases in the Ag-Cd system, a structurally analogous 

system. 

this. The ^ phases occur at electron-atom ratios of 3:2, y phases at 
21 : 13, and e phases at 7 :4 (also at some other ratios, as we shall see later), 
when the number of valence electrons is taken as the number of electrons 
in excess of the last completed shell, as follows: 


Valence ‘ Element 

1 Cu, Ag, Au (Group I) 

2 Be, Mg, Zn, Cd, Hg (Group II) 

3 Ga, Al, In (Group III) 

4 Si, Ge, Sn, Pb (Group IV) 

5 P, As, Sh, Bi (Group V) 

0 Fe, Co, Ni, Ru, Rh, Pd, Pt, Ir, Os (Group VIII) 
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It is found that in some systems at the electron-atom ratio of 3:2 a 
phase appears that is isomorphous with the complicated structure of 
/3-manganose. This is a cubic crystal with 20 atoms per unit cell.^ 

The structures of the y phases are not all identical but are strikingly 
similar, and all have large unit cells. The unit cell of y-brass (CusZng) 
contains 52 atoms and may be considered as made up of 27 unit cells of 
/3 brass (which would amount to 54 atoms) with two atoms removed and 



Valence Electron Concentration ^ 

Fi(i. 14. --Valence electron concentrations for several typical (3, 7 , and e phases, compared 

with Hume-Rothery’s ratios. 

the rest shifted somewhat in position. The phase CusZna has a b.e.c. 
space-lattice; CuyAh has a simple cubic space-lattice with 49 to 52 atoms 
in the unit cell; CuaiSng (or Cu 4 iSnii) has a cubic space-lattice with 416 
atoms per unit cell.^ The ternary alloys of Cu-Zn-Al have a y structure 
when the electron ratio is 21 : 13. 

Table XI lists the approximate formulas of a number of electron 
compounds.^ 

1 G. D. Preston, Phil. Mag., vol. 5, p. 1207, 1028. 

2 A. Westgren and G. PhragmI^n, Z. anvorg. allgem. Chcni.j vol. 175, p. 80, 1928. 

3 W. Hume-Rothery, ‘‘The Structure of Crystals,” Institute of Metals, London, 
1936. H. Witte, Metallwirtschafty vol. 16, p. 237, 1937. 
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It must be realized that these phases exist over composition ranges of 
varying widths (often 10 or 20 atomic percent), and the ratios 3:2, 21:13, 
7 :4 are not always included within the ranges. A better understanding 
of the actual correlation with valence-electron concentration may be had 
from Fig. 14, where some of these pha.ses are plotted on an electron- 
concentration scale. There are many exceptions to these rules that arc 
not shown. Wide homogeneity ranges are usually associated with a 
favorable size factor. 


Tablk XI. — Structurally AnalociOU.s Phases 


Electron-atom ratio 3:2 

Electron-atom 
ratio 21: 13 

Electron -atom 
ratio 7 : 4 

Structure 

/i- Manganese 

7 -Brass 

Structure 


structure 

structure 
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(cubic, complex) 

(cubic, complex) 

(n.c.p.) 

AgCd 

Ag,Al 
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AgCds 

AgMg 
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AgsHgs 

AgaSn 

AgZri 

CuiSi 

AgsZn# 

AgsAla 

Au(Vl 

CoZiiz 

AluCds 

Again 

All Mg 


AiuZiis 

AgZn, 

AuZn 


C 6 ^ 'd s 

AuCdi 

C\iBc 


CubHgs 

AiiZiia 

C'uZn 


CiuZriH 

AuaSn 

Cu,Al 


CU 9 AI 4 

AusTIg 

CiuGa 



Au 5 AI 3 

C-iuSii 


Ciuliu 

(MCda 

CoAl 


( 'UaiSis 

( 'UZns 

EeAl 


CusiSuh 

CusCe 

NiAl 


Co&Zn2i 

CujSi 



Fer.Zn2i 

(hiaSn 



\i 5 Zn 21 

FeZii 7 



Pd 6 Zn 2 i 




Rli gZn^i 




Pt 6 Zn 2 i 








NaaiPbn 




Cu7Zn4Al2 



The mean volume per atom in intermediate pha.ses is nearly always 
less than in the pure metals. This is especially true for the 0 phases 
containing aluminum (FeAl, CoAl, NiAl, CusAl), in which the contraction 
may amount to as much as 15 percent^ and is probably associated chiefly 

1 A. Westoren, Z. angew. Chem., vol. 45, p. 33, 1932. A. Westgren and A. 
Almin, Z. phyaik. Chem., vol. B5, p. 14, 1929. E. Zintl and G. Brauer, Z. phyaik. 
Chem., vol. B20, p. 245, 1933. 
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with the aluminum atom. Pronounced contraction also occurs in the 
7-phase alloys (CU 9 AI 4 , NhCdzi, AgaLiio, and NasiPbs).^ BernaP has 
pointed out that contraction increases as the structure departs more and 
more from the metallic, and ZintP concluded that the Hume-Rothery 
electron-concentration rules should not necessarily apply when the con- 
tractions are large. 

Norbury’s Electron-atom Ratios. — Norbury has suggested^ that the 
unit cell of each of the 7 phases can be viewed as constructed from a 
set of 27 b.c.c. unit cells of fundamental ratio 3 :2 by replacing two atoms 
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Electron: Atom Ratio 

Fkj. 15. — Valence electron: atom ratiob of phases having a nickel arsenide structure. 

Noihury's ratios indicated. 

of the set by two electrons. The unit cell would then contain the correct, 
number of atoms (2 X 27 — 2 = 52) and would have an election-atom 
ratio of 83:52 instead of Hume-Rothery's 21:13, the corresponding 
formula for 7-brass being Cu2iZn3i instead of CusZiis. A comprehensive 
investigation by thermal analysis® has, in fact, given exactly the formula 
Cu2iZn3i. The 7 structure in Cu-Cd, Cu-ln, Na-Pb^ Fe-Zn, and other 

1 Charlks W. Stillwell, ‘'Crystal Chemistry, McGraw-Hill, New York, 1938. 

2 J. D. Bernal, Trans, Faraday Soc., vol. 25, p. 307, 1929. 

3 A. Westgren, Z. angew. Clmn,, vol. 45, p. 33, 1932. A. Westgren and A. 
Almin, Z. physik, Chem. vol. B5, p. 14, 1929. K. Zintl and G. Braukr, Z. physik, 
(>hem,j vol. B20, p. 245, 1933. 

^ A. L. Norbury, ./. Inst, Metals, vol. 65, p. 355, 1939. 

^ II. UuER and K. Kremers, Z, anorg, Chem., vol. 184, p. 193, 1929, 
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systems^ also agrees as well with the 83 : 52 ratio as with the 21 : 13 ratio — 
in some cases, better. 

To account for the fact that only about half the h.c.p. i)hases (e type) 
occur at the 7 :4 ratio, Norbury suggests that the electron-atom replace- 
ment principle holds here also. Taking 14:8 (= 7:4) as the basic ratio, 
he obtains 13:9 by replacing one electron by an atom and 15:7 by the 
reverse process. The three concentrations 14:8, 13:9, and 15:7 together 
account quite well for the known phases, particularly the invariant 
phases in the systems Ag-IIg, Ag-As, Cu-Si, Cu-Ge, and Cii-Sn. 

Carrying the electron-atom replacement over to the hexagonal nickel 
arsenide structures (c/. page 210), Norbury suggests that the basic lattice 
forms at an electron-atom ratio 5:2, as it does in Au-Sn, Co-Sb, Cr-Sb, 
Ni-Sb, and Pd-Sb alloys. If this ratio is written 40: 16 and modified by 
atom-electron replacement to the subsidiary ratios 39:17, 37:19, 35:21 
and 42:14, it will be found to account satisfactorily for these structures. 
Figure 15 summarizes observed and theoretical ratios. The ratios may 
give either the actual number of atoms in the cell or a simple fraction of 
that number. The validity of these rather arbitral*}^ assumptions will 
doubtless remain uncertain until (luantum mechanical calculations have 
been made. 

Interstitial Compounds. — The transition metals alloy with II, B, C, 
and N to produce compounds that are metallic, have high melting points, 
and are extremely hard. Dispersed in steel they hai’den it, or cemented 
together they form high-speed long-life cutting tools. 

Gunnar Hagg has been largely responsible for systematizing these 
structures, appropriately called interstitial com])ounds.“ He has shown 
that they may be classified according to the relative sizes of the transition 
metal and metalloid atoms, ix,, the radius ratio Rx/Rm, where Rx is 
the radius of the small nonmctallic atom H, B, (', or N and Rm is the 
atomic radius of the transition metal. When Rx/Rm is less than 0.59, 
the structures are simple; when the ratio is more than 0.59, they are 
complex. 

1. When the radius ratio is under 0.59, the metal atoms are nearly 
always on a lattice that is f.c.c., h.c.p., or in a few instances b.c.c.; 
occasionally, they are on a lattice that is a slightly distorted form of one 
of these. The small metalloid atoms are located interstitially, as in 
interstitial termiiml solid solutions. Nitrides, carbides, and hydrides 
with the formula MX are generally cubic with the metal atoms at f.c.c. 
positions and with the metalloids at interstitial positions in a structure 
of the NaCl type or the zinc blende type (positions indicated by open 

^ H. Witte, Metallwirtschaft, vol. 16, p. 237, 1937. 

* G. Hagg, Z. physik. Chem., vol. B12, p. 33, 1931; vol. Bll, p. 433, 1930. A. 
Westoren, /. Franklin Inst., vol. 212, p. 577, 1931. 
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circles in Fig. 11). Examples are the nitrides ZrN, ScN, TiN, VN, 
CrN; the carbides ZrC, TiC, TaC, VC; and the hydrides ZrH and TiH. 
An exception is TaH, which is based on a b.c.c. lattice. / 

The compounds M^X generally have the metal atoms arranged in 
hexagonal close packing (Fe 2 N, Cr 2 N, Mn 2 N; W 2 C, M 02 C, Ta 2 C; Zr 2 H, 
Ta 2 H, Ti 2 n), but sometimes they are cubic (Pd 2 H, W 2 N, M 02 N). 

In the system Ti-H the compound TiH has the zinc blende structure, 
and TiH 2 has the fluorite (CaF 2 ) structure; the difference between these 
is merely that half the interstices are filled in the former, and all are filled 
in the latter (see Fig. 12). To be sure, the position of the H atoms can- 
not be detected with certainty by x-rays, but the probable positions can 
be inferred from the radius of the H atom and the dimensions of the holes 
into which it might fit. The 11 atoms probably go into the large.st 
interstices in TaH and the next largest in Ti 2 H, TiH, TilE, Zr 2 n, and 
Ta2H. 

2. Large radius ratios (Rx/Hm > 0.59) nearly always go with com- 
plex crystal stnictures. In this class are the carbides of Cr, Mn, Fe, 
Co, and Ni (Rx/Rm = 0.60 — 0.61) and the borides of Fe and N. 

In dicarbides the C 2 groups may cuter as parallel units into interstices 
of the metal lattice instead of entering as individual atoms. ‘ This 
results in tetragonal rather than cubic cells for the isomorphous phases 
CaC 2 , Srt^ 2 , BaCi, LaCs, CeC 2 , PrC 2 , and NdC 2 . 

Phases Containing Alkali and Alkaline -earth Elements.— Zintl and 
his collaboi'ators^ have surveyed a large number of systems of the alkali 
and alkaline-eai'th elements for examples of /S phases at 50 atomic percent 
composition. Because the CsCl .structure of the j8 phases is stable only 
when the radius ratio is greater than 0.73, the investigations were con- 
fined to examples in this range. A caesium chloride structure occurs in 
many systems; LiAg, LiTl, laHg, LiZn, LiCd, LiGa, Liln; MgTl, CaTl, 
SrTl; Nain, NaBi. In others a structure occurs (NaTl type) that 
consists of two in ter j)enet rating diamond lattices each containing atoms 
of a single clement, one lattice being displaced half of a body diagonal 
with respect to the other; atomic radii are nearly equal in this structure. 
Examples are known as follows: LiZn, LiCd, LiGa, Liln; NaSn, NaTl. 

From a study of atomic radii in these compounds it was found that 
there is nearly always a contraction which seems to be the result of 
polarization of the large alkali atoms by neighboring small atoms. Thus 
the greater the contraction, the more the interatomic bonds differ from the 
truly metallic. There are manj'^ exceptions to IIume-Rothery’s rule in 
these compounds, particularly in phases where contraction is large, 
presumably because of their nonmetallic character. 

‘ M. VON Stack BLBEKCi, Z. physik. Chem., vol. B9, p. 437, 1930. 

* E. ZiNTi. aiuMi. Braukk, Z. physik. Chem., vol. B20, p. 245, 1933, 
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Another set of analogous phases has the formula AX^. The A atoms 
are at the corners of a cubic lattice, the X at face centers. Examples are 
NaPba, CaPba, SrPbs, CePbs, CaTU, CaSna, CeSna, LaSna, LaPba, 
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Fig. 16. — Classification of binary iron alloys as to extent of the gamma field. 


PrSna, and PrPba. This structure requires the ratio Ra/Rx in the range 
1.0 to 2.4, as shown by Goldschmidt, and actually all the known phases 
do lie in this range. 
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Periodic Relations in Iron Alloys.’ — Wever^ has pointed out a close 
correlation between the position of an element in the periodic table and 
its effect on the range of the y phase when alloyed with iron. The iron 
alloys may be grouped into four classes exemplified by Fig. 16, with (1) 
an open y field as in Fe-Ni, (2) a closed y field as in Fe-Cr, (3) an expanded 
field (Fe-C), and (4) a narrowed field (Fe-B). When these types are 
compared with the positions of the alloying elements in the periodic 
table, as in Fig. 17, the regularities are very striking. Group VIII metals 
open the y field; the alkali and alkaline-earth metals (Groups I and II) 
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are insoluble; while most of the intermediate metals produce closed y 
fields. 

When these types arc plotted on a curve of atomic radii (Fig. 18), it is 
apparent that atomic size correlates with this behavior, for all the larger 
atoms in each period are insoluble and the smallest produce open fields. 
But it is equally apparent that a complete systematization Ls not i)ossiblo 
on the basis of size alone. Crystal structure or electron configuration 
may also be determinative factors. 

Imperfections in Crystals. — Countless experiments have shown that 
crystals contain many flaws and irregularities, a detailed knowledge of 
which is much to be desired because of their effect on the physical 

‘ The structures in Fe-0 alloys are covered in Chap. XXII. 

*F. Weveb, “Ergebnisse der technische Rontgenkunde,” vol. II, p. 240, Akade- 
mische Verlagsgesellschaft m.b.H., Leipzig, 1931; Proc. World Eng. Cong., Tokyo, 
vol. 34, p. 239, 1931. 
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properties. For extensive bibliographies the reader is referred to the 
various reviews and symposia.^ 

A study of their x-ray-reflecting power led Darwin to conclude that 
actual crystals diffract as if they are composed of small blocks 10“^ to 
10“* cm. on an edge, each block being a perfect crystal but neighboring 
blocks being tilted out of registry. * The widths of reflected x-ray beams 



Fio. 18. — Relation of atomic radius to behavior of elements in binary iron alloys. (TFeiier.) 

from single crystals give concrete evidence for imperfection.^ An ideal 
crystal produces a diffracted line 3 to 6 sec. of arc in width; selected 

1 International Conference on Physics, vol. II, The Solid State of Matter/^ 

Physical Society, London, 1935. Z, Krist.y Vol. 89, 1934, Sonderheft: Ideal- und 
Realkristall.'' W. Hume-Rothery, ‘‘The Structure of Metals and Alloys,'' Institute 
of Metals, London, 1936. C. A. Zapffe and C. E. Sims, Trans, vol. 145, 

p. 225, 1941. Internal Strains in Solids, Proc, Phys, Soc, {London), vol. 52, p. 1, 1940. 

2 C. G. Darwin, Phil. Mag,, vol. 27, pp. 315, 675, 1914; vol. 43, p. 800, 1922. 

2 “ International Conference on Physics, vol. II, The Solid State of Matter," 
Physical Society, London, 1935. Z. Krist., vol. 89, 1934, Sonderhelt: “Ideal- und 
Realkristall." A. H. Compton and S. K. Allison, “X-rays in Theory and Experi- 
ment," D. Van Nostrand, New York, 1935. R. M. Bozorth and F. E. Haworth, 
Phys. Rev., vol. 45, p. 821, 1934. 
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samples of diamond, calcite, quartz, and rochelle salt give reflections of 
this type. 

Most crystals, however, give diffracted lines several hundred seconds 
in width. Metals appear to be particularly imperfect, as indicated by the 
following measurements of widths by Bozorth and Haworth,^ (measured 
at half maximum intensity) W, 360 sec.; Fe, 840 sec.; Ni, 1500 sec.; Al, 
1500 sec. The degree of imperfection is governed largely by conditions 
existing during growth, and it varies widely in different samples of a given 
crystal. 

Griffith^ found that freshly prepared glass fibers, free from cracks, 
had tensile strengths of a million pounds per square inch, greatly exceed- 
ing the normal value. Experiments on rock salt and mica* also confirmed 
the weakening effect of surface cracks. Extending this view, Smekal* 
postulated that solid metals are weakened by internal cracks and flaws, 
some arising during growth and others 
during subsequent handling. 

Buerger* and Davey® have empha- 
sized the effect of dendritic and branch- 
ing growth fi’om a nucleus in develoj^ing 
imperfections. As errors in alignment 
tend to be cumulative during the growth 
of a dendritic arm or branch, the result- 
ing structure may resemble a columnar 
grain structure and has been called a 
lineage struchi re by Buerger. The nature 
of lineage imperfection is illustrated in 
Fig. 19, in which the growth from a 
central nucleus and the flaws at the 
lineage boundaries are exaggerated. 

The freezing of drops of liquid that are entirely enclosed by dendrite 
arms is certainly a fruitful source of imperfection, as are also segregation 
and coring in the freezing of an alloy. Not infrequently the imperfection 
is so great that Laue spots are badly distorted, and the solid is better 
described as a polycrystalline aggregate with a preferred orientation than 
as a single crystal. 

Many studies of crystalline imperfection have attempted to show 
that crystals are composed of a mosaic of uniformly sized blocks 10~® or 

' R. M. Bozorth and F. E. Haworth, Phys. Rev., vol. 45, p. 821, 1934. 

A. A. Griffith, Trans. Roy. Soc. {London), vol. A221, p. 180, 1921. 

'■’“International Conference on Physics, vol. II, The Solid State of Matter,” 
Physical Society, London, 1935. 

^ M. J. Bukroer, Z. Krist., vol. 89, pp. 195, 242, 1934. ■ - 

« W. P. Davey, Trans. A.S.S.T., vol. 21, p. 965, 1933. 



Fig. 19. — Sketch illustrating lineage 
structure. {Buerger.) 
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10“® cm. on an edge. Goetz pointed out* that etch pits on the cleavage 
surfaces of bismuth appear to have certain regularities in size and spacing. 
However, Buerger^ is confident that these regularities are illusory. A 
similar observation on regularities in Widmanstatten figures® likewise 
has been strongly objected to.^ The semiregularity in the spacing of 
slip lines, while much discussed in this connection, may be a reflection of 
microscopic segregation during growth or a result of local stresses around 
the slipped surfaces and is inconclusive evidence for a regular mosaic. 
Much of the reasoning from microstructural observations overlooks the 
fact that one set of planes, say (100), is supposed to bound the blocks 
of the mosaic while a set of planes with entirely different indices causes 
the markings. The magnetic domains that become visible when magnetic 
powders are allowed to settle on surfaces of magnetic crystals® are 
intensely interesting but involve laws of interaction of elementary 
magnets upon one another, which scarcely can be analogous to the laws 
of group phenomena among nonmagnetic atoms. Why, then, should it 
be argued® that the scale of magnitude of magnetic powder patterns and 
their regularity implies imperfections of the same scale and regularity in 
all crystals? Recent studies of the shape of the magnetic domains indi- 
cate that they are far from the equiaxed shape that is generally assumed 
for blocks in a mosaic crystal. The .segregation of jjolonium in bismuth 
crystals takes place on (111) planes 0.54 X 10~® cm. apart. The stratifi- 
cations obtained by Straumanis® in crystals of zinc and cadmium, which 
have spacings of 0.8 X 10"* cm., appear to be responsible for regularities 
in etching characteristics and in slip lines. 

Theoretical understanding of the subject has been hindered by incor- 
rect calculations, lack of carefully planned and executed experiments, 
biased conclusions, and inconsequential debate — in short, all that which 
scientists have learned must be avoided if science is to progress without 
painful detours. Attempts by Zvdeky® to prove that a regular secondary 

* A. CioETZ, Proc. Nat. Acad. Sci., vol. 16, p. 99, 1930. 

’ M. .1. Buerqbe, Z. Krist., vol. 89, p. 195, 242, 1934. 

3 W. P. Davby, Tram. A.S.S.T., vol. 21, p. 965, 1933. 

* R. F. Mbhl, Tram, A.S.S.T., vol. 21, p. 998, 1933. 

‘F. Bitter, Phys. Rev., vol. 38, p. 1903, 1931; vol. 41, p. 507, 1932. W. C. 
Eemorb and Tj. W. McKbbhan, Tram. A.I.M.E., vol. 120, p. 236, 1936. W. C. 
Elmore, Phys. Rev., vol. 56, p. 210, 1939. 

«C. A. Zapffb and C. E. Sims, Tram. A.I.M.E., vol. 146, p. 225, 1941. N. P. 
Goss, Tram. A.I.M.E., vol. 145, p. 265, 1941. 

’’ A. B. Fooke, Phys. Rev., vol. 45, p. 219, 1934; vol. 46, p. 623, 1934. 

® M. Stratimanis, Z. physik. Chem., vol. B13, p. 316, 1931. 

* For bibliography, see M. J. Buerger, Z. Krist., vol. 89, pp. 195, 242, 1934. 
“ International Conference on Physics, vol. II, The Solid State of Matter,” Physical 
Society, London, 1935. 
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stnicture is a more stable structure than an ideally perfect crystal struc- 
ture have not been successful, and most investigators believe that a 
perfect crystal is in the lowest energy state. 

It appears likely that the electron microscope will soon do much to 
clarify these matters. The detail that is brought out on the surface of a 
metal by etching is remarkable. Figure 20 is an electron-microscope 
photograph of the etched surface of annealed high-purity copper. The 
dark lines are depressions in the surface, where the acid has attacked 
more rapidly. Pictures of this type from grains of various orientations 
have led the author to the following conclusions, which must be regarded 



Fig. 20. — Portion of a grain of annealed high purity copper, etched with ferric chloride 
reagent, X20,000 (1 riini. = 500A; 20 mm. = 1 micron). A transmission electron-micro- 
scope photograph of a replica of the surface prepared by the method of R. D. Heidenreich 
and V. G. Peck, J. App. Phys., vol. 14, p. 23, 1943. 

as tentative until further research is completed : the areas outlined by the 
etchant appear to be rod-shaped, a few tenths of a micron in diameter 
and several microns in length. In Fig. 20 the cross sections of these rods 
are seen; the rods extend upward and to the right. It is possible that 
these are mosaic blocks that are tilted slightly with respect to each other 
and separated by boundaries that etch more rapidly than the blocks. 
No evidence for a regular spacing of mosaic blocks can be found, but the 
average dimension of the etched blocks is about what has been expected 
from the researches mentioned above. Similar structures are being found 
in certain othe*’ metals and in alloys. 
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THE structure OF LIQUID METALS 

The structure of the liquid state is intermediate between the structures 
of the solid and gaseous states. In a crystalline solid there is an arrange- 
ment of atoms that repeats itself identically at regular intervals in three 
dimensions. In gases, on the other hand, the arrangement of atoms is 
completely chaotic. X-ray diffraction has shown that the arrangement of 
atoms in a liquid is neither so random as in gases nor so regular as in 
■crystals; there is a definite preference for certain interatomic distances, 
and this statistical distribution causes characteristic diffraction effects. 
There are no atoms closer than a certain minimum distance from any 
other atom, but at this minimum distance there are, on the average, 
several atoms. In the language of the crystallographer, there is coordina- 
tion in the liquid. The structure has been described as somewhat 
analogous to the arrangement of ball bearings in a box continuously 
shaken. At any instant, a number of balls will be in contact with any 
given ball, or nearly in contact with it, and this ever-changing group will 
prevent others from forming a group at slightly greater distances. There 
is, however, no regularly repeating structure, close-packed or otherwise, 
as there is in crystals. 

Earlier Methods of Analysis. — The diffraction pattern from a liquid 
consists of a few diffuse bands — seldom more than two — and at first sight 
appears to offer a discouragingly small amount of information from which 
to deduce the “structure” of the liquid. The first attempts to analyze 
patterns of this Sort consisted simply in applying Bragg’s law to the 
diffraction angles of the maximum intensity in the bands. It was later 
recognized that since there is no regularly repeating lattice in the liquid 
the ordinary Bragg’s law cannot apply directly, and a corrected form must 
be used: X = 2(0.815r) sin d, where r is the distance between the centers 
of two atoms adjacent to each other in the liquid and 6 is half the angle of 
deviation of the beam.‘ 

The Radial-distribution Method. — In recent years it has become 
recognized that if the analysis of liquid structure is to be put on a rigorous 
basis the experimenter must use all the information in the diffraction 
pattern, not merely the position of the one or two peaks. Fortunately, 
there is now available a method for doing this. The method was sug- 
gested by Zemike and Prins* and was first successfully used in a study 

* This is Ehrenfest’s formula. A discussion of it 'will be found in A. H. Compton 
and S. K. Allison, “X-rays in Theory and Experiment,” p. 172, Van Nostrand, New 
York, 1935. In comparing the work of different laboratories it is necessary and some- 
times difficult to determine whether they used the ordinary Bragg’s law or the 
Ehrenfest formula. 

* F. Zernike and J. A. Pbins, Z. Physik, vol. 41, p. 184, 1927. 
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of liquid mercury by Debye and Menkq.^ In this method a monochro- 
matic beam of x-rays is diffracted from a small capillary tube or from a 
stream of the liquid, and the intensity diffracted at different angles is 
measured by an ionization chamber or by a microphotometer record of a 
photographic film. The measured intensities are corrected for absorption 
in the sample, for polarization in the beam, and for the presence of 
incoherent radiation and are placed on an absolute-intensity scale so that 
the intensity is known relative to the intensity of scattering of a single 
electron. The curve is then analyzed by a Fourier method, yielding a 
curve that gives the average number of atoms between r and r -{• dr from 
any atom in the liquid. ^ 

The formulas for analyzing liquids with a single kind of atom are 
derived from the Debye equation® 


/ = iv/®2 

n 


sin s i'n 

STn 


where I is the intensity of the coherent scattered radiation, s = 47r (sin 6) /\, 
9 is half the angle of scattering, X is the wavelength, / is the structure 
factor, r is the separation between the nth pair of atoms in the liquid, and 
N is the effective number of atoms in the sample. The sum is taken 
over all pairings of atoms (t.e., for a group of three atoms there would 
be three pairings of atoms to compute). The formula supposes that on 
the average the surroundings of all atoms are identical and are oriented 
at random in space. By introducing a radial disti ibution function such 
that i‘ir7'^p(r) is the number of atoms between r and r dr from any 
atom, the ecpiation leads by the use of the Fourier integral theorem 
to the Zemike-Prins formula for a monatomic liquid : 


■iirr-p{r) — iTrrVu + ~ J ® 


1 P. Debye and H. Menke, Physik. Z., vol. 31, p. 797, 1930. 

2 The hoain should be iiionoehroniatized by reflection from a crystal. If the 
monochromator is set at the Bragg angle $c and the beam is diffracted by the liquid 
through an angle of deviation 20i, the polarization factor is + cos^ Sr cos* 0i), 
which for molybdenum radiation reflected from rock salt reduces to very nearly the 
same polarization factor ordinarily used in crystal-structure analysis. Curves are 
available giving the values for all the elements and giving also the amount of incoherent 
scattering that will be obtained at various angles. The corrected intensity curve 
is made to fit the sum of the coherent (/*) and incoherent curves at high S values by 
multiplying the corrected intensities by a suitable factor, and when this is accom- 
plished the corrected intensities have been reduced to absolute units; z.e., the inten- 
sities are then known in terms of the scattering from a single electron, since the atoms 
can be assumed to scatter independently at large angles. 

^ P. Debye, Ann, Physikj vol. 46, p. 809, 1915, 
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where s = 4ir(sin B)/\, po is the average density of the liquid in atoms per 
unit volume, and I /N is the coherent scattered intensity in electron units. 

The quantity s[{I/NP) — 1] is taken from the corrected intensity 
curve obtained experimentally, and the integration involved in the 
equation is carried out graphically or by the use of a harmonic analyzer 
for a number of different values of r. An example of the type of radial- 
distribution curve derived in this waj'^ is shown in Fig. 21, which was 
obtained for liquid sodium at 103°C. by Tarasov and Warren^ and con- 
firmed by Trimble and Gingrich.* 

The density at any distance; r, from an atom is plotted as ordinate 
against r as abscissa in curve (o), which may be compared with curve 



Fi<;. 21. — Structure of liquid sodium, (a) Radial distribution of atoms, 4irr^p(r). 
(h) Turve for radial distribution 47rr^pat;f if density were constant, (c) Distribution 
(;f neighbors in crystalline sodium. The numbers of atoms at the various distances are 
indicated by the nuiribeis. 

(/>), the curve for the radial distribution if the density were constant, 
and with the distribution of atoms in crystalline sodium, plotted as 
vertical lines in the lower portion of the diagram. The distance from 
r — 0 to the position of the first peak in curve (a) represents the most 
probable distance to nearest neighbors. The area under the curve 
between any value r and r dr gives the average atomic population 
between the distances r and r -1- dr from any atom in the liquid. The 
deviations from the uniform-density curve (b) show that there is a 
definite tendency for close-packing arrangements in the liquid, with a 
concentration at 3.73A comparable with the distance 3.72A for nearest 
atoThs in the solid (at room temperature). A similar curve for sodium 
at 400°C. has less pronounced peaks and indicates that the close-packed 

‘ L. Tarasov and B. Warren, J. Chem. Phys., vol. 4, p. 236, 1936. 

* F. H. Trimble and N. S. Gingrich, Phys. Rev., vol. 53, p. 278, 1938. 
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arrangements become less marked as the temperature is increased. The 
structure thus approaches somewhat nearer the randomness character- 
istic of a gas, as a result of the more violent thermal motions. 

Liquid Metals. — A number of studies on liquid metals have been made 
in addition to those on sodium summarized in the preceding paragraph.* 
The close-packed metals as well as the less closely packed b.c.c. metals 
melt to form liquids in which the close-packed distances are prominent. 
The structure has been described as the set of distances present in the 
crystal “blurred” by the violent kinetic motions of the liquid atoms (a 
concept embodied in the equations by Prins and Petersen),* but state- 
ments of this kind frequently have been made without consideration of 
other kinds of atom distribution that might be eq\ially capable of explain- 
ing the patterns. 

The re.siilts for tin and bismuth, metals which do not possess close- 
packed structures in the solid state, would be particularly interesting 
if different experimenters had agreed in their findings. At present it 
seems uncertain whether the liquids are best considered as “close- 
packed” like the liquids of b.c.c. metals or, on the other hand, as blurred 
derivatives of their solid crystal structure's, or whether some other type 
of “complex” exists in the liquid. The difficulty in drawing conclusions 
from the literattire on this subject is that none of the experimenters on 
the European continent \ised the careful technique that is nece.ssary for a 
rigorous investigation, viz., F'ourier analysis and crystal monochromatized 
x-rays. Radiation direct from the x-ray tube or even filtered radiation 
gives untrustworthy patterns because of the large amount of white 
radiation present. Also, analysis by Bragg’s law or the Prin.s-Petersen 
formula leads to incomplete and uncertain conclusions. 

Mercury has been assigned to the close-packed type of liquids, with a 
predominant s])acing of 3.2A,* but this metal is extremely difficult to 
work with bccau.se of tjie high absorption correction needed. Further- 
more, oxide films arc likely to form and cause diffraefion, and the fluo- 
rescent radiation that is emitted by the sample tends to obscure the 
diffraction pattern. There apparently has been no determination using 
the best technique. The same can be said of liquid gallium, which 
present results seem to indicate is not a close-packed liquid.® 

‘ For reviews, see J. T. Randall, “The Dififraction of X-rays by Amorphous 
Solids, Liquids, and Gases,” Chap. V, Wiley, New York, 1934; A. Latin, J. Imi. 
Metals, vol. 66, p. 177, 1940. 

* J. A. Pkins and H. Petersen, Phystca, vol. 3, p. 147, 1936. 

* H. Menke, Physik. Z., vol. 33, p. 593, 1932. F. Sauerwaij> and W. Teske, 
Z. anorg. Chem., vol. 210, p. 247, 1933. O. Kratky, Physik. Z., vol. 34, p. 482, 1933. 
J. A. Prins, Trans. Faraday Soc., vol. 33, p. 110, 1937. 

* P. Debye and H. Menke, Physik. Z., vol. 31, p. 797, 1930. F. Sauerwald and 
\!. Teske, Z. anorg. Chem., vol. 210, p. 247, 1933. 
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Liquid Alloys. — ^Liquid hydrocarbons when completely miscible give 
patterns diiferent from the patterns of either constituent. The principal 
peak is at a position intermediate between the peaks for the constituents; 
thus the situation is analogous to that in solid solutions. On the other 
hand, immiscible hydrocarbons give patterns in which the two individual 
patterns are superimposed.^ Similar principles might be expected to 
govern miscible and immiscible alloys. 

There have been no rigoi'ous analyses of liquid alloys. Eutectic 
alloys of Bi-Sn, Sn-Pb, Pb-Bi, and Sn-Zn have been photographed with 
unfiltered radiation by Danilov and Radtehenko,^ and each photograph 
showed a band whose peak was intermediate between the peaks for each 
of the constituent metals of the eutectic. From the fact that the inten- 
sity curve for the eutectic was like an average of the curves for the two 
pure components they concluded that the melt consisted of small separate; 
regions of the pure metals — that the structure of the eutectic is “fore- 
shadowed” in the liquid state. Few will agree that the data warrant 
such conclusions, and the work is reviewed here as an example of a 
problem requiring more than a superficial treatment to distinguish 
among several possible explanations. The same can be said of some 
studies of liquid alloys of the composition Xa2K,* IIg5Tl2, and Kllg2.t 
Investigators concluded that the compounds of these compositions exist- 
ing in the solid state persist to some degree in the liquid state. This 
concept has been used in much of the work of G. W. Stewart® on liquid 
hydrocarbons and has been given the name “cybotaxis” by him. Cer- 
tain special types of aggregations in liciuids (“mesomorphic states”) 
such as the “smectic” and “nematic” have been discussed in connection 
with long-chain compounds^ but do not occur in metals and alloys. 
Here again, as Warren has emphasized,® a critical attitude towai’d the 
data is more fruitful (and, of course, more scientific) than loose specula- 
tion. One may well ask several questions in su^ experiments. Is the 
liquid a single homogeneous phase? Is the liquid homogeneous, or do 
residual nuclei remain from the incompletely melted solid? Are the 
coordination number and spacings approximately the same as in the solid, 

* A summary of this work will be found in J. T. Randall, “The Diffraction of 
X-rays by Amorphous Solids, Liquids, and Gases,” Wiley, New York, 1934, and 
G. W. Stewart, Phys. Rev., vol. 35, p. 726, 1930. 

* V. J. Danilov and I. V. Hadtchknko, Physik. Z. Sowjelunion, vol. 12, p. 756, 
1937. 

* K. BANSKJni!:, Irtdian .J. Phys., vol. 3, p. 399, 1929. 

t F. Saueewald and W. Teske, Z. anorg. Chem., vol. 210, p. 247, 1933. 

® G. W. Stkwakt, Rev. Modern Phys., vol. 2, p. 116, 1930. 

‘ Symposium on Structure and Intermolccular Forces in Liquids and Solutions, 
Trans. Faraday Soc., vol. 33, p. 1, 1937. Geoboe L. Clark, “Applied X-rays,” 3d 
ed., Chap. XX, McGraw-Hill, New York, 1940. 

‘ B. E. Warren, J. Applied Phys., vol. 8, p. 645, 1937, 
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or are they characteristic of a different sort of complex tending to form 
only in the liquid and not properly described as nuclei of the solid? In 
short, precisely what are the differences between solid and liquid? 

When the density of a liquid differs but little from the density of the 
corresponding solid, it follows that there can be no marked change in 
coordination or spacing of nearest neighbors, and so density measure- 
ments are nearly as revealing as all but the best x-ray measurements. 
Nevertheless, careful x-ray work can yield distribution curves that serve 
as useful bases for theoretical calculations. Entropy, heat of fusion, 
and heat of vaporization are quantities which have been calculated 
recently with considerable success for sodium^ and potassium-^ from such 
curves. 

The Amorphous State. — Vitreous and amorphous materials are like 
liquids in that they possess no regular crystalline structure. Amorphous 

explosive antimony, for example, deposited electrolytically or by 
evaporation in vacuum gives the broad halo pattern characteristic of a 
glass^ as docs arsenic deposited from the vapor phase. ^ In one respect, 
the structure of an amorphous substance differs from that of a liquid: 
in the solid each atom has permanent neighbors at fairly definite dis- 
tances, while in the liquid the neighbors about any atom are continuously 
changing. A glass is thus properly called an undercooled liquid, a licjuid 
in which atomic mobility has been reduced to an almost negligible 
amount. When mobility is induced by heat-treatment, a vitreous 
product ^^de vitrifies’’ into a product that is definitely crystalline. 

It is typical of diffraction patterns from liquids and glasses that there 
is no scattering at very small angles; this means that there are no large- 
scale inhomogeneities in the sample, no ‘‘crystallites^’ separated by 
voids. In silica gel, on the other hand, there is very strong small-angle 
scattering as a result of the existence in the gel of colloidal particles 10 
to lOOA in size with voids between them. In the colloidal state it is 
possible to have all sizes of crystallites. As the particles become smaller, 
the diffraction lines broaden continuously and merge until at crystallite 
sizes of about lOA there remain only the typical halos of the amorphous 
state. 

It is commonly stated that metals cannot be reduced to an amorphous 
state by cold work. This appears to be true with regard to cold rolling, 
but with extremely severe shearing strains under high compressive stress 
Bridgman^ has reduced crystalline fragments to a state giving typical 
amorphous patterns. 

^ C. N. Wall, Phy^. Rev.^ vol. 54, p. 1062, 1938. 

* N. S. Gingrich and O. N. Wall, Phijs. Rev.y vol. 56, p. 336, 1939. 

® J. A. Prins, Trans, Faraday Soc,, vol. 33, p. 110, 1937. 

* W. E. McCormick and W. P. Davey, Phys, Rev,, vol. 47, p. 330, 1935. 

® P. W. Bridgman, Phijs, Rev,, vol. 48, p. 825, 1935. 
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SUPERLATTICES 

In an ordinary solid solution the different species of atoms are arranged 
at random on the atomic positions of the lattice. At the composition 
AB, for example, any given lattice point is occupied indifferently by 
either A or B atoms, and there is a constant interchange of atoms of both 
species at each lattice point. There are many solid solutions, however, 
in which a different atom distribution can be induced. Atoms of one 
kind can be made to segregate more or less completely on one set of atomic 
positions, leaving atoms of the other kind to the remaining positions. 
The resulting arrangement can be described as a lattice of A atoms 
interpenetrating a lattice of B atoms. The segregation of atoms to 
particular atom sites takes place with little or no deformation of the 
lattice, creating an ordered solid solution, or superlattice, out of a random 
solid solution, but not a new phase in the usual sense of this term. 

In a disordered solid solution every plane of atoms is identical (statis- 
ticall}^ with every other, but in an ordered superlattice this is no longer 
true. For example, alternate planes of a set may become A -rich and 
R-rich planes, respectively, and the distance between identical planes 
may become twice the distance between identical planes of the disordered 
alloy (or some other multiple of this distance). Diffraction patterns 
of the alloy will then contain reflections (‘^superlattice lines from the 
new and larger spacings which are not present in patterns of the dis- 
ordered alloy. An example is reproduced in Fig. 1. Bain^ in 1923. 
and Johansson and Linde^ in 1925 were the first to observe these lines 
with x-ray diffraction, though the possibility of ordering had been con- 
sidered some years earlier by Tammann."^ 

The formation of superlattices takes place at relatively low tempera- 
tures and at compositions expressed by a simple formula like AB or ABs, 
or at compositions near these. At all temperatures above a certain 
critical temperature the usual randomness persists; when the temperature 
is lowered through the critical point, order sets in and increases as the 
temperature drops, approaching perfection only at low temperatures. 

^ E. C. Bain, Chem, & Met, Eng,, vol. 28, pp. 21, 65, 1923; Trans, A,I,M,E,y vol. 68, 
p. 625, 1923. 

* G. H. Johansson and J. O. Linde, Ann, Physik, vol. 78, p. 439, 1925. 

3 G. Tammann, Z, anorg, Chem,, vol. 107, p. 1, 1919. 
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The intensive study of superlattices that followed their discovery 
has provided a remarkably clear view of the dynamic conditions within 
metallic crystals, the balance between the tendency of the atoms to take 
up regular positions and the opposing tendency of thermal agitation to 
maintain a chaotic arrangement. The main features of the order-disorder 



Fig. 1. — Powder-diffraction patterns of the superlattice AuCus. (a) Disordered, (b) 
partially ordered, (c) highly ordered. (From C, Sykes and H. Evans, J. Inst, Metals, vol, 
58, p, 255, 1936.) 

transformation have been worked out theoretically with marked success 
and confirmed by experiment.* 

Common Types of Superlattices. — Copper-gold alloys of about 25 
atomic percent gold (AuCus) were among the first investigated. In the 
disordered state, which exists at high temperatui’es, AuCus has a random 
array of Au and Cu atoms on a face-centered cubic (f.c.c.) lattice (Fig. 




OCu Atoms #Au Atoms @ 25% Au Atoms, 

75% Cu Atoms 

Fig. 2. — The superlattice of AuCus (cubic). 


2). If the alloy is annealed below a critical temperature, about 400°C. 
(750®F.), the atoms segregate as shown in the drawing of the ordered 

^ An extensive review has been published by F. C. Nix and W. Shockley, Rev, 
Modern Phys,f vol. 10, p. 1, 1938, and shorter ones by F. C. Nix, J, Applied Phys., 
vol. 8, p. 783, 1937, C. S. Barrett, Metals cfc Alloy vol. 8, p. 251, 1937, and F. Seitz, 
‘‘The Modern Theory of Solids,” McGraw-Hill, New York, 1940. 
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structure, Au atoms going to the cube corners and Cu atoms to the face 
centers. This represents the condition when ordering is complete, the 
equilibrium condition at low temperatures. 

This stracture has been observed in the following alloys: AuCus, 
PtCus, PdCua,* FeNia, MnNia, (MnFe)Ni 3 . 




^CUA TOMS %SO%CU A TOMS 

^2NA TOMS * TOMS 

Fig. 3. — The supei lattice of ^-brass (cubic, CsCl type). 

The superlattice in ^-brass is illustrated in Fig. 3. The disordered 
crystal is body-centered cubic (b.c.o.) with equal probabilities of having 
Cu and Zn atoms at each lattice point ; the ordered structure has Cu atoms 
and Zn atoms segregated to cube corners and centers, respectively, in a 
structure of the CsCl type. This type of superlattice is characteristic 
of the following alloys of formula AB\ CuZn, CuBe, CuPd; AgMg, 
AgZn, AgCd; AuNi, TsTAl, FeCo. 



In the Cu-Au system, from 47 to 53 atomic percent a superlattice 
foi’ms in which alternate layers of Cu and Au atoms form on (001) planes 

* PdCu, has b(50ii shown to be actually tetragonal, slightly distorted from cubic 
(W. L. Bragg, C. Sykes, and A. J. Bradley, Proc, Phys. Soc. {London) vol. 49, p. E96. 
1937]. 
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of the f.c.c. solid-solution lattice, distorting it into a tetragonal structure, 
illustrated in Fig. 4. The fourfold axLs is normal to the alternating planes 
of Cu and Au atoms, and the axial ratio is approximately c/a = 0.93.* 
Another superlattice in this composition range of the system Cu-Au 
has a surprising unit cell formed out of 10 cells of the disordered lattice,* 
as shown in Fig. 5. The structure is orthorhombic, with two axes nearly 
equal (6/a = 1.003 to 1.031 in different samples) and the third ten times 
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Fig, 5. — One unit cell of the orthorhombic superlattice of AuCu. 


as long. It is found when a 50 atomic percent alloy is quenched from 
about 420°C. or when 36 to 65 atomic percent alloys arc annealed and 
quenched from somewhat lower temperatures.^ 

In the Cu-Pt system near 50 atomic percent the f.c.c. disordered 
lattice takes up the ordered structure shown in Fig. 6a, consisting of 
alternating layers of Cu and Pt atoms on (111) planes. This form of 



Fig. 6. — The rhombohedral superlattice of CuPt, (a) Distribution of atoms at the 
composition CuPt. Alternate (111) planes are occupied by Cu and Pt atoms, {h) Dis- 
tribution of atoms on a single (111) plane, at the composition CujPts. 


ordering produces a lattice distortion from cubic to rhombohedral.^ 
Copper atoms in excess of the 50-50 composition displace Pt atoms at 

* C. H. Johansson and J. O. Linde, Ann, Physik, vol. 82, p. 449, 1927; vol. 25, 
p. 1, 1936. R. Hultgren and L. Tarnopol, Trans, A,I,M,E,f vol. 133, p. 228, 1939. 

1 C. H. Johansson and J. O. Linde, Ann, Physik, vol. 78, p. 439, 1925. 

2 After quenching to room temperature the atomic structure undergoes a curious 
alteration: the ratio h/a increases, sometimes changing as much as*from 1.018 to 1.031. 

2 J. O. Linde, Ann. Physik, vol. 30, p. 151, 1937. 
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random on the Pt (111) planes, but in alloys with Pt atoms in excess of 
the 50-50 ratio there is an interesting tendency for them to displace 
certain atoms in the Cu (111) planes in the manner illustrated by the 
sketch of the (111) plane in Fig. 66. Each Pt atom tends to be sur- 
rounded by Cu atoms; this arrangement would be complete in a CusPts 
alloy. 

In the Cu-Pd system one of the ordered structures (37 to 48 atomic 
percent Pd) has the CsCl structure, although it forms from a f.c.c. 
disordered state. In spite of this change of lattice, however, it is prob- 
ably a superlattice transformation, since the physical properties vary 
with temperature in a way similar to typical superlattices and since it 
can be shown that a relatively small adjustment of lattice dimensions 
is required in the transformation instead of an extensive rearrangement 

of atoms. ^ 

Bradley and Jay^ have determined 
the superlattices in the system Fe-Al 
in detail. As A1 is added to the body- 
centered lattice of Fe, at first the A1 
atoms replace Fe atoms at random, 
but beyond 18 atomic percent they 
concentrate in certain positions and 
desert others. From 18 to 25 atomic 
percent the A1 atoms -concentrate 
more and more in the positions labeled 
X in Fig. 7, this process being com- 
pleted at the composition FesAl. 
From 25 to 50 atomic percent, increas- 
ing numbers of A1 atoms go to Y posi- 
tions until both X and Y positions are 
filled with A1 atoms at the composition FeAl, The structure is then 
similar to the ordered structure in /3-brass. In both FesAl and FeAl the 
atom is surrounded by the maximum number of unlike atoms. A struc- 
ture similar to FesAl is found in FesSi.* The Heusler alloy CusMnAl 
is ordered when in the ferromagnetic condition; the atoms are in a b.c.c. 
cell like that of Fig. 7, with the A1 atoms in Y positions, the Mn atoms 
in X positions, and the Cu atoms at the remaining points.® 

* C. H. Johansson and J. O. Lindk, Ann. Physik, vol. 78, p. 439, 1925 ; vol. 82, 
p. 449, 1927. 

® A. J. Bradley and A. H. Jay, Proc. Roy. Soc. (London), vol. A136, p. 210, 1932; 
J. Iron Steel Imt., vol. 125, p. 339, 1932. 

* G. Phragm^n, Stahl u. Eisen, vol. 45, p. 299, 1925. 

» A. J. Bradley and J. W. Rodgers, Proc, Roy. Soc, (London), vol. A144, p. 340, 
1934. ! 



Fio. 7. — The structure of FejAl and 
FeAl. A1 atoms fill the X positions in 
FejAl and the X and Y positions in 
FeAl. 
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Hexagonal close-packed structures exist in superlattices of MgaCd,* * * § 
MgCdsjt NisSn,^ and in the quasi-binary system Mg-AgCd 3 § in the 
range from 37 to 70 atomic percent Mg.|| 

The ternary phases AgaHgl and CujHgl show complex order-disorder 
changes resembling somewhat those in AuCu 3 , 1 f but involving ordered and 
disordered arrangements of both metal atoms and vacant lattice points. 

Elements of Superlattice Theory. — Theoretical treatments of super- 
lattices have been given by Borelius/ Johansson and Linde,* Gorsky,® 
Dehlinger,* and Dehlinger and Graf,® chiefly on the basis of formal 
thermodynamic relations. It was considered anew by Bragg and 
Williams,® Williams,* Bethe,® and Peierls,® who as a group started with 
simple assumptions about atomic forces and calculated quantitative 
results that compared very favorably with experiment. The point of 
view of this second series of papers is outlined here. 

In a fully ordered alloy there are great distances within a crystal 
through which there is a perfect arrangement of A atoms on one set of 
lattice points and B atoms on another set. The ordering is consistent, 
“in step,” through long distances. This long-distance order may be 
defined as to degree by a fraction, S, which varies from zero at complete 
disorder up to unity at complete order. The degree of long-distance 
order S is the fraction of the atoms that are in their right positions minus 
the fraction that arc in wrong positions. As a simple illustration, con- 
sider an alloy AB in which 100 A atoms and 100 B atoms are randomly 
arranged; just half of the A atoms arc in the places they would occupy in 
the ordered structure, and the other half are in wrong positions; and the 
same would be tioie of the B atoms, giving <S = 0. If 75 A atoms were 
right and 25 wrong, the order would be 0.75 — 0.25 = 0.50. 

* U. Dehlinger, Z. anorg. allgevi. Chem., vol. 194, p. 223, 1930. 

t K. Ribdicrkr, Z. Metallkunde, vol. 29, p. 423, 1937. 

t P. Rahlps, Metallwirtschaft, vol. 16, p. 640, 1937. 

§ F. Laves and K. Moeller, Z. Metallkunde, vol. 29, p. 185, 1937. 

II Atom positions in Mg»Cd and similar structures are as follows: Mg: 000, 100, 

010 , in, iH-, iiijcd: HO, in. 

II J. A. Ketelaar, Z. physik. Chem., vol. B26, p. 327, 1934; vol. B30, p. 53, 1935; 
Z. Krist., vol. 87, p. 436, 1934. 

1 G. Borelius, Ann. Physik, vol. 20, pp. 57, 650, 1934. 

* C. H. Johansson and J. O. Linde, Ann. Physik, vol. 78, p. 439, 1925. 

® W. Gorsky, Z. Physik, vol. 50, p. 64, 1928. 

® U.Dehlinqer, Z. physik. Chem., vol. B26, p. 343, 1934. 

® U. Dehlinger and L. Grap, Z. Physik, vol. 64, p. 359, 1930. 

® W. L. Bragg and E. J. Williams, Proc. Roy. Soc. {London), vol. A145, p. 699, 
1934; vol. A151, p. 540, 1935. 

’’ E. J. Williams, Proc. Roy. Soc. {London), vol. A152, p. 231, 1935. 

* H. A. Bethb, Proc. Roy. Soc. {London), vol. A 150, p. 552, 1935. 

“ R. Peierls, Proc. Roy. Soc. {London), vol. A154, p. 207, 1936, 
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This definition may be generalized to cover the condition in which 
n atomic positions of a total number N can be occupied by either kind of 
atom.^ In the structure FesAl the fraction n/N = since even in the 
completely disordered state one-half of the atom positions are still occupied 
exclusively by one kind of atom. Suppose a fraction r of the n sites is 
occupied by A atoms in the state of perfect order ; these m sites are right 
positions for A atoms. In a partially ordered alloy, some of these 
positions are filled by A and some by B atoms. If p is the probability 



kT/Vo 


Fig. 8. — Dependenoe of order on temperature accoiding to the Bragg and W illuimb theory 
for long-distance order at equilibrium. 

that a right position for an .1 atom is filled by an A atom, then the long- 
distance order is defined by the relation 



which varies from 0 to 1 as order increases. 

In an alloy of A and B atoms the energy of the crystals will be a 
minimum when order is complete and will be increased an amount F if a 
jiair of atoms is interchanged so that an A atom takes a place that should 
he occupied hy a, B atom, and a B atom moves to a position that should 
he occupied by an A atom. In other words, V is the net amount of work 
lequired to effect this interchange. Under thermal agitation an equilib- 
lium will be reached such that the ratio of the number of atoms in the 
right positions to the number in wrong positions is equal to Boltzmann’s 
factor where k is Boltzmann’s constant, and T is the absolute 

temperature. 

* W. L. Beaog and E. J. Williams, Proc. Roy. Soc. (London), vol. A146, p. 699, 
1934. 
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If V were a constant, say Vo, independent of the degree of order in the 
alloy, there would be a gradual increase in disorder with rising tempera- 
ture along a curve plotted in Fig. 8 as a dashed line. This cannot be 
the case, however, for a decrease in order results in a decrease in the forces 
that tend to maintain order. The distinction between right and wrong 
positions for an atom, in fact, vanishes when disorder is complete, and 
the energy V to effect an interchange then drops to zero. This depend- 
ence of V on order is responsible for the decrease of order at an accelerat- 
ing rate as the temperature is raised. As Bragg puts it, demoralization 
sets in, and there is a complete collapse of the ordered state. 

To make a theoretical calculation of the degree of order in equilibrium 
at each temperature it is therefore necessary to assume a particular rela- 
tion between V and the degree of order. For simplicity, Bragg and 



Absolute Temperature — 

Fig. 9. — Dependence of loii;;-riinge order S and short-range order a on teinperatiire in an 

ABz siiperlattice. 

Williams^ assumed that V is proportional to the degree of long-distance 
order, S, according to the relation V = VoSj where Fo is a constant 
representing the interchange energy when the order is complete. The 
curve for equilibrium order vs. temperature is shown in Fig. 8 by the solid 
line. The curve is computed for a supeiiattice of composition ABj such 
as jS-brass and AuCu; it also holds for FesAl. Long-distance order 
decreases to zero at a critical temperature Tc that is directly analogous 
to the Curie temperature at which a ferromagnetic material loses its 
ferromagnetism. ^ 

1 W. L. Bragg and E. J. Williams, Proc. Roy, Soc, {London), vol. A145, p. 699, 
1934. 

2 Each point on the curve of equilibrium order satisfies two conditions that can be 

stated as follows: (1) The dependence of V upon S is assumed to be F = FeyS and it 
is assumed to be practically independent of temperature. (2) The dependence of 
equilibrium order upon F is dependent upon the Boltzmann factor in a way 

that leads to the relation S = tanh {V /4:kl) when applied to a superlattice where 
r = 2 CuZn, FesAl). Plotting S against T, the equilibrium degree of order is 
found at the intersection of the straight line of relation (1) with the curve of rela- 
tion (2). At this intersection the interchange energy F caused by the amount of 
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The critical temperature Te is directly related to the ordering energy 
Fo; in a 50 atomic percent alloy the relation is approximately Fo = 4kTr, 
where k is Boltzmann’s constant. 

A similar calculation for a composition like AuCus gives a similar 
curve up to a certain temperature and then an abrupt drop to zero order, 
as indicated by the solid curve in Fig. 9. 

Short-range Order. — In Bragg and Williams’s theory discussed above 
it is assumed that the ordering energy is proportional to the long-distanc(' 
order in a crystal, yet it seems certain that the principal interactions in 
crystals are between very close neighbors. A logical development of 
superlattice theory is therefore to consider a concept of order that con- 
cerns only nearest neighbors, and to compute ordering energies based on 
nearest neighbor interactions. Theories based on this point of view have 
been worked out by Bethe* and extended by Williams,^ Peierls,® 
Easthope,^ and Kirkwood.® 

Short-range order is defined in terms of the number of “right pairs” 
of atoms, just as long-distance order is defined in terms of the number of 
right atoms. A right pair is a pair of unlike atoms, an AB pair. At 
increasing temperatures the number of AB pairs diminishes and the 
number of AA and BB pairs (wrong pairs) increases until a disordered 
state is reached in which half the pairs are right and half are wrong. The 
local, or short-range, order <r may be defined as the probability of finding 
an unlike atom beside a given atom minus the probability of finding a 
like atom there. Considering a certain A atom, the probability that a 
nearest neighbor is a B atom is 1(1 -|- a), while the probability that it is 
an A atom is 1(1 — <r). The Boltzmann factor gives the ratio of these two 
when equilibrium is reached at a temperature T: 

ilLZl®’) = p - r/kT 

i(l + <r) 

where v is the change in energy of the crystal when one pair is changed 
from 8in A B to an A A pair. This energy v must bo positive if a supor- 
Jattice is to form; if it is negative, there will be a tendency for like atoms 


order present just balances the shuffling tendency of thermal agitation. As the 
temperature is raised, the intersection of (1) and (2) occurs at lower and lower S 
values until the intersection occurs at = 0 at the critical temperature. Hero 
S = tanh {V/4kT) approximates S = Vl^kT, and by substituting relation (1) for 
this temperature, Tc, one obtains Vo = AkTc- 

1 H. A. Bethe, Proc. Roy, Soc. {London), vol. A150, p. 552, 1935. 

* E. J. Williams, Proc, Roy, Soc, {London), vol. A152, p. 231, 1935. 

® R. Peierls, Proc, Roy, Soc, {London), vol. A154, p. 207, 1936. 

^ C. E. Easthope, Proc. Cambridge Phil. Soc., vol. 33, p. 502, 1937. 

® J. G. Kirkwood, J, Chern. Phys., vol. 6, p. 70, 1938. 
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1o cluster together and precipitate from solid solution.^ If Vaa, Vua, and 
vaji are the energies associated with the pairs AA, BB, and AB, respec- 
tively, then 

V = i(vAA -|- Vbb) — vab. 

U V were a constant independent of the degree of order, we should find a 
decreasing slowly toward zero at high temperatures and there would be no 
critical point. In Bethe’s theory v is assumed to depend upon order in a 
manner he computes from the long-distance order that exists in the crystal, 
and this accounts for the accelerated decline toward zero as the tem- 
perature is raised toward the critical point. 

The curve resembles the curve for Bragg and Williams’s theory at low 
temperatures, as will be seen from Fig. 9, but at the critical temperature 
Bethe’s theory predicts that <r does not fall entirely to zero but to a 
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Fici. 10. — Out-of-btep domaiiib in a snperlattice. 


residual value greater than zero, a value which in turn gradually decreases 
as the temperature is still further increased. Thus even at high tem- 
peratures there are more than the random number of AB atom pah's; 
and while they are unable to link up together into a constant long-distance 
order in the crystal, they are able to form small domains within which 
there is order. At Tc the domains begin to hook together into long- 
distance order, and as the temperature is lowered the long-distance order 
increases toward perfection. Even at low temperatures, however, a 
crystal may be divided into domains “out of step” with each other in 
the manner indicated in Fig. 10. The energy for each degree of order may 
be computed by statistical mechanics from the number of different 
arrangements of atoms that will have that degree of order. 

The existence of local order above the critical temperature has been 
confirmed by observations on specific heats of superlattices, as will be 

^ The theory of precipitation from a simple binary eutectic system has been dis- 
cussed by R. Becker, Z. Metallkunde, voL 29, p. 245, 1937. See R. F. Mehl and 
L. K. Jetter, The Mechanism of Precipitation from Solid Solution, The Theory of Ago 
Hardening, Symposium on Age Hardening,” A.S.M., Cleveland, Ohio, 1940. 
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discussed later; it has also been shown by certain diffuse rings in electron 
diffraction patterns. ‘ Bethe’s first treatment of the local-order problem 
was limited to simple structures of composition AB ; this was extended to 
composition ABz by Pcierls* and generalized to compositions other than 
stoichiometric ratios by Kirkwood,* Easthope,^ and others. 

Dependence of To on Composition. — Easthope's theory^ for the varia- 
tion of the critical temperature with composition indicates that Tc is a 
maximum at 50 atomic percent for structures like the simple cubic or 
b.c.c. in Avhich each atom has unlike atoms for nearest neighbors when 
fully ordei’ed. His pi-edictions for Tc vs. composition are plotted in Fig. 



P=Atomic Per Cent A 




Fig. 11. — Easthope's thooretiral curves for critical teinpcratuie vs. cojuposition for 
structures with coordination numbers 6, 8 and (the latter coiiesponding to tlie Bragg- 
Willianis theory). 


11 on a temperature scale expressed as fractions of Tc at 50 atomic percent. 
The curve is symmetrical about this composition. He does not predict a 
maximum in Tc for f.c.c. lattices at the stoichiometric ratio ABz. 

Shockley^ treats the f.c.c. lattice as four interpenetrating lattices 
of the simple cubic type and notes that in ordered AuCu two of these 
are pure Cu and two are pure Au, while in ordered AuCug three of 
these are Cu and one is pure Au. By considering the degree of order on 
each of these interpenetrating lattices separately he is able to treat 
intermediate compositions and to compute the Tree energy as a function 

^ L. H. Gkrmer, F. E. Haworth, and J. J, Lander, Phys, Rev,, vol. 61, p. 93, 
1942. 

* R. Peierls, Proc. Roy, Soc, {London)^ vol. A154, p. 207, 1936. 

J. G. Kirkwood, J, Chem. Phys.^ vol. 6, p. 70, 1938. 

* C. E. Easthope, Proc. Cambridge Phil. Soc., vol. 33, p. 502, 1937. 

® W. Shockley, J. Chem. Phys., vol. 6, p. 130, 1938. F. G. Nrx and W. Shockley, 
Rev. Modern Phys., vol. 10, p. 1, 1938. 
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of composition for all alloys of the system. His theory predicts a phase 
diagram in which the ordered tetragonal phase (AuCu), the ordered cubic 
phase (AuCus), and the disordered phase are separated by two-phase 
regions (Fig. 12). Both ordered structures have a maximum Te at 60 
atomic percent, and there is symmetry around this composition. Modifi- 
cation of the theory will be necessaiy to account for the lack of symmetry 
that actually exists in the AuCu system and to account for the fact that an 
orthorhombic rather than a cubic structure forms; yet the prediction of 



Fig. 12. — Shockley’s theoretical phase diaRram for f.c.c. superlattices. 

two phase changes in some of the alloys (an example has been observed 
and the prediction of two-phase regions (not yet observed) are most 
interesting. 

Phenomena Related to Superlattices. — Superlattices have a close 
parallel in ferromagnetism. Bragg and Williams’s treatment of long- 
distance order S is analogous to Weiss’s theory of ferromagnetism, S 
corresponding to the magnetization and V to the difference in potential 
energy for the parallel and antiparallel electron spins. Similarly, the 
theory of local order parallels the modern theory of ferromagnetism, with 
interaction assumed only between neighboring electron spins (except that 
(juantum mechanics is not involved in calculations of order as it is in 

‘ O. H. Johansson and J. 0. Linde, Ann. Physik, vol. 25, p. 1, 1936. 
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magnetism).^ Another close analogy is the vibration and rotation of 
molecules in crystals such as the ammonium halides where there is a 
critical temperature above which all the ammonium radicals rotate and 
below which the rotation is gradually replaced by oscillation. Fowler 
has presented the theory of these transitions® in each of which there is a 
critical temperature, properly called a Curie temperature, resulting from 
an ordering force that decreases with order. 

Specific Heats of Superlattices. — The order-disorder transformation 
has a marked effect on the specific heat of an alloy. Energy must be 
supplied to interchange atoms from right to wrong positions, for the fully 
ordered state is the one of lowest energy. The specific lu'at during dis- 



Temperafure in Degrees Centigrade 
Fig. 13. — Specific heat vs. temperature in /3-brass (50.4 % Zii). 

ordering is greater than the normal value that is given approximately 
by the law of Dulong and Petit; the value at each temperature depends 
upon the rate of decrease of order with temperature. Just below the 
critical temperature the order drops most rapidly and the specific heat 
rises to a maximum and then drops precipitously, as shown in Fig. 13. 
However, the specific heat does not beco-me infinite — i.c., there is no latent 
heat — unless there is an infinitely sharp drop in order at the critical tem- 
perature Tc. The transformation in superlattices at 50 atomic percent 
should not show a latent heat, for theory predicts a steady decrease in 
order with increase in temperature, as in Fig. 8. On the other hand, at 
all compositions other than 50 atomic percent (for example, ABs), a 

1 F. Bloch, Z, Physik, vol. 61, p. 206, 1930. A. Sommerfeld and H. A. Bethe, 
Handbuch der Physik,^^ vol. XXIV, pt. 2, p. 607, Springer, Berlin. N. F. Mott and 

H. Jones, '^The Theory of the Properties of Metals and Alloys,^^ Oxford, New York, 
1936. 

2 R. H. Fowler, Proc. Roy, Soc, (London), vol. A149, p. 1, 1935. 
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latent heat is predicted from the abrupt drop in order at Te (fif. Fig. 9). 
Cu-Zn and Cu-Au alloys confirm these predictions, but CusPd and MgCd 
apparently do not, and some modifications of the theory are required.* 
Theory and experiment are in reasonable agreement for the total energy 
change from order to disorder but are divergent in predicting the maxi- 
mum specific heat just below Tc* 

In ^11 specific-heat curves for superlattices there is evidence for the 
existence of local order above the critical temperature — the curves con- 
tinue to fall as tlie local order is further destroyed by thermal agitation. 
Sykes and Wilkinson’s measurements^ (Fig. 13) show this prominently 
for jS-brass. The long-distance order breaks up into small partially 
ordered domains that are out of step with one another, and at still higher 
temperatures the order approaches zero in each of these. Since the 
interactions among atoms are largely between nearest neighbors, energies 
and specific heats are determined by the degree of local order. 

Electrical Resistivity of Superlattices. — Electrical resistivity, like 
x-ray diffraction, reveals long-distance order but is insensitive to local 
order. When the disordered state is retained at room temperature by 
quenching from above the critical temperature, the strains from the irreg- 
ularity of the distribution are superimposed upon the distortions from 
thermal agitation, both contributing to the electrical resistance. Anneal- 
ing below Tc induces order and removes the disordered component of 
resistance, sometimes lowering the re.sistivity of the alloy by as much as a 
factor of 3. Measurements on Cu-Au alloys, reproduced in Fig. 14, 
show the maximum effect of ordering at compositions AuCua and AuCu, 
where ordering is most complete. In the Cu-Pt system (Fig. 15) it will 
be recalled that the CuPt structure distributes excess Pt atoms differently 

* F. C. Nix and W. Shockley, Rev. Modern Phys., vol. 10, p. 1, 1938. 

* In Bragg and Williams’s theory, the notation of the preceding pages being used, 
an increase in order from N to + dS, which accompanies a fall of temperature —dT, 
involves an increase in the number of atoms in right positions from rnp to rn(p + dp) ; 
and since S = {p — r)/(l — r), we have dp = (I — r) dS. With the potential 
energy decreasing by F = FoiS at each atom interchange, the crystal gives off energy 
dE = Frn(l — r) = Forn(l — r)S dS. This integrated between any limits Si and 
Si gives the evolution of energy from ordering (“configurational energy”), which for 
the total change iS = 0 to jS = 1 is Fonr(l — r)/2. For a superlattice of the AB 
type with n = N and r = ■^, the equation reduces to JVFo/S per mol. On Bethe’s 
theory and Kirkwood’s theory this energy of transformation from (r = lto<r=0is 
3Nv/2 for simple cubic AB structures and 2Nv for b.c.c. structures. The configura- 
tional specific heat is a maximum just below Tc ; the predicted values on the different 
theories are as follows for b.c.c. AB supcrlattioes; Bragg and Williams, 1.50/2; Bethe 
1.78/2; Kirkwood 2.20/2. The observed value for ^-brass is 5.1/2, and so all theories 
are too low in this very sensitive and critical test. Mott [Proc. Phys. Soe. {London), 
vol. 49, p. 258, 1937) predicts higher theoretical values from a quantum mechanical 
computation of the energy in |8-brass. 

* O. Sykks and H. Wilkinson, J. Inst. Metals, vol. 61, p. 223, 1937. 



244 


STRUCTURE OF METALS 


from excess Cu atoms, the former taking ordered positions on (111) Cu 
planes of the face-centered lattice, the latter taking random positions. 



0 25 50 75 100 

Cu Atomic Per Cent Au Au 


Fio. 14. — Electrical resistivity vs. cotnposition for the Cu-Au system, (o) Alloys quenched 
from 650®C. (disordered), (x) alloys annealed at 20I)®C. (ordered). 

This doubtless accounts for the low resistivity of the ordered alloys above 
50 atomic percent compared with those below. 



Fio. 15. — Electrical resistivity vs. composition for the Cu-Pt system, (o) Alloys 
quenched and cold-worked (disordered), (+) alloys quenched from 900®C. (nearly dis- 
ordered), (#) alloys annealed at 300®C. (ordered). 

Disorder makes a large contribution to the electrical resistance, super- 
imposed upon the resistance due to thermal vibrations. Bragg arid 
Williams’s calculated curve of resistivity vs. temperature for AuCu in 
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equilibrium is reproduced in Fig. 16 and compared with measured values 
obtained during a slow rate of cooling. ‘ The experimental curve deviates 
from the theoretical because of the increasing sluggishness of diffusion 
at the lower temperatures, the alloy finally “freezing” into a state of 
partial order when atomic interchange becomes negligible. 

There is an abrupt change in resistance at the critical temperature in 
AuCua, corresponding to the abrupt change in long-distance order from 0 
to about 0.4. The abruptness is partly obscured, however, by sluggish 



temperature. 

diffusion, by the limited size of the domains in which order is coherent, 
and by strains introduced during the change from a cubic to a tetragonal 
lattice. These factors produce a hysteresis effect, making To appear at 
different temperatures on heating and on cooling. 

Plastic deformation tends to destroy long-distance order. It will be 
seen from Fig. 17 that an annealed AuCus alloy reverted to the resistance 
of a fully disordered alloy when reduced 60 percent in cross section by 
drawing through a die.^ The disordered (quenched) alloy remained 

* N. S. Kubnakow and N. W. Ageew, J. Inst. Metals, vol. 46, p. 481j 1931. 

* O. Dahl, w, Metallkunde, vol. 28, p. 133, 1986. ' 
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relatively unchanged, thus resembling pure metals and random solid 
solutions, most of which are increased only about 2 percent in resistivity. 

Other Physical Properties of Superlattices. — Mechanical properties 
are altered when ordering takes place. Hardness, tensile strength, and 
clastic limit generally increase.^ For example, if the alloy AuCu is 
quenched to retain disorder and is then annealed at 150 to 300°C., the 
hardness increases with time much as in a precipitation hardening alloy 
(Fig. 18).* The microstructure is acicular,* resembling martensite. 
Doubtless the formation of many nuclei of the ordered tetragonal phase 
induces severe strains which are responsible for much of the hardening. 
In /3-brass the ordering process takes place almost instantly. It cannot 



Fio. 17.- 
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Reduction in Cross-Sectional Areo in Per Cent 
-Effect of cold work (wire drawing) on the electrical resistivity of AuCu.3. 


be prevented or even retarded by quenching, and it cannot be destroyc^d 
by cold work. As expected of a superlattice having this rapid ordering, 
it is found that the conductivity of /3-brass is unaffected .(within 1.5 
percent) by the rate of cooling from above the critical temperature 
(450 to 470°C.) and by cold work. In spite of this, the hardness of a 
sample quenched from above the critical temperature is greater than the 
hardness of one that has been slowly cooled.^ The additional hardness 
must have its origin in out-of-step domains. Hardness changes in /S-brass 
during aging^ (Fig. 19) are also understandable on this basis. An alloy 

* G. Sachs, “Praktische Metallkunde,” vol. Ill, pp. 68-81, Springer, Berlin, 1935. 

’ L. Nowack, Z. Meiallkunde, vol. 22, p. 94, 1930. 

* N. Ktibnakow, S. Zemczuzny, and M. Zasedatblev, J. Jnst. Metals, vol. 15, 
p. 305, 1916. W. Goesky, Z. Physik, vol. 50, p. 64, 1928. J. L. Hauohton and R. 
J. M. Payne, J. Inst. Metals, vol. 46, p. 457, 1931. 

* C. S. Smith, Metals Tech., Tech. Pub. 1517, October, 1942. 
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quenched from 500®C. presumably has many small out-of-step domains 
which rapidly coalesce during aging, quickly lowering the hardness. An 
alloy quenched from a temperature where ordering is about half complete 



Time of Anneal in Mirtufe? 

Fid. IS — Hardening of CuPt by annealing a quenched alloy under the critical temperature. 

(Annealing temperature 500°C.) 


(425°C.) probably contains domains of larger size, which grow more 
slowly, and hence hardness decreases more slowly. 

Dilatometric changes occur during ordering, for lattice constants 
are altered. Yox’.ng's modulus increases with ordering in CusPd and 



Fig. 19. — Hardness of jS-brass aged at room temperatures. A, samples annealed at 
425®C., slowly cooled to room temperature, and cold-rolled 15 percent reduction. B, 
annealed 1 hr. at 500®C., furnace-cooled to 425*^0., held 1 hr. at 426°C., and quenched. 
C, annealed 1 hr. at 500®C. and quenched. Z>, annealed 1 hr. at 425®C. and furnace- 
cooled. (C. S. Smith,) 


AuCus but decreases in AuCu and CuPd. SiegeP has shown that the 
elastic constants are sensitive to local order. 


1 S. SiEGKL, Phys, Rev,y vol. 57, p. 537, 1940. 
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Diamagnetic susceptibility increases when AuCiu, CusPd, and CuPd 
become ordered but decreases for AuCu.* NisMn is ferromagnetic in 
the annealed state and nonferromagnetic when cold-worked; resistance 
changes resemble those in CusAu and suggest that ordering is responsible. ‘ 

The Heusler alloys are known to be ordered in the ferromagnetic 
state. ^ Pt-Cr alloys containing 20 to 50 atomic percent chromium 
are also ferromagnetic, but the composition with highest saturation 
magnetization (about 30 percent) is not that for which the strongest and 
sharpest superlattice lines are seen in x-ray patterns.® The relation of 
ferromagnetism to superstructures becomes still more uncertain when it 
is noted that the ferromagnetic nonferrous alloys SnMnj, SnMns, MnSba, 
and Mn 2 Sb have not been identified with superstructures. While some 
permanent-magnet alloys show superlattice lines when treated to give high 
coercive force, the intensity of the lines is not proportional to the coercive 
force, and so the correlation is doubtful.^ 

The Rate of Approach to Equilibrium. — Bragg and Williams have 
made some interesting calculations of the rate at which an alloy will 
approach its equilibrium degree of order at any temperature. They 
assumed that the rate of approach is directly proportional to the dis- 
crepancy between the actual and the equilibrium order. The constant 
of proportionality was taken as 1/r, where t is the “time of relaxation” 
of the alloy, the time required for the departure from equilibrium to 
be reduced to 1 /e or (0.368) of its initial amount. A reasonable expression 
for T is then t = where A is roughly of the order of 10“'® and W 

is the “activation energy” that a pair of neighboring dissimilar atoms 
must have in order to surmount their potential barrier and exchange 
positions. 

This expression for the relaxation time permits an estimate of the 
range of states that can be produced in an alloy by different heat-treat- 
ments. Rapid quenching will retain a degree of order characteristic of a 
high temperature, and annealing for several days will produce a degree 
of order characteristic of a lower temperature; but the calculations 
indicate that these two temperatures will differ by only about 30 percent 
(on the absolute-temperature scale) because of the rapid change of r 
with T. Bragg and Williams estimate from resistance curves that, for 
AuCus, T is 1 sec. at about 650°C. (a temperature above the transition 
point), which accounts for the fact that complete disorder ean be nain- 
. * H.’ J. Sbemann and E. Yogt, Ann. Physik, vol. 2, p. 976, 1929. 11. Svknsson, 

Ann. Physik, vol. 14, p. 699, 1932. 

* F. C. Nix and W. Shockley, Rev. Modern Phys., vol. 10, p. 1, 1938. 

* A. J. Bradley and J. W. Rodgers, Proc. Roy. Soc. {London), vol. A144, p. 340, 
1934. O. Heusler, Ann. Physik, vol. 19, p. 155, 1934. 

’ E. Friederich and A. Kaussmann, Physik. Z., vol. 36, p. 185, 1935. 

* F. C. Nix and W. Shockley, Rev. Modem Phys., vol. 10, p. 1, 1938. 
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tained by quenching. Because of sluggish diffusion, prolonged annealing 
at temperatures below 270°C., on the other hand, could not be expected 
to produce degrees of order corresponding to temperatures much below 
270°C. where the equilibrium order S is approximately 0.75. In the 
case of Cu-Zn the rate of diffusion is so fast (t so small) that it is impos- 
sible to retain the disordered structure by quenching, and the alloy at 
room temperature is always highly ordered. 

It appears likely, however, that this treatment of the problem over- 
looks some important comphcations. There is much reason to believe 
that as an alloy is cooled below Tc a number of nuclei start to grow 
independently of one another and with a noncoherent relation to one 
another. Their growth must continue until they touch, and then they 
must coalesce until the whole of a grain — or the whole of some natural 
subdivision of a grain — contains a coherent array with no out-of-phase 
regions remaining unabsorbed. Experiments of Sykes and Evans' 
have suggested that the rate of ordering within each nucleus may be as 
much as a thousand times faster than the rate of growth and coalescence 
of the nuclei. Once the coalescence has been completed, subsequent 
alterations in oi’der seem to be at the rapid rate characteristic of a nucleus. 

Compounds, Superlattices, and Solid Solutions Compared. — The 
interactions among atoms may be so strong (F so great) as to cause 
the virtual value of the critical temperature Tc to lie above the melting 
point. Such is the case in phases that are ordered at all temperatures in 
the solid state. An example seems to be CusSb (with FesAl structure), 
and AuZn is another (with the CsCl structure). Alloys with these 
characteristics closely resemble true chemical compounds. 

It will be seen that the whole range of intermetallic structures can be 
considered from this point of view. When atomic interactions are strong, 
they may retain order, as in a compound, up to a temperature at which 
another phase has a lower free energy and begins to form; taking as 
an example AgZn, the new phase is another solid of different crystal 
structure, while in AuZn the new configuration is the liquid phase. With 
le.ss intense ordering forces between the atoms the ordered arrange- 
ment may decrease gradually to a low value or to zero at the critical 
temperature. Finally, if V is very small — and this must be true at low 
concentrations in terminal solid solutions, since any ordered array would 
put the solute atoms far apart on the lattice — the critical temperature 
will be below room temperature, or at least so low that the atoms will not 
diffuse appreciably into their ordered positions. 

The behavior of an alloy will thus be governed largely by two con^ 
stants, the interaction energy Fo, which is the net amount of work 
necessary to switch a pair of atoms into disordered positions in the fully 

* C, Sykes and H. Evans, J. Inst. Metals, vol. 58, pi 255, 1935. 
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ordered alloy, and the activation energy W that the atoms must acquire 
in order to make the exchange. Approximate values* for these in AuOi, 
expressed in electron volts, are Fo = 0.3, W = 1.85. The value W may 
also be converted to calories, Q {Q ^ 23,066Tr), and will then be seen 
to be of the same order as the heats of activation for diffusion in solid 
solution.* It is also of the same order of magnitude as the heats of 
activation for recovery from cold work; for example, in experiments* on 
permalloy the rate of sharpening of broadened x-ray diffraction lines has 
yielded the value W = 1.7 electron volts. 

^ W. L. Bragg and E. J. Williams, Proc. Roy. Soc, {London)^ vol. A145, p. 699, 
1934. 

2 R. F. Mbhl, Tram. A.I.M.E., voi. 122, p. 11, 1936. 

® J. F, Dillinger, Phys. Rev., vol. 49, p. 863, 1936. 



CHAPTER XITT 


THE ELECTRON THEORY OF METALS AND ALLOYS 

The physicists who in recent years have applied the mathematics of 
quantum mechanics to the problems of the metallic state have greatly 
increased our understanding of the phenomena of physical metallurgy, 
including conductivity, magnetism, specific heat, lattice energy, and 
alloy structure. The details of the theories they have developed are 
often of great complexity and are presented in a mathematical language 
to which most people are allergic, but the results can be presented in a 
simple manner. A summary of certain results of general interest is 
given below, with a minimum outline of the reasoning by which they were 
derived. For details and comprehensive treatments the reader is referred 
to the books of Mott and Jones^ and Seitz^, and to the review articles.* 

Metallic Binding. — It is now well established that the atoms in metal 
crystals are ionized and that a metal should be thought of as an assem- 
blage of positive ions immersed in a cloud of electrons. The electrons 
of this cloud are relatively ‘'free^\* they are not bound to any particular 
ion but move rapidly through the metal in such a way that there is 
always an approximately uniform density of them throughout the interior 
between the ions. Metal crystals are held together by the electrostatic 
attraction between this ‘^gas'' of negative electrons and the positively 
charged ions. The binding forces in metals are thus in sharp contrast 
to those in nonmetallic substances, where the predominating forces are 
from one atom to another or from positive to negative ions. 

Cohesive and Repulsive Forces in Metals. — Wigner and Seitz ^ 
have shown a convenient way to calculate the attractive forces between 
the positive ions and the electrons of a metal. Planes are drawn bisecting 
the lines joining an atom to each of its neighbors; these planes then form 
polyhedra surrounding each atom of the crystal. The polyhedra are 

1 N. F. Mott and H. Jones, *^The Theory of the Properties of Metals and Alloys,*' 
Oxford, New York, 1936. 

* F. Seitz, ‘^The Modern Theory of Solids," McGraw-Hill, New York, 1940; ‘‘The 
Physics of Metals," McGraw-Hill, New York, 1943. 

^ J. C. Slater, Rev, Modern jPhys,, vol. 6, p. 209, 1934. N. F. Mott, Science 
Progress, vol. 31, p. 414, 1937. F. Seitz and R. P. Johnson, J . Applied Phys,, vol. 8, 
pp. 84, 186, 246, 1937. W. Shockley, Bell System Tech. J., vol. 18, p. 645, 1939. 

* E. Wigner and F. Seitz, Phys. Rev., vol. 43, p. 804, 1933; vol. 46, p. 509, 1934. 
E. Wigner, Phys, Rev., vol. 46, p. 1002, 1934. 
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convenient units for the calculation of the energy of the lattice, for each 
polyhedral cell contains one ion and, on the average, one free electron 
(in monovalent metals). The potential energy of the lattice consists of 
(1) the energy arising from the positive and negative charge in each 
polyhedron and (2) the energy of the interaction of each polyhedron with 
its neighbors. The second of these two energies is very small, since 
each cell is electrically neutral and is nearly the shape of a sphere; this 
term can therefore be treated as a small correction — amounting to 1 per- 
cent or less — to the calculation of the energy of interaction between the 
positive and negative charges in one cell. The polyhedra, which are 
rhombic dodecahedra in face-centered cubic lattices, can be replaced by 
spheres for approximate calculations since they are nearly spherically 
symmetrical. 

Balanced against the attraction of each positive ion for the negative 
electrons that happen to be within its electrostatic field are two principal 
repulsive forces: (1) the mutual repulsion of the electrons in the electron 
gas (this may be termed the “pressure” of the gas) and (2) the repulsion 
between ions that are in contact. Calculations show that the pressure 
of the gas is not inversely proportional to its volume F, as with an 
ordinary gas, but is proportional to 1/V\ 

The free electrons thus contribute two opposing terms to the potential 
energy of the lattice. The attractive force is furnished by the potential 
energy of the electrons in the electric fiehl of the ions; this energy varies 
inversely as the mean distance between ions, therefore as — l/F\ The 
repulsive force derives from the kinetic energy of the electron gas; this 
energy varies as 1/F'. Summing these two terms gives 


E 


A 

Vi 


B 

Fi 


(I) 


where A and B are constants and F is the volume of the metal. 

It has been shown^ that for monovalent crystals this energy E is 
approximately equal to the total energy of the crystal, other terms being 
negligible. If computations are canied out for various assumed values 
of the lattice constant of a metal, E is found to vary in the manner illus- 
trated in Fig. 1 (a plot for sodium). The minimum on a curve of this 
type gives the theoretical prediction of the lattice constant. The 
difference in energy between this minimum and the value of E for an 
infinitely large lattice constant is the energy that would be required 
to remove the atoms from the crystal and scatter them to infinity; this 
is the heat of sublimation. The curvature of the curve at the minimum 

’ For details, see N. F. Mott and H. Jones, “The Theory of the Properties of 
Metals and Alloys,” Chap. IV, Oxford, New York, 1936; Fkedeeick Seitz, “The 
Modem Theory of Solids,” Chap. X, McGraw-Hill, New York, 1940. 
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is directly related to the compressibility of the crystal. Bardeen’s^ 
theoretical values of lattice constant, heat of sublimation, and com- 
pressibility are compared with observed values in Table XII. 


Table XII 


Physical property 

Lithium 

Sodium 

Lattice constant, (A): 

Observed 

3.46 

3.49 

39 

34 

7.4 X ip-‘* 

8.4 X 10-« 

4.25 

4.53 

26 

23 

12.3 X 10->» 
12.0 X 10-1’' 

Calculated 

Heat of sublimation, k-cal. per gram atom: 

Observed f 

Calculated 

Compressibility, sq. cm. per dyne: 

Observed 

Calculated 



For the noble metals the atom cores as well as the valence electrons 
must be taken into account, or otherwise the predicted compressibility 
wordd be too high. It appears that with the metals Cu, Ag, and Au — 
and probably many others — the inner shells of the atoms come into 



La+tice Cons+an+ in Anqs+roms 

Fig. 1.- -Variation of energy with lattice constant. Computed for sodium. 

contact and begin to overlap before the lattice constant is reduced to the 
minimum point on the curve corresponding to Fig. 1. A strong repulsion 
then sets in, and the energy curve turns upward more steeply than in 
Fig. 1 ; therefore, the compressibility is lower. One may properly think 
of these metals as composed of hard spheres in contact. The spherical 
ions are held in their tight-packed array by the attraction between them 
and the electron gas in which they are immersed. 

The theoretical prediction of what type of crystal structure will be 
the most stable for any element is a task too difficult for quantum 
mechanics in its present state. In the first place, its proper method of 
attack would be to calculate the energy of every possible crystalline 

* J. Bardeen, J. Chem. Phya., vol. 6, pp. 367, 372, 1938. 
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arrangement of atoms to see which has the lowest energy. But even if 
this infinitely laborious task were possible, the results would be unreliable, 
for the best of the present methods of calculation can yield an accuracy 
of only about 5 k. cal. per mol, and the difference between a stable struc- 
ture and an unstable one may be much less than this. Some theories 
have succeeded, however, in bringing out differences in energies between 
different structures in such a way as to give useful results in spite of 
the uncertainties about the total energies; these are discussed in a sub- 
sequent section (page 265). 

The resistance of metals to cleavage may be understood as arising 
from electrostatic attraction, since any force tending to pull the ions 
apart also tends to increase the average distance between ions and their 
neighboring electrons. Cleavage at grain boundaries is resisted by the 
same attractive force, since the electron gas is presumed to be sub- 
stantially the same at a boundary as elsewhere. Most of the energy of 
the lattice arises from the interactions within each polyhedion; i.e., it 
depends on electrostatic attraction over very short distances, a fact which 
suggests that disarranged atoms at a grain boundary should not appreci- 
ably reduce cohesion across the boundary. This point of view also 
provides an answer to the question, “Why does a metal not fall apart 
when slip is occurring?" For even if there is a high state of disorder 
possibly approximating a molten condition at the slipping surface, there 
still remains the electrostatic attraction holding the crystal together. 

Electron Energies in a Metal. — Many important advances in the 
theory of metals have been made by studying the movement of valence 
electrons in metals. In the first important theory of electrical conduc- 
tion, the Drude-Lorentz theory, it was assumed that in the interior of a 
metal the electric field is uniform. The conduction electrons in this 
uniform field were believed to be a sort of gas that is free to drift about 
whenever an electric field is applied externally, as, for example, when 
wires from a battery touch the metal. The drift of electrons creates an 
electric current, and the collisions of the electrons with the ions of the 
metal interfere with the flow and cause electrical resistance. 

The general outlines of this theory are still valid, but it has been so 
elaborated from its early form as to be almost unrecognizable. The 
modern theories are based on the fact that a moving electron does not 
act as if it were a small hard particle but behaves as if it were a system 
of waves. These waves that constitute the electron (or, better, that 
describe the motion of the electron) have a definite wavelength that 
depends upon the velocity of the electron according to the relation 



mv 


( 2 ) 
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where X is the wavelength, v is the velocity of the electron, m is the mass 
of *the electron, and ^ is a constant known as Planck’s constant. 

The problem was undertaken of calculating the velocities that a 
wavelike electron could have as it moved around in a metal within which 
the electric field was assruned to be uniform. The problem is analogous 
to that of calculating what various modes of elastic vibration are possible 
for the solid block of metal, i.e. its natural frequencies. In both the 
sound-wave problem and the electron-wave problem a series of modes 
of vibration are found with different wavelengths, like the fundamental 
tone and the overtones of a vibrating string. Each mode of vibration 
corresponds to a definite wavelength according to the relation given in 
Eq. (2). As a consequence of this,, the electron is permitted to have 
only certain discrete velocities in the metal. If an electron were made to 
go faster and faster through a crystal, it would increase its velocity by 
jumps, not continuously, and if we could 
hear the waves belonging to this electron we 
should hear a scale composed only of the 
harmonics of some fundamental tone, not 
the continuously ascending wail of a si.-en. 

The kinetic energies of the electrons are 
related to their velocities by the equation 

Akin = (3) 

and by Eq. (2) this may be written in terms 
of electron wavelengths: 

The energy thus varies with wavelength as in Fig. 2, along a parabolic 
curve. This curve could be properly drawn as a string of closely spaced 
dots representing the closely spaced energy values that are permitted an 
electron in a crystal. 

There are a great many energy values — energy levels, as they are 
called — that are permitted an electron in a crystal; in fact, there 
are more levels than there are electrons. To determine which of these 
possible energy levels will actually be occupied by electrons, it is neces- 
sary to make use of Pauli’s exclusion principle, which states that only 
two electrons can exist in any one energy level in the entire crystal. 
The two electrons in one energy level must be spinning in opposite 
directions. Suppose we were to build a crystal by starting with a lattice 
of positive atom nuclei and adding the electrons one by one until the 
crystal became electrically neutral. The first electrons added would 
fill the lowest energy levels, where they would be tightly bound to the 



Fig. 2. — Energy of an elec- 
tron moving in a imifonn field 
of force. 
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individual nuclei. These would be the ones that would take part in 
the processes of x-ray emission, discussed in Chap. III. As these levels 
became filled, two electrons going to each level, succeeding additions 
would go to higher levels. When all the electrons had been placed, we 
should find all the lower levels up to some maximum energy completely 
filled and all the levels above this empty. 

The theory just outlined is more successful than the earlier Drude- 
Lorentz theory in explaining certain physical properties of metals, 
particularly their specific heats. The earlier theory postulated a gas 
of free electrons in a metal; if each particle of this gas were to behave 
as a particle of an ordinary gas, it would have a heat capacity of ^k, where 
k is the gas constant. But the total contribution to the specific heat of 
the metal from the conduction electrons when computed on this basis is 



NfE)— ► N(E)— 

Low Temperalure High Temperafune 

Fiq. 3. — Effect of temperature on distribution of electron energies, B, in a metal. 
Curve gives allowed number of levels, N{E), in each energy interval; horizontal lines 
give actual number (schematic). 

much too great, about a hundred times greater than the observed value. 
The newer concept removes this discrepancy, for only a small proportion 
of the electrons contribute to the specific heat. When the temperature 
of a metal is raised, the electrons in the lower energy levels cannot accept 
any thermal energy because for them to do so would require that they 
move up to a level that is slightly higher than the one they are in and 
there are no available empty spaces in the tightly filled band of levels 
that would permit this. Only the electrons at or near the very top of 
the layer of filled levels are able to find vacant levels above them and are 
able, therefore, to accept additional energy. This may be represented 
schematically by the sketches in Fig. 3 for a crystal at a low temperature 
(Fig. 3a) and at a high temperature (Fig. 36). The number, N(E), of 
allowed energy levels in each interval on the energy scale is indicated 
by the horizontal distance out to the curve; the number of levels in each 
interval that are actually filled is indicated by the lengths of the hori- 
zontal lines. The electrons at the top of the filled region may be said to 
be “splashed” up to higher energies by the heat waves. 
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The Zone Theory of Solids. — An extremely important advance in this 
theory was made by discarding the assumption that the electrons move 
in a uniform electric field within a crystal and investigating the problem 
of electrons moving in a periodically varying field. The crystalline array 
of positive charges (the positive ions) produces a crystallographically 
varying field which interacts with the wave of the electron. Under these 
circumstances, the electrons can be diffracted by the lattice of ions just 
as x-rays are diffracted, and in fact the condition for diffraction is the 
same as the Bragg condition for reflection, viz., n\ = 2d sin 6, where X 
is now the electron wavelength. The reflection of electrons within the 
crystal changes the relation between wave- 
length and energy sketched in Fig. 2. There 
can be no electrons in the crystal that have an 
energy just correct for reflection (if they also 
have a direction of motion that is correct for 
reflection). In other words, there is a gap in 
the allowed energy levels, as indicated in Fig. 4. 

It will be seen from the figure that electrons 
having wavelengths slightly gi-cater than the 
critical wavelength for Bragg reflection have 
their energies depressed below the value of the 
smooth parabolic curve, while those having 
wavelengths slightly less than the critical wavi*- 
length have their energies raised, leaving a gap 
in energy. 

The gaps in the allowed energy levels depend ixpon reflection of the 
electrons and therefore upon the direction of motion of electrons, and they 
will occur at different energy values for electrons going in different direc- 
tions. In some crystals the gaps for differently directed electrons happen 
to coincide and leave a range of energy that is forbidden to electrons 
whatever their velocity and direction of motion. In other crystals the 
gaps for one direction of electron motion overlap the curves for another 
direction, and the gaps are effectively closed. Davisson and Germer’s 
electron-diffraction experiments which proved the wave nature of the 
electron also indicated the existence of these gaps, for when critically 
directed and accelerated electrons were directed at a nickel crystal the 
electrons did not penetrate the crystal but reflected from it. The gaps 
divide the spectrum of energies into zones, or bands (Brillouin zones). 

The energy levels just discussed are represented mathematically by 
the various solutions of Shrodinger’s wave equation.^ If the equation 
is set up for a crystal conceived as a box, with abrupt boundaries on all 

* Shrodinger’s equation for an electron of mass w moving with constant total 
energy ^ in a potential field V {x,y,z) is 



Fig. 4. —Energy of an 
electron moving in the peri- 
odic field of a crystal. Gap 
111 curve results from diffrac- 
tion of electrons with critical 
direction and velocity. 
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si(Jes and a uniform potential everywhere within the box, the solutions 
of the wave equation lie along the curve of Fig. 2; this was the model on 
which Sommerfeld’s theory of electrical conduction was based. Now 
if the wave equation is written for a periodic field, such as must exist 
in a crystal composed of a periodic ari’ay of atoms or ions, the solutions 
have the discontinuities shown by the full line in Fig. 4. 

There is a strict analogy between x-ray and electron diffraction and 
the motion of valence electrons through the lattice. Atomic planes that 
have large values of the structure factor and thus reflect x-rays strongly 
give rise to large gaps in the allowed energy levels, while planes of small 
structure factor cause little deviation from the parabolic curve. I^et us 
see how these zones and gaps are related to the energy levels of isolated 
atoms. 

In an isolated atom the energy levels of an electron are relatively 
few and are represented on a diagram such as has been drawn to explain 
x-ray emission (page 50).* When a number, N, of atoms are brought 
together to form a solid, each individual level of the atom becomes spread 


^ dy^ ^ dz^ ^ 1.2 ^ ^ 


dz^ 




where h is Planck^s constant and m is the electronic mass. To give physical signifi- 
cance to ypj the wave function or amplitude, it was first assumed that \l/^ at any point 
is the electron density at that point ; later, was seen to bo the probability of an elec- 
tron being at a given point at a given instant. A ^Himc exposure^' of an electron in 
motion in an atom or a crystal would be a photograph of 

Values of ^ that arc finite, single valued, and continuous throughout space exist 
only for certain values of E, It is these values which are the allowed energies for 
electrons in an atom or a crystal. 

^ The energy states of an atom are defined in terms of four quantum numbers, 
n, I, m, and m«. The energy level is fixed chiefly by the principal quantum number, n. 
The size of the orbit increases with n, which may have any positive integral value ; n 
has the values 1,2,3 ... for the KjL,M . . . electrons, respectively. The angular 
momentum quantum number, Z, has a smaller effect on the energy levels; for those 
levels belonging to a given n, the number Z may have any positive integral value from 
0 to n — 1. Following the notation introduced by spectroscopists, the letters s, p, d, 
fj Q, hf . , . are used to stand for Z = 0,1, 2,3, 4,5, ... A quantum state having 
n = 3 and Z = 2 is known as a “3cZ” state and an electron occupying that state is a 
‘‘3cZ electron.'' The magnetic quantum number, m, has a very small influence on 
energy levels. The spin quantum number, rris (sometimes written >S), is related to 
the direction of rotation of the spinning electrons. This quantum number may be 
either + i or — J; electrons occupying quantum states with J are rotating 

oppositely to those with m, = — }. The number of electrons in each state is com- 
monly written as an exponent above the letter giving the angular-momentum quantum 
number. The electron configuration of helium, for example, is written Is* since there 
are two electrons in the state n — 1, Z = 0, while for lithium it is written ls*2s* to indi- 
cate two additional electrons in the 2s state for which n = 2, Z = 0. Pauli's principle 
states that no two electrons in an isolated atom can have the same set of four quantum 
numbers. 
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into a series of N levels clustering in a band about the original level. 
Grains of ordinary size contain so many atoms (roughly 10'^) that the 
levels in the band form almost a continuum. The upper limit of a band 
is marked by a gap of the type illustrated in Fig. 4. Such bands of N 
levels into which the energy spectrum of a crystal is divided are called 
“zones” (Brillouin zones). The calculations of the distribution of levels 
in these zones, the extent to which they overlap or have gaps between 
them, and the extent to which they are filled with electrons are of first 
importance in predicting the physical properties of crystals. 

Zones in Conductors and Insulators. — Figure 5a is a schematic plot 
of two zones in a crystal that is an insulator. The plot indicates the 
density of the levels, i.e., the number of energy levels N{E) between 



a b 

Fig. 5. — a, Illustrating gap between zones characteristic of an insulator; first zone filled, h, 
Possible zone configuration in a metal; partially filled and overlapping zones. 


energy E and E + ^E, and shows two zones separated by an energy 
interval. The first zone is shaded to indicate that it is filled with elec- 
trons, while the second zone contains none. If an electric field is applied 
to this crystal, the field would tend to change the energy of the electrons 
by a small amount, causing the net drift in one direction that constitutes 
an electric current. But since every level in the zone is occupied, no 
electron can be transferred from one level to another in the zone. Fur- 
thermore, the electrons at the top of the first zone cannot move into the 
vacant levels of the second zone because the gap between the zones' is 
large compared with the energy they can receive from the field. With 
all electrons anchored to their former energy states the application of an 
electric field is without effect, and the crystal is an insulator. 

Consider now Fig. 56, which represents a metal in which each atom 
supplies one valence electron. The first band is only half filled because 
the N atoms of the crystal have each contributed one valence electron 
to the zone of N levels and two electrons have gone into each level. An 
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electric field can now move any of the many electrons at the top of the 
filled portion of the band into one of the many vacant levels immediately 
above it in either band, and the electrons can have a net motion through 
the lattice 'in the direction of the field. The metal is therefore a con- 
ductor. Homopolar and ionic crystals possess narrow zones separated 
by gaps, and since there are an even number of valence electrons per atom 
all zones are completely filled. This is the condition for insulators. 

Insulators may become conductors at elevated temperatures if the 
thermal agitation is sufficient to raise some electrons above the gap 
into the empty zone above. Or they may be made conducting by irradia- 
tion with light, provided that the energy transferred to some electrons 
by light quanta suffices to raise them into an unfilled zone. The so-called 
“semiconductors” appear to be made conducting by virtue of defects in 
the lattice (interstitial atoms, impurities, or vacant lattice points) which 
introduce additional energy levels into which the electrons can move. 

The conception of filled or semifilled, overlapping or separated zones 
sketched above has been the first theory adequate to explain the tre- 
mendous range in electrical resistivities that arc encountered among the 
elements, a range of 10“* for silver to 10*^ or so for diamond. 

Factors Affecting Electrical Resistance of Metals. — The electron 
theory accounts for all the factors that alter the electrical resistance of 
metals.^ 

1. The resistance of metals increa.ses with temperature. This is inter- 
preted as the result of thermal vibrations of the atoms interfering with 
the motion of conduction electrons. Thermal motions of atoms in a 
crystal can be analyzed as the superposition of man}^ sets of clastic waves 
of varying amplitude and wavelength. When an electron going in the 
right direction and with the right speed encounters one of these sets of 
waves, it is deflected (diffracted) from its normal path. As the number 
and amplitude of these elastic waves increase with temperature, scatter- 
ing becomes more pronounced, the electron paths become more frequently 
interrupted, and the resistance increases. 

2. Resistance increa.ses with impurities and alloying. When atoms 
dissolve in a metal to form a random solid solution, the resistance is 
always increased. This is accounted for by the distortions produced in 
the lattice by the foreign atoms. The disturbances cause scattering of 
the conduction electrons, thereby hindering electron flow and increasing 
resistance, both at low temperatures and at elevated temperatures.^ 

‘F. Seitz, “The Modem Theory of Solids,” McGraw-Hill, New York, 1940; 
“The Physics of Metals,” McGraw-Hill, New York, 1943. 

* Superconductivity, the abrupt drop in resistance to nearly zero which occurs in 
many metals at temperatures near absolute zero, is not covered by any well-developed 
theory at the present time. 
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3. Resistance increases with increasing randomness in a superlattice. 
A well-ordered superlattice possesses a low electrical resistance, but the 
irregularities introduced when disorder begins cause increased scattering 
of electrons. 

4. Cold work increases electrical resistance. This may be attributed 
to the presence of locally distributed internal strains, including dis- 
turbances at boundaries between grain fragments, and disturbance.s 
around the imperfections or places of misfit in the lattice, the “disloca- 
tions.” The local disturbances scatter the electrons and increase the 
resistance. 

5. Precipitation from solid solution during aging is also believed to 
set up internal strains which scatter the electrons as well as harden the 
alloy. Another possible origin of resistance during ago hardening is 
the scattering of electrons from precipitated crystals. It has been pro- 
posed that this becomes pronounced when the dimensions of the particles 
become approximately the same as the wavelength of the conduction 
electi’ons, a few atom diameters.^ 

Energy Levels and Ferromagnetism. — A metal that is strongly 
attracted by a magnet is “ferromagnetic.” Slater^ has advanced a 
theory of ferromagnetism in the elements near iron in the periodic table, 
based on a calculation of the zones in the element copper.® 

In Fig. 6 the N{E) curves are plotted for two zones of Cu, those 
known'* as 4s and 3d. Assuming that these N{E) curves do not change 
appreciably throughout the ferromagnetic elements, iron, cobalt, nickel, 
and their alloys, it is po.ssible to indicate the top of the filled levels for 
the various metals on a single plot. This is done in Fig. 6 by dotted 
lines that are labeled with the number of 3d and 4s electrons per atom. 
The outer shell of electrons, 4s, which forms the “gas” of free electrons, 
is filled to the line numbered 11 in copper and to the lines numbered 10, 
9, and 8, respectively, in nickel, cobalt, and iron. The next inner shell 
of electrons, 3d, is completely filled in copper but is only partly filled in 
the transition elements from nickel (line 10) to scandium (line 1). All 
these elements, therefore, have zones only partly filled with valence 
ek^ctrons and for this reason are conductors. 

Figure 6 serves as a basis for an understanding of ferromagnetism. 
The elementary magnets of a ferromagnetic material are the electrons 

* This theory docs not appear to be confirmed by data on the precipitation from the 
solid solution of silver in aluminum, for maximum effect on resistance is found when 
the partitiles are much larger than conduction-electron wavelengths. (A. H. Geisler, 
C. S. Barrett, and R. F. Mchl, Tech. Pub. 1557, Metals Technology, February, 1943.) 
Aging is discussed further in Chap. XXL 

* .1. C. Slater, J. Applied Phys., vol. 8, p. 385, 1937. 

’ H. M. Kruti'ER, Phys. Rev., vol. 48, p. 664, 1935. 

* The nomenclature is given in the footnote, p. 258. 
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which are spinning about an axis through their center. In a magnetic 
field the electrons are limited to two orientations only: the magnetic 
moment caused by the spinning electricity must be directed either parallel 
to the field or opposite to the field, “antiparallel.” When there are two 
oppositely directed electrons in a given shell, their moments cancel and 
there cannot be a largo magnetic moment in one direction as is necessary 



Fig. 0. — Zone configuration in copper and iron-group elements. {Krutter, Slater.) 

for the mateiial to be ferromagnetic. This condition of balanced spins 
prevails for most elements in the periodic table. The ferromagnetic 
elements, however, contain partly filled 3d shells as indicated by lig. 6. 
Although the 3d band of levels is capable of holding 10 electrons per atom, 
5 directed each way, there arc believed to be in a crystal of iron an 
average of only 7.3 electrons in this shell per atom. A maximum number 
of these will be directed parallel to the field, but since there are spaces 
for only 5 directed this way there remain 2.3 electrons that must spin 
in the opposite direction. The net result is 5 — 2.3 = 2.7 unpaired 
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electrons to produce the ferromagnetism. The net magnetic moment 
is therefore equal to the number of empty spaces in the 3d band. Similar 
calculations show that the unpaired 3d electrons in cobalt, nickel, and 
copper are 1.7, 0.6, and 0 per atom, respectively. These net magnetic 
moments agree very well with the saturation magnetization for these 
elements. 

The number of unpaired electrons in the 3d band can be altered at 
will by forming a solid solution of a ferromagnetic element with an ele- 
ment having a different number of valence electrons. Thus if nickel is 
alloyed with increasing amounts of copper, the electron-atom ratio (the 
electron concentration) will gradually be increased and the vacancies 
in the 3d band will be progressively filled. Measurements show that the 
ferromagnetism steadily decreases in this series of alloys and finally 
vanishes at almost exactly the composition where the band is completely 
filled. Many other series of alloys have been studied in which Cr, Mn, 
Fe, Co, Ni, and Cu are alloyed with one another, and it is well established 
that electron concentration, which fixes the number of unpaired electrons 
in the 3d band, is the factor that governs the amount of ferromagnetism — 
the magnetic moment at saturation. Another condition that must be 
met if an atom is to be ferromagnetic is that the radius of the 3d shell 
must bear a certain relation to the interatomic distance.^ This is because 
the atoms must be the right distance apart in order that the electrons in 
one atom can align the spins in neighboring atoms. 

The tendency to align the electron spins in neighboring atoms is 
opposed by the tendency of thermal agitation to induce disorder. It 
will be recalled that an analogous battle between opposing tendencies 
goes on in superlatticcs with regard to ordering and disordering of atoms. 
'Fhe balance between ordering and disordering forces produces a net 
magnetization that falls with increasing rapidity as the temperature is 
raised, along a curve very similar to a superlattice order curve, reaching 
zero at the critical temperature known as the Curie point. 

The magnetic ordering force in ferromagnetic metals fails to align 
the electrons of all atoms in a crystal into a uniform “long-distance 
order.” The magnetic moments of atoms in a small portion of a grain are 
aligned one way and those in the adjoining portions are aligned in the 
opposite way, forming alternating bands across a crystal. These sub- 
divisions, known as domains, are of varying sizes in the range 10" to 
10"® cc. or 10^® to 10*® atoms, as indicated by the magnitude of the 
magnetic impulse they cause when their direction of magnetization is 
reversed® (the Barkhausen effect) , When one magnetizes a ferromagnetic 

* J. C. Slater, Phyn. Rau, vol. 36, p. 57, 1930. W. Shockley, Bell System Tech. 
J., vol. 18, p. 645, 1939. 

* R. Bozorth and J. Dillinoer, Phys. Rev., vol. 35, p. 733, 1930. 
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crystal, the properly oriented domains grow at the expense of the others 
until at saturation all are parallel to the applied field. There is much 
interest in the studies of Bitter, McKeehan, and Elmore,^ who have 
deposited magnetic colloidal powers on a polished surface to show the 
pattern made by these domains and the alterations in the pattern caused 
by reversing the applied field. When viewed under a microscope, the 
patterns show remarkable complexity and many interesting crystallo- 
graphic features. 

Paramagnetism and Diamagnetism. — Substances that are very 
weakly attracted by a magnet are called paramagnetic and substances 
that are repelled, diamagnetic. Paramagnetism is dependent upon the 
tendency of a permanent magnet to align itself parallel to a magnetic 
field in which it is placed. The elementary magnets that undergo align- 
ment are the individual spinning electrons. It will be recalled that in 
each energy level there are two electrons with oppositely directed spins. 
When a magnetic field is applied, there is a tendency for some of these 
to shift the direction of their spins into parallelism with the field. How- 
ever, this shifting involves a slight change in energy and cannot take place 
unless there are vacant levels into which the shift can be made. When- 
ever there are bands that are only partly filled, such appropriately located 
levels will be found; this is the .situation, we have seen, in all conductors. 
From this point of view all the common metals, wTiich are good con- 
ductoi',s, .should be paramagnetic unlftss the conditions in their Zd bands 
happen to be right for ferromagnetism. Furthermore, an insulator 
should be neither ferromagnetic nor paramagnetic, for the bands in an 
insulator are crowded to capacity and are separated by gaps from all 
unfilled bands. 

It is, in fact, the rule for insulators to be diamagnetic, but the predic- 
tion that conductors should be paramagnetic breaks down about half the 
time. Diamagnetism in insulators and in conductors is due to the motion 
of the electrons in their orbits around the atom nuclei, this motion being 
altered by an. applied field in a manner such as to set up a repulsive force. 
This closed-orbit magnetic effect sometimes overbalances the magnetic 
moment from reversed spins and makes a conductor diamagnetic in.stead 

* E. Bitter, “Introduction to Ferromagnetism,” McGraw-Hill, New York, 1937. 
Phys. Rev., vol. 38, p. 1903, 1931; Phys. Rev., vol. 41, p. 607, 1932. W. C. Elmore 
and L. W. McKeehan, Phys. Rev., vol. 46, pp. 226, 529, 1934. W. C. Elmore, 
Phys. Rev., vol. 51, p. 982, 1937; Phys. Rev., vol. 58, p. 640, 1940. F. W. Constant 
and J. M. Formvalt, Phys. Rev., vol. 56, p. 373, 1939. W. C. Elmore, J. Applied 
Phys., vol. 10, p. 724, 1939; Phys. Rev., vol. 53, p. 757, 1938. W. C. Elmore and 
L. W. McKeehan, Trans. A.I.M.E., vol. 120, p. 236, 1936. W. C. Elmore, Phys. 
Rev., vol. 64, p. 389, 1938. H. S. Avery, V. 0. Homerberg, and E. Cook, Metals <fc 
Alloys, November, 1939, p. 353. 
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of paramagnetic, a situation most likely to happen when the Sd band is 
just filled. 

Zone Theory of Alloy Phases. — There is considerable promise that the 
zone theory will afford an understanding of alloy phases and constitution 
diagrams. Much, in fact, has already been accomplished in this field. 
The zone theory of alloy structures can be summarized by saying that 
an alloy will assume that type of crystal structure in which there are 
enough low-energy states to accommodate all the electrons. Given the 
structure of a phase, it is possible to calculate at least approximately 
the zones and how they are filled. If the electrons fill the levels of one 
zone and must spill over into the lower levels of another zone which is 
separated from the first by a gap, they will have an abnormally high 
energy; the crystal as a whole may then have higher energy than some 
other stnicture in which this does not occur. When the ratio of valence 
electrons to atoms in an alloy is gradually increased by adding successive 
amounts of a higher valence metal, the upper limit of the filled Revels 
moves up slowly until a zone is nearly filled. Further additions then 
result in a rapid increase in the energy (particularly if the next zone is 
separated from the first by a gap). Jones^ has found that at this point 
a new phase begins to appear in the alloy. The predicted values for the 
electron-atom ratios in the structurally analogous phases (see Chap. XI, 
page 211) agree with the observed values remarkably well (Table XIII) 
in spite of the fact that the calculations were only approximate. 


Table XIII 


Phase 1 

Hunie-Rothery^s value 

Joneses value 

a 


1 362 


2 = 15 

1.480 

T 

5^ = 1 615 

1.538 

V 

I = 1.75 

1 7 


Jones's value for the limit of solubility of the a phase, 1.362, is in 
satisfying agreement with the observed electron-atom ratios listed in 
Table XIV. The solubility of the 0 subgroup elements in magnesium, 
zinc, and cadmium has been discussed along similar lines. ^ 

In general it can be said that the theory of zones in alloys should 
eventually lead to a unified theory for most of the equilibrium lines on 

* H. Jones, Proc. Roy. Soc. {London), vol. A144, p. 225, 1934; vol. A147, p. 396, 
1934. N. F. Mott and A. Jones, “The Theory of the Properties of Metals and 
Alloys,” Oxford, New York, 1936. 

® W. Htjme-Rothery and G. V. Raynor, J. Inst. Metals, vol. 63, p. 227, 1938. 
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Table XIV 


Alloy 

Maximum Solubility 

Cu-Zn 

1 384 

Cu-Al 

1 408 

Cu-Ga 

1.406 

Cu-Si 

1.420 

Cu-Ge 

1.360 

Cu-Sn 

1.270 

Ag-Cd 

1.425 

Ag-Zn 

1.378 

Ag-Hg 

1.35 

Ag-In 

1.40 

Ag-Al 

1.408 

Ag-Ga 

1.380 

Ag-Sn 

1.366 

Theoretical 

1.362 


phase diagrams. Even now we can see that when alloys have the same 
crystal stmcture and the same electron concentration they should have 
identical or Very similar systems of zones, they should have these zones 
filled to nearly the same level, and consequently they should have very 
similar properties. Hume-Rothery’s results on the liquidus and solidus 
curves for solid solutions of copper and silver, which showed similar 
temperatures for similar electron concentrations, are examples of this 
principle. The Hume-Rothery rules relating interaiediate phases in 
structurally ahalogous systems to electron concentration are another 
example. Our understanding of phase transformations in metals and 
the effects of alloying on them will doubtless be greatly increased in the 
next few years as a result of the theories that have been briefly sketcheil in 
this chapter. 



CHAPTER XIV 


STRESS MEASUREMENT BY X-RAYS 

X-ray diffraction as a means of determining stresses is finding increas- 
ing application. For some problems it offers definite advantages over 
all other types of strain gauges. It is the only method by which stresses 
can be determined without having measurements on the structure in the 
unstressed condition. Consequently it is the only method of determin- 
ing residual, “locked-up” stresses in an object without cutting up the 
object so as to relieve the stresses — it is the only truly nondestructive 
test for residual stresses. The method detects elastic stresses only, while 
other strain gauges are affected by both elastic and plastic strains. This 
is a result of the fact that the x-ray method is fundamentally a measure 
of interatomic spacings, which are altered by elastic stresses but not by 
plastic flow. The x-ray beam that is employed strikes an area roughly 
yi in. in diameter and determines the strain within this area as contrasted 
with the usual strain gauge, which employs a gauge length of 1 in. or 
more. This is a useftd feature of the method in the study of localized 
stresses and steep stress gradients. 

The peculiarities of the method are not all to its advantage. All 
recording is done photographically at the present time, and while the 
exposures may be reduced to a qxiarter of an hour or less it obviously can- 
not compete with mechanical or electrical gauges in speed. It requires 
equipment more costly and more cumbersome than the competitive 
devices. It registers only the stresses in the surface of a metallic object 
because the radiation does not penetrate appreciably into the interior; it 
therefore deals always with a biaxial stress since the stress component 
perpendicular to the surface is always zero. Perhaps the most unfortu- 
nate characteristic of the method is that it is satisfactory only for metals 
that yield reasonably sharp diffraction lines. With fine-grained annealed 
steel it is capable of the very satisfactory accuracy of 2000 or 3000 psi., 
but with cold-worked or quenched steels that give diffuse lines the error 
is four or five times this and the method (in its present state of develop- 
ment) is seldom of value. 

The pioneer work on the method was done by Lester and Aborn^ in 
1925. It was shown that the spacing d of the atomic planes is altered by 

1 H. H. Lester and R. H. Aborn, Army Ordnance, vol. 6, pp. 120, 200, 283, 364, 
1925-1926. 
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applied stresses. The distance d acts as a gauge length, and changes in 
this length enable the elastic strains to be measured and the str&sses to 
be computed. The strain can be determined by Bragg’s law 

nX = 2d sin 6 

from measured values of the diffraction angle 6. When back-reflection 
cameras were applied to the problem in 1930,^ it became apparent that 
under favorable conditions the x-ray strain gauge could compete in 
accuracy with other types of strain gauges. 

In the first applications only the sum of the principal stresses existing 
at the surface was determined. Later it was shown that the principal 
stresses can be determined individually^ and that an exposure of the 
material in the unstressed state was unnecessary’ since the unstressed 
value of d can be computed from two measurements on the stre.ssed metal. 
Numerous techniques and methods of computation have been proposed, 
but only the more satisfactory ones will be presented here. While the 
equations for some of these are complex, it should be undemtood that in 
routine work it is almost always possible to reduce the compvitations to 
simple slide-rule operations requiring but a minute or two. Some funda- 
mental principles of stress and strain in clastic bodies will first be reviewed. 

Elastic Stress-Strain Relations. — Strain, «, is defined by the relation 


where Al is the change in length of a line in a stre.ssed body having the 
original length 1. If this is produced by a stress <r (a force divided by the 
area over which it is applied) and if the stress acts in a single direction, 
Hooke’s law states that the strain will be proportional to the stress. 



The constant df proportionality, E, is Young’s modulus. Coasider a 
rectangular coordinate system with tension a* applied in the X direction, 
and assume that the body is isotropic. That is, assume that the elastic 
properties are the same in all directions through the material. There 
will then be a contraction in all directions at right angles to X, and if 
strains parallel to Y and Z are and respectively, then 

* G. Sachs and J. Weekts, Z. Physik, vol. 64, p. 344, 1930. 

*C. S. Barrett and M. Gensamer, Phys. ReiK, vol. 45, p. 563, 1934 (abstract); 
Physics, vol. 7, p. 1, 1936. R. Geocker and E. Osswald, Z. tech. Physik, vol. 16, p. 
237, 1935. 

* F. Gisen, R. Glocker, and E. Ossw;»ld, Z. tech, Phijsih., vol. 17, p. 145, 1936. 
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VCx 

— 6 » = — «* = Vix = 


(3) 


where v is Poisson’s ratio and negative signs denote contraction. 

In addition to the strains produced by stresses normal to a surface, 
the normal strains mentioned above, there are shear strains. The mag- 
nitude of a shear strain, y, is defined by 
the lateral displacement of a plane relative 
to another parallel plane per unit distance 
separating the planes. Referring to Fig. 1, 

b X 

7 = y = tan a. 
n 



The proportionality between shear strain 
and the shear stress, t, that produces it may be written 


— iiiusuratiiiK 

.shear strain. 


7 



(4) 


where the constant G is the modulus of elasticity in shear, the torsion 
modulus. In a rectangular coordinate system, shear stresses and shear 
strains require subscripts to designate their directions; a shear stress 
acting on a plane perpendicular to the X direction and along the Y direc- 
tion is written rx„, and a shear strain on a plane perpendicular to X and 

acting in the direction of Y is written 

y XV- 

If an infinitesimal parallelepiped, 
say a cube, is inscribed in the stressed 
body and the cube edges are taken as 
coordinate axes, there will be in general 
three components of stress acting on 
each face, as in Fig. 2, but in ordinary 
conditions of equilibrium many of these 
are equal (for example, and 

(Tx = o’-x)- It requires, in fact, no more 
than six of these components of stress 
to specify completely the state of stress at a point in an isotropic solid : 

O’*, Cy, <Tzj T'xyj '^yxj and Tj*. 

A simplification results if the coordinate axes of Fig. 2 are directed in 
such a way that the shear stresses on all faces are zero. ^ This is always 
possible, regardless of the complexity of the stress system. The stresses 
normal to the cube surfaces are then the principal stresses <ri, as, and aa, 
and these are related to the principal strains in isotropic bodies by the 
equations 



— Y 


X-' 

Fig. 2. — Diagram illustrating equi- 
librium of shear stresses, t, and normal 
stresses, <r, on an element of volume. 
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“ 1 

«2 = ^ [o'a 

€3 ^ [<^3 


v(cr2 + 0-3)] 
+ 0-3)] 
v{(Ti. + (Ti)] 


Equations (2) and (3) are special cases of these relations. Individual 
grains of a polycrystalline material are usually anisotropic, E varying 
with crystallographic direction, but if there is no preferred orientation of 
the grains the material may still follow closely the laws for an isotroi)ic 
medium. 

Method for Sum of Principal Stresses (ffi + 0 - 2 ). — An x-ray method of 
stre.ss analysis siutabhi for detei’inining uniaxial stresses and the sum of 

the principal stresses in the plane of 
^ the surface requires one photograph 

^ of the stre.ssed specimen and another 

I y same material in the stress- 

E ... : « " free state. ^ If we assume that the 

material is elastically isotropic and is 
/ subjected to principal stresses <ri and 

^'’Specimen lying in the plane of the surface, 

_ „ „ , „ J ^ the normal strain perpendicular to the 

Fio. 3. — Back-reflertion camera set m t / \ /n 

up for stress determination with beam surface Will bc €i = (o' i H" 0 ^ 2 )v/E, 

normal to surface. Reflecting plane v is Pois.SOn’s ratio and E is 

normals are Ni and N 2 . 

Young s modulus. (At a free surface 
the stress normal to the surface is zero; thus = 0.) For simple tension, 
0-2 = 0 and the sign of o-i is positive; this produces a strain in the Z direc- 
tion which is a contraction (indicated by the negative sign). The spacing 
of the atomic planes lying parallel to the surface will thereby be altered 
from do (the unstressed value) to d^, so that €i = (dx ~ do) /do. There- 
fore, measurements of dx do give the sum of the principal stresses. 


Fio. 3. — Back-reflection camera set 
up for stress determination with beam 
normal to surface. Reflecting plane 
normals are Ni and N 2 , 


E (d± - do\ 

+ d.- )' 


Strain measurements by x-rays require precision technique, which 
means that back-reflection cameras must be employed. (These cameras 
have been discussed in Chap. VII, page 122.) Figure 3 illustrates a 
back-reflection camera set for determining stresses by this method. An, 
x-ray beam passhs through a pinhole placed at the focusing position, goes 
through a hole in the film, and strikes the specimen perpendicularly, 

* G. Sachs and J. Weerts, Z. Physik, vol. 64, p. 344, 1930. F. Weveb and H. 
MfiLi.BK, Arch. Eisenhidtenw., vol. 5, p. 215, 1931-1932. 
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reflecting from planes that are nearly parallel to the surface {Ni and Nt 
are the reflecting-plane normals). Using cobalt Ka radiation for an 
iron or steel specimen, reflection will occur from (310) planes with 
6 = ■80°37.5', and the strain measured along the (310) plane normals will 
closely approximate the desired strain e_i and can be used in the above 
equations. Copper Ka radiation is suitable for aluminum and duralumin 
since the (511) reflection occurs at about 81°. Cobalt reflects from copper 
at d = 81°46.5' (400 reflection) and from brass (68 percent copper) at 
75°30'. Nickel reflects from cartridge brass (331) planes at 79°, and iron 
reflects from magnesium (105) planes at 83°. 

The best accuracy to be expected of this method is about + 1 X 10“^A 
for the spacing of atomic planes, corresponding to + 2 kg. per sq. mm. or 
about 3000 psi. in stress for iron and steel specimens. ^ Owing to the fact 
that the reflecting planes are not exactly parallel to the surface, Eq. (6) 
is only an approximate expression; the computed stress (vi + 0 - 2 ) will be 
on the average about 7 percent too small. ^ The film is usually rotated 
about its center during the exposure to smooth out spottine.ss in the lines. 

The distance between the film and the specimen surface can be deter- 
mined by i)lacing a powdered calibrating substance on the specimen. 
The lattice spacing of this substance is known, and so one can compute 
the specimen-to-film distance from a measurement of a Debye ring 
produced by it. Annealed gold or silver powder is suitable for iron, 
aluminum, duralumin, and brass samples.^ 

The distance from specimen to film can also be measured directly, 
permitting exposure times only half as long as those when calibration sub- 
stances are used. The distance can be mea.sured by inside micrometers 
or can be .set at a predetermined value, say 5.00 cm., by a metal pointer 
attached to the hub of the camera.^ A feeler gauge slipped between the 
end of the pointer and the specimen enables one to determine when the 
camera is adjusted to the proper distance. The pointer is then removed 
during the exposure. A suitably inscribed circle on the film, concentric 
with the axis of rotation of the film, facilitates accurate measurement. 
Thomas states that film shrinkage errors amount to about 1 part in 84,000 
in lattice-constant measurement and may be neglected; in any event, a 
circle inscribed on the film before development can be used to calibrate 
for shrinkage, or photographic plates that have been drilled for the 
passage of the beam can be employed to eliminate shrinkage. 

* H. Moller and J. Barbers, Mitt. Kaiser-W ilhelm Inst. Eisenforsch. Diisseldorf, 
vol. 16, p. 21, 1934. H. Moller, Mitt. Kaiser-WUhelm Inst. Eisenforsch. Diisseldorf, 
vol. 21, p. 295, 1939. 

* R. Glocker, “ Materialprtifung mit Rontgenstrahlen,” Springer, Berlin, 1936. 

* The Au 333 reflection with copper Kai is at ff - 78°56' and with cobalt iCoi the 
420 reflection is at ® — 78°46'; ao for Au is 4.0700A; Oo for Ag is 4.077 A. 

* D, E. TkoMAS, J. Set. Instruments, vol. 18, p. 135, 1941. 
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At a standard distance the displacement of the diffracted line corre- 
sponds directly to a certain stress; for example, for a distance which 
gives a gold ring 60.0 mm. in diameter, a shift of ™m. in the posi- 
tion of one side of the 310 line from iron corresponds to (ai -f 0 - 2 ) = 9.2 
kg. per sq. mm. (13,000 psi.), assuming E = 21,000 kg. per sq. mm. 
(30 X 10* psi.) and v = 0.28. With aluminum, assuming E = 7200 
kg. per sq. mm. (10.3 X 10® psi.) and v = 0.34, the same shift would 
indicate (<ri 0 - 2 ) = 2.4 kg. per sq. mm. (3420 psi.). 

Since only (ai -f 0 - 2 ) is determined, this method gives a limited view of 
the stress situation, and in fact the method cannot detect torsional 
stresses in the surface since these have <ri = —<T 2 . The unstressed read- 
ing can be obtained by removing the load, or in an internally stressed 
piece it sometimes can be had by cutting out a small piece of the specimen 



Fig. 4 . — The ellipsoid of strain. Principal strains are €i, 62, and ea. 

with saw cuts or with a hollow drill. Strc.ss-relief annealing can also be 
resorted to, but at some risk of dissolving or precipitating some elements 
from the diffracting matrix, which would change the unstressed value 
of the lattice spacings. • 

Equations for the Ellipsoid of Strain and of Stress. — Before taking 
up other procedures for stress analysis the fundamental equations on 
which all are based will be presented. 

Under homogeneous elastic deformation a spherical element of volume 
in an isotropic solid is deformed into an ellipsoid. The normal strain, 
e, in any chosen direction is given by the approximate equation for the 
ellipsoid of strain 

6 = alei -f- alf2 + 0 , 3(3 (7) 

where «i, £ 2 , and £3 are the principal strains (Fig. 4) and Oi, 02 , and 03 
are the direction cosines of the chosen direction with respect to the direc- 
tions of the principal strains.' In terms of the coordinates <i>, 4' of Fig. 4, 
* A derivation of elastic-theory formulas will be found in S. Timoshenko, “Theory 
of Elasticity,’’ McGraw-Hill, New York, 1934. 
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the direction cosines may be written 

ai = sin Ip cos (f> ) 

02 = sin Ip sin <p ^ ( 8 ) 

as = cos ^p = y / 1 — sin* ^ ) 

If the direction cosines are substituted in (7) together with the values of 
the principal stresses ei, €2 and es from (5) and if we set 0-3 = 0 (since the 
stress normal to a free surface is zero), then Eq. (7) may be written 

e — €3 = ("■! ®os* <^ + 0-2 sin* <^) sin* x- (9) 


Now the approximate equation for the stress ellipsoid is 

<r = alffi + 020-2 + OjOs ( 10 ) 

where a, 02 , and as are the direction cosines of the stress o with respect 
to the principal axes of stress. When p = 90°, this becomes 

o^ = 0-1 cas* <#> + 02 sin* <#> ( 1 1 ) 


which gives the component of stress in the direction <#>. 
(11) in (9) leads to the relation 


O 0 = (e — €3) • 


E l_ 

1 + »> sin* p 


Substitution of 


( 12 ) 


Let do be the spacing of atomic planes in the unstre.ssed condition, dx the 
spacing in the stre.ssed metal perpendicular to the surface, and d^ the 
spacing in the direction p, p] then 


df — do dx — do d^ — dx 

do do do 

To a clo.se approximation this may be written 

di — dx 

e — «s = — — i > 

dx 


(13) 


(14) 


and Eq. ( 12 ) may be reduced to the convenient form 

d^ — dx E 1 

dx 1 + r sin* p 


(15) 


Two-exposure Method for <r ^. — The component of stress in any 
desired direction in the surface can be determined from two exposures, 
one with the beam normal to the surface giving dx, and one with the beam 
inclined in the plane of the normal and the component <r^, giving in 
Eq. (15).^ No exposure of the material in the unstressed state is neces- 
* F. Gisen, R. Glocker, and E. Osswald, Z. tech. Physik, vol. 17, p. 146, 1936. 
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sary. The usual practice is to make the inclined exposure with the beam 
45® from the perpendicular. It is necessary to use rings of a comparison 
substance (usually gold, silver, or brass) on the surface of the specimen to 
determine the effective distance from the irradiated spot to the film, as 
illustrated in Fig. 6 where r is the radius of a gold calibrating ring and 
r — s the radius of a specimen ring. Measurement of the distance s 
between the rings on the side nearest the specimen gives a calculation of 
d at the angle ^ which is different from the value of d on the 

other side of the rings at ^ — n- Both measurements may be com- 

puted independently in Eq. (15), or the more sensitive one, (^o + v)y 
may be used. Direct measurement of the distance from specimen to film 



Fig. 5. — Back-reflection camera inclined at \f/o = 45°, and type of film obtained with cobalt 
radiation, iron specimen, and gold calibrating powder on surface. 

is possible if sufficient care is taken and if a circle is put on the film con- 
centric with the axis.‘ 

A convenient procedure is to calculate a relationship between stress 
and the ring displacement rather than to apply Eq. (15) to every reading. 
For this purpose one finds the multiplying factor that will bring the 
diameter of the calibration ring (2r) to some standard value, say 50 mm., 
and the measured s is also multiplied by this factor. This value can then 
be compared with a prepared table or chart relating s to for the given 
experimental conditions. 

Moller and Gisen* conclude that visual measurement of the films gives 
about the same accuracy as measurement with a recording micropho- 

‘ D. E. Thomas, J. Sd. Instruments, vol. 18, p. 135, 1941. 

* H. MOller and F. Gisen, Mitt. Kaiser-Wilhelm Inst. Eisenforsch. Diisseldorf, 
vol. 19. p. 57, 1937. 
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tometer, viz., 1 X in atomic spacings for photographs with sharp 

lines. This corresponds to about 1.7 kg. per sq. mm. (2400 psi.) in stress 
with a steel specimen when = 45°. With diffuse lines the error is four 
or five timtes this, and a microphotometer can be used to advantage. 

Correction for Oscillation of Film (Two-exposure Method). — The 
spottiness of rings from large-grained material should be removed by 
rotating the film in perpendicular exposures, but this is not advisable in 
inclined exposures where the rings deviate more from the circular. How- 
ever, oscillation back and forth through a limited range of angles may be 
used to smooth out the lines. This dccrea.ses the average angle of inclina- 
tion of the planes reflecting to the lower side of the film from + >; to 
^0 + »? — M't while on the upper side of the film is increased to 

^0 — »? + the azimuthal position, </>, also changes through a range. 

The errors in stre.ss computations decrease with the range of oscillation 
and can be kept small enough to be neglected if oscillation is limited to 
+ 30° or less. ' 

Single-exposure Method for — A stress component may be deter- 
mined from a single inclined exposure if the diffraction rings are measured 
at two positions on their circumference.^ The beam is inclined toward 
the direction in which the component is to be measured; that is, the 
beam lies in the plane containing the normal and the component to be 
measured, thus at the angle 4 >, and is from the normal. The ring from 
the specimen is measured with reference to the ring from the calibration 
substance, both at the top of the ring where — n and at the 

bottom where ^2 = ^0 + v 7 giving spacings di and di, respectively. 
Equation (12) Is wiitten for each .set of measurements, giving two simul- 


* The value of is small — for iron specimens with cobalt radiation A^ is only 
0.1° for a range of oscillation 5 = ±10°, 1.3° for 5 = ±30°, and 2.8° for S = ±45°. 
Oscillation of the film also alters <t> thnnigh a range ±A^. In a photograph of iron 
with lAo = 45°, ±A.#. = 2.0° for 8 = ± 10°, 5.9° for 8 = ±30°, and 8.5° for 8 = ±45°, 
provided that the diffraction lines are measured on the lower side where ^ = ^0 + »>• 
On the upper side the range ± A4> is larger, being 2.8, 7.9, and 10.8° for 8 = ±10, 
30, and 45°, respectively. (R. Glocker, B. Hess, and O. Sehaaber, Z. tech. Physik, 
vol. 19, p. 194, 1938.) If a stress component, 8,*, is determined from a perpendicular 
and an inclined exposure (iron with cobalt radiation, ^ = 45° + ?)), an oscillation of 
8 = ±30° requires corrections that depend upon the stress ratio defined by the rela- 
tion <r^+9o = the percentage correction being as follows; 


k 

-6 

‘ -3 

0 

+3 

-1-6 

Percentage 

+3.4 

+2.5 

+1.4 

+0.5 

-0.5 


• R Glocker, B. Hess, and O. Schaaber, Z. tech. Physik, vol. 19, p. 194, 1938. 
An alternate method of computation is given by D. K. Thomas, J. Sci. Instruments, 
vol. 18, p. 135, 1941. 
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taneous equations whoso solution is 

^ ( _E \ (di - dA 1 

\1 + V \ do ) sin 2^0 sin 2i; 

For the incident beam at \j/o — 45°, this reduces to 

= ( - L- 

Vl + "Z \ do ) sin 2n 


( 16 ) 


(17) 


In this formula, do need not be determined accurately on each individual 
specimen for the normal lattice constant for unstressed metal may be 
used (2.8610 for steel). This is a rapid method but is less accurate 
than the method employing a perpendicular exposure in addition to the 
inclined one, for an error of + 1 X 10“^A in d in Eq. (17) introduces an 
error of +3.5 kg. per sq./mm. (5000 psi.) for steel specimens, twice the 
error of the two-exposure method.^ 

Methods for Determining a-i and as When Their Directions Are 
Known. — When the directions of the principal stresses are known (for 
example, in a cylinder containing quenching stresses), Eq. (15) can be 
applied to give the principal stresses cri and a-j. For this purpose the 
perpendicular exposure is combined with an inclined exposure in which 
the beam is tipped toward <ri and also with an exposure in which the 
beam is tipped toward a-i. Thus, three expo.sures, all of them on the 
stressed material, serve to determine completely the surface stresses. 

If do is obtained by an exposure of the specimen in the stress-free 
state, then two inclined exposures of the stressed material will serve, one 
giving the spacing d^ at the angle ^ from the normal and at the azimuth 
4>, the other giving d^' at the same angle from the normal and at azimuth 
0 -f 90°.* Eqs. (2), (3), and (7) for these conditions lead to the relations 


/ d^, “b d^' — 2do'\ E 

\ do / {1 + v) sin^ \f^ — 2v 

/ d^ — E 

V ~do ) (l^f-ysm^ 


(18) 


The sum of these equations gives <ri while the difference gives o-a. 

If one uses the single inclined exposure method for with the beam 
inclined toward ax and again with the beam tipped toward aa, the two 
principal stresses may be determined with only two exposures.* How- 

' The correction to be introduced if the film is oscillated is small. For a photo- 
graph of iron with f o = 45“ and an oscillation of ± 15“ the correction for is 1.1 per- 
cent; for ±30“ it is 4.5 percent. 

* C. S. Babrktt and M. Gensameb, Physics, vol. 7, p. 1, 1936. 

* R. Glockbb, B. Hess, and O. Schaabbb, Z. lech. Physik, vol. 19, p. 194, 1938. 
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ever, this shorter method, based on Eqs. (16) or (17) has lower 
accuracy than three-exposure methods. A still less accurate method 
has been proposed^ in which the diffraction ring of a single inclined 
photograph is measured in four places. 

The various equations of this chapter can be solved to give the 
unstressed lattice spacing, do, from three or more measurements of the 
stressed state. For example, a perpendicular exposure combined with 
two inclined exposures at azimuths if> and <f> -f- 90° will give do by simul- 
taneous equations of types ( 6 ) and (15). 

Method Giving Magnitude and Direction of Principal Stresses. — 
Both the magnitudes and directions of vi and o-j can be determined if the 
components of stress are computed for three directions in the surface. 
The maximum accuracy can be obtained if one uses a perpendicular expo- 



Fig. 0 . — Arrangenicai af principal streshcs (0*1, <T2) and stress components in the specimen 

surface. 

sure paired with three inclined exposures at azimuth angles <l>, ^ 60°, 

and <l> — 60°.* An error of ± 1 X 10~^A in spacing then corresponds to 

+ 2.3 kg. per sq. mm. ( + 3300 psi.) in the principal stresses in steel and an 

error in their direction that is given by the relation +65°/(o-i — o-j) 
where the stresses <ri and txi are given in kilograms per square millimeter. 
These figures are computed for beams at an angle of inclination of 45° 
and for stress directions that would give minimum accuracy. 

The stress components in the plane of the surface at angles <f>, <ft a, 
<t> — a (Fig. 6 ) are given by the relations^ 

— ' 5 ’(<’’i "b V 2 ) ^(vi — ^ 2 ) cos 2<f> ) 

= v(vi + Vs) -f 5((7 i — ( 72 ) cos 2(4> + a) / (19) 

= ^(o'l -|- < 72 ) + v(vi — < 72 ) cos 2{<t> — a) ) 

‘ H. Mollkr and H. Nkkrkki.i), Mitt. Kaiser-W ilhelm Inst. Eisenforsdi. Dussel- 
dorf, vol. 21, p. 289, 1939. 

♦ H. MOller, Mitt. Kaiser-W ilhelm Inst. Eisenforsch. Dusseldorf, vol. 21, p. 295, 
1939. 

’ See for example C. E. Fuller and W. A. Johnston, “Applied Mechanics,” vol. 
II, art. 42, Wiley, New York, 1913. 
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Solving for ai, <tz, and 4> with a — 60“, we have 

<^1 = + o'<^+60 + "v/ (2<r* — <r,>_iio — + 3(<r0_6o “ <^<t>+t>o)H 

o'2 = 7 [<’■* 4" <r 4,-60 + ff^+co — •\/(2<r^ — a^-eo — o’^+ao)“ + 3(<r^_80 “ o’^+ao)*] 

tan 2</> = (20) 

The components of stress a^., ff^+eo, and a^-eo are determined by inclined 
beam exposures at azimuth angles <^, <^ + 60, ^ — 60, each exposure being 
combined with &.n exposure perpendicidar to the surface, using Eq. (15). 
Alternatively, this four-exposure technique may be shortened by merely 
using three inclined exposures and Eq. (16), but the accuracy is then cut 
to about half. The simultaneous equations relating stress components to 
the principal stresses can be solved graphically if desired. ‘ 

Values of the Elastic Constants. Anisotropy.— The elastic constants 
that are measured mechanically do not necessarily apply accurately to 
x-ray determinations of stress. Each grain is anisotropic, and the strain is 
measured always along a certain crystallographic direction (along [310] 
for iron). Therefore, the grains that reflect have only certain orientations 
with respect to the axes of stress, and the effective values of E and v in 
these orientations may differ from the over-all average orientations, the 
latter being measured in a mechanical test. 

The theoretical treatment of the problem has been carried out on the 
assumptions both that the grains are stressed equally and deform inde- 
pendently of one another and that they all are strained eqiially.^ Com- 
parison of the predictions of these theories with x-ray measurements of 
specimens subjected to known stresses led Moller and Martin® to conclude 
that neither of these two assumptions is correct. They suggest that effec- 
tive elastic constants be determined empirically by x-raying a specimen 
with known stresses; for steel they obtained the values E = 22,030 kg. per 
sq. mm. (31.5 X 10* psi.) and v = 0.374 by the x-ray method in place of 
the mechanically measured values E = 21,000 kg. per sq. mm. (30 X 10* 
psi) and v — 0.28. Glocker and Schaaber,* on the other hand, found 

‘ W. R. Osgood and R. G. Stubm, Bur. Standards J. Research, vol. 10, p. 685, 1933 
(three components). W. R. Osgood, Bur. Standards J. Research, vol. 15, p. 579, 1935 
(four components). A. H. Stang and M. Gbkknspan, Bur. Standards J. Research, 
vol. 19, p. 437, 1937 (four components). 

* R. Glockkr, Z. tech. Physik, vol. 19, p. 289, 1938. H. Mollee and G. Martin, 
MtU. Kaiser-W ilhelm Inst. Eisenforsch. Dusseldorf, vol. 21, p. 261, 1939. H. Moller 
and J. Barbers, Mitt. Kaiser-W ilhelrn Inst. Eisenforsch. Dusseldorf, vol. 17, p. 157, 
1935. H. Moller and G. Strunk, Mitt. Katser-W ilhelm Inst. Eisenforsch. DUssel- 
dorf, vol. 19, p. 305, 1937. 

* H. M6ller and G. Martin, Mitt. Kaiser-W %lhelm Inst. Eisenforsch. Dusseldorf, 
vol. 21, p. 261, 1939. 

* R. Glocker and O. Schaaber, “Krgebnissc der technische Rontgenkunde,” vol. 
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agreement between x-ray and mechanical values of the torsion modulus, 
G = E/2{v -f- 1), obtaining the value 8200 kg. per sq. mm. (11.7 X 10® 
psi.). They concluded, as did Moller and Strunk, ^ that, in using a 
perpendicular and an inclined photograph to determine a stress compo- 
nent, it is permissible to use the mechanical value of the elastic constants 
and to omit an anisotropy correction. In practice, the experimental 
errora are usually much greater than any uncertainties from an incorrect 
choice of elastic constants. 

Equipment for Stress Measurement. — Eciuipment for stress measure- 
ment usually consists of a portable 
x-ray tube mounted in a ray-proof 
and shockproof housing (the smaller 
the better) and .supported on an 
adjustable stand, as, for example, in 
Fig. 7. The tube may be connected 
to the portable power source by an 
insulated cable. A back-reflection 
camera is essential and shoidd be 
mounted on the x-ray tube itself, 
somewhat in the fashion sketched in 
Fig. 8. The film is mounted on a 
small film holder that can be rotated 
or oscillated in its own plane to 
remove spottiness from the rings, 
with the beam passing through an 
adjustable pinhole system at its cen- 
ter. The smallest pinhole .should be 
placed at the focusing position, viz., 
on the circumference of the circle Fio. 7. — Portable x-ray stress-iueahuring 
that passes through the Debye ring apparatus, 

on the film and is tangent to the irradiated spot on the surface of the 
specimen. The film is covered with black celluloid (black paper is likely 
to leave a radiograph of the paper fiber on the film). 

Tests have indicated^ that varying the distance from the film to the 
specimen makes no appreciable difference in the accuracy of measure- 
ments, but decreasing the pinhole size from 1 to 0.3 mm. decreases the 
error in a set of measurements from ±2.5 X 10“^A to ±0.6 X 10~*A. 


VI, Spannungsmessung an Werkstiicken, p. 34, Akadeinische Verlagsgesellschaft 
in.b.h., Leipzig, 1938. 

1 H. MSllbr and G. Sthunk, MM. Kaiser-Wilhelm Imt. Eisenforsch. Dusseldorf, 
vol. 19, p. 305, 1937. 

’ F. Weveb and A. Rose, MM. Kaiser-Wilhelm Inst. Eisenforsch. DUsseldorf, vol. 
17, p. 33. 1935. 
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Exposure times vary from a few hours to a fraction of an hour, depend- 
ing on pinholes, focal-spot size, and absorption in the window of the x-ray 
tube. Much time can be lost in adjusting the tube to the proper distance 
and angle with respect to the object unless one provides convenient dis- 
tance and angle gaiiges. Some European equipment has been designed 
so that the tube and camera snap quickly from a perpendicular position 
to a position inclined at 45°. 

To read the films it is necessary to employ a microphotometer only if 
the lines are broad. Tests in several laboratories have indicated that 
reasonably sharp lines can be read by eye with sufficient accuracy if 
reading conditions are good, but the cross hair that is moved over the film 
should be very fine if it is not to obscure the diffraction line. A fin(' needle 



Fig. 8. — Back-reflection camera clamped to x-ray tube. 


point is preferred by some as more of the diffraction line remains visible 
than when a cross hair is used. If the diameter of a ring is to be measured, 
it is important, of course, to see that the points measured are diametrically 
opposite each other. 

Applications. — A. review of the published applications of x-ray stress 
mea.surement will serve to illustrate the possibilities of the method as a 
re.search tool. The author is aware of no detailed publications on routine 
uses of the method in the field or shop, and such uses are likely to remain 
comparatively rare because of their cost. There seems to have been 
some use of the method in Germany for determining stresses in railroad 
bridges and there has been some use of it in this country for determining 
internal stresses in rails. It is particularly suited for following the 
changes in residual stresses of rails, car wheels, bridges, etc., when the 
x-ray is directed at a portion of the surface that is not subject to abra- 
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sion, a surface from which any superficial cold-worked layer has been 
removed by etching. 

Early results with the x-ray method are illustrated in Fig. 9, where 
residual stresses in a welded steel plate around a fillet-welded rein- 
forcing strap are plotted.^ A hollow-core drill was used that removed 
a 0.l6-in. core for measurement of the unstressed condition. It will 
be noted that the plate just beyond the patch had a high tensile stress, 
(<ri + flTj) = 140,000 psi., which was well be- 
yond the yield point for uniaxial tension. 

The butt weld in the plate was in comprcs- 
.sion, (<ri -t- < 72 ) = —64,000 psi. A butt-welded 
plate analyzed by the same method showed 
the weld to be in tension, (<ri -j- < 72 ) = 34,000 
psi., and the plate to vary from zero stress to 
14,000 psi. in compression. 

The fact that welding stresses vary ab- 
ruptly over small distances in a structure 
lends added importance to the x-ray method in 
welding research. An example is shown* in 
a welded triangle of chrome-molybdenum 
steel tubing (Fig. 10). The tensile stresses 
in the welds arc balanced by an irregular dis- 
tribution of compressive stresses near by in 
the tubing. The stresses indicated are 
(<ri + < 72 )- Details of the welding technique 
and dimensions are not given, but it was 
stated that the irradiated spot on the specimen 
was 2 mm. wide by 6 mm. long and that the 
accuracy was + 1 to 3 X 10"^A. A “carbon- 
steel” triangle of the same sort contained 

lower stresses (32,000 psi. maximum instead of 9 .— stresses around a 

62,000). fillet-welded reinforcing strap; 

The residual stresses around holes in fa- ^ 
tigue specimens were measured by Gisen and Glocker.* The results of 
one experiment are summarized in Fig. 11 and Table XV. The carbon- 
steel specimen was first drilled, then thoroughly stress-relieved at 650°C. 
The rim of the hole was thrown into compression by local cold working, 
and the stresses were measured. The table gives these stresses in the 

1 H. Moller and J. Barbers, Mitt. Kaiser-W Uhelm Inst. Eisenforsch. Diisseldorf, 
vol. 16, p. 21, 1934. 

* H. M5ller and A. Roth, Mitt. Kaiser-W Uhelm Inst. Eisenforsch. PUsseldorf, 
vol. 19, p. 127, 1937. 

* r. Gisbn and R. Geockbr, Z. Metallkunde, vol. 30, p. 297, 1938. 
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transverse! and longitudinal direction. The specimen was then put in a 
rotating-beam fatigue machine and run at 16.2 kg. per sq. mm. (23,000 
psi.) for 10’' cycles, after which the stresses were found to have been 


-24,000^ 
+48,000 V ' 
+33,000 '•v. 

+54,000 - 
■30,000 


^+5700 
^+51,000 
^ -+62,000 
- +5700 
- - — -4S,000 
62,000 





- 1 ^ 000 " / / 

+41,000 / 

+38,000 
-36,000 

Fig. 10. — Stresses in a welded tiianglc of steel tubing. 


' \ ^ 

' \ ^ 

\ \ 

\ '<*48,000 
'-2J000 


' -3^000 
'+45,000 


((Ti l-o-i) in pti. (Aldllerand Ifoth.) 



Fig. 11. — Stations at whieli stresses were measured on a fatigue specimen containing a hole. 
Dimensions are in millimeters; stresses arc given m Tabic XV. {Gisen and Glocker.) 


altered; a further .stres.sing of 2.8 X 10* cycles at 20 kg. per sq. mm. 
(28,400 psi.) altered the stresses to the values given in the last two 
columns. 


H’ablb XV. — Stress Measurements at Positions Indicated in Fkj. 11 


Position 

Number 

Before fatiguing, psi. 

After 10^ cycles at 
23,000 psi. 

After 2.8 X 10® more 
at 28,400 psi. 

Ijongi- 

tudinal 

Transverse 

Longi- 

tudinal 

Transverse 

Longi- 

tudinal 

Transverse 

8 

- 4,300 

-h 5,700 

- 1,400 

0 



9 

-12,800 

+ l,d00 

-21,300 

-14,000 

0 

+ 10,000 


-15,600 

- 8,500 

- 7,100 

0 

-22,800 

+ 2,800 

11 

- 8,500 

0 

~ .5,700 

+ 7,100 


+ 5,700 

13 

-18,500 

-12,800 

-3.5,600 

-12,800 

+ 18,500 

- 8,500 

15 

-15,600 

0 

-35,600 

-25,600 

-22,800 

- 4,300 

16 

- 8,500 

-10,CC0 

-17,100 

-24,200 

0 

+ 12,800 
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The importance of surface conditions in x-ray stress research is 
illustrated by experiments by Wever and M6ller,i who compared x-ray 
and mechanical measurements of stresses on the outer face of a quenched- 
steel shafting. After normalizing, annealing, and quenching, the 
outer surface was turned on a lathe. X-ray measurements indicated 
(ffi -H a-j) = —38,000 psi., whereas mechanical measurements by the 
boring-out method of Sachs* showed —97,000 psi. As more and more 
of the center was drilled out, the surface stresses (o-i -f- cr^ steadily 
changed toward compression, but the x-ray always showed about 
60,000 psi. greater tensional stre.ss than the mechanical method. From 
additional experiments this was found to be the result of stresses in a thin 
surface layer about 0.01 in. deep originating when the surface was turned 
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Kiel. 12.— Coinpaiison of stresses determined by x-rays (two-exposure method) and stresses 
computed from the curvature of a bent beam. Annealed mild steel. {Norton and Loving.) 


on the lathe. Satisfactory agreement between the methods could be 
obtained when the surface was not machined, and fair agreement could be 
obtained when the machined surface was etched off. 

Norton and Loring have applied the method to the residual stresses 
near a weld.® They first tested the reproducibility of the method by 
bending a small beam. The results are shown in Fig. 12 with calculated 
stresses on the surface of the beam plotted as abscissas and x-ray stresses 
(obtained with the two-exposure method) plotted as ordinates. The 
points for different observers who read the films agreed satisfactorily and 
fell close to the 45° dotted line. The ordinary values of the elastic con- 
stants were used in the computations. This experiment was followed by 
a determination of the biaxial stresses in an annealed mild-steel plate 

^ F. Wever and H. Moller, Mitt, Kaiser •Wilhelm Inst, Eisenforsch, Diisseldorf, 
vol. 18, p. 27, 1936. 

* G. Sachs, Z. Metallkundey vol. 19, p. 352, 1927. 

3 J. T. Norton and B. M. Loring, Welding J., research supplement, June, 1941. 
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along one edge of which had been placed a weld bead. Two components 
of stress were determined at a number of points on the specimen with the 
results shown in Fig. 13. The arrows and figures indicate the magnitude 
of the components parallel and perpendicular to the weld bead at each 
station (the direction and magnitude of the 'principal stresses were not 
determined). The distribution is complex; considering the stresses 
across the center from to B it is seen that the components parallel to the 
bead vary from compression in the bead to tension near it, then back to 
compression near the center, and finally back to tension again at the 
edge farthest from the weld. It was shown that these stresses were not 


h ^'b i 



-5600 ^ We Id bead ”3500 -2200 

A 

Fig. 13. — Residual stresses caused by welding a bead along one edge of an annealod-steel 

plate, (Norton and Loring,) 

greatly altered by machining off the bead; hence, they resulted largely 
from plastic flow in the metal near the weld. 

In a recent investigation Norton and Rosenthal reported x-ray 
measurements on the effect of external loading upon residual stresses.^ 
A biaxial state of residual stress was introduced into mild-steel strips by 
squeezing them between two round electrodes of a butt-welding machine 
and heating locally with a current of 3000 amp. for a few seconds. The 
results on one of the plates are reproduced in Fig. 14, where the curves 
marked I show, respectively, the longitudinal and the transverse com- 
ponents of the stresses after the heating, measured along a line through 
the center of the electrodes. The electrodes contacted the strip from 
—0.5 to 0.25 on the scale of inches, and it will be noted that the heated 

‘ J. T. Nobton and D. Rosenthal, J, Am. Welding Soc., vol. 22, no. 2, p. 63S, 
1943. 
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zone was left with stresses approximating the tensile yield point for the 
steel (which was 35,000 psi.). Curves II, III, IV, and V give the history 
of these residual stresses after loading and unloading the strip successively 
to 7200, 16,000, 29,500, and 38,300 psi. Loading to the yield point 
relieved all the stresses and replaced them with compressive stresses in the 
direction of the applied load. Since the stresses left after tensile loading 
were uniformly compressive over both front and back surfaces, the interior 
of the strip (which was 0.3 in. thick and 3 in. wide) must have been under 
residual tension. The relief of stresses by fatigue and by bending was 
also studied by these investigators. Plastic flow induced by ap’plied loads 
always tends to reduce the residual stresses, and these stresses do not 
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(a) Transverse stresses 
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Fig. 14. Kesidual stresses in a mild-steel strip after local heating and after subsequent 
straining in tension. I. Directly after heating and cooling. II. After applying 7,200 psi. 
tensile stress. III. After applying 16,000 psi. tensile stress. IV. After applying 29,500 
psi. tensile stress. V. After applying 38,300 psi, tensile stress. {^Norton and RoaenlkaL,) 


affect the safety of a structure provided that the material of which the 
structure is composed is ductile and that the ductility is not decreased by 
severe triaxial stresses (such as arc introduced by notches). 

The compressive stresses remaining on the surface after a tensile load^ 
illustrated in Fig. 14, may account for some results of Smith and Wood,* 
who found abnormal values of the lattice constant in specimens that had 
been stressed beyond the yield point. The increase in the (310) plane 
spacings of iron amounted to as much as 0.04 percent. They interpreted 

* W. A. Wood and S. L. Smith, Nature, vol. 146, p. 400, 1940. S. L. Smith and 
W. A. Wood, Prbe. Roy. Soc. [London), vol, A176, p. 398, 1940; vol. A178, p. 93, 1941; 
vol. A179, p. 450, 1942. W. A. Wood and S. L. Smith, J. Inat. Metals, vol. 67, p. 315, 
1941. 
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the result as a volume expansion of the lattice, a dilation, which might be 
the same phenomenon as the change of density with cold work.‘ In any 
case, whether there are new values of the spacings of all planes or merely 
a residual surface stress in a specimen that has been plastically deformed, 
it appears advisable at present to determine the unstressed value of the 
lattice constant by the two-exposure technique rather than by preparing 
a stress-free sample. This is suggested because any surface stresses that 
may exist are difficult to remove by cutting out a sample, while if anneal- 
ing is resorted to there is the possibility that the density and lattice 
constant of the material will be altered. 

X-rays have been used to measure live loads such as surface stresses 
in tensile specimens,* but such tests are merely for developing technique, 
estimating accuracy, and testing the method. Modern mechanical and 
electrical strain gauges are to be preferred when they can be employed, 
and for determining stress distributions in complex .shapes the well- 
developed methods of photoelasticity are extremely effective. 

X-ray vs. Other Methods of Residual-stress Analysis. — Numerous 
reviews of the residual .stre.sses determined by mechanical or sectioning 
methods are available.* The principal methods can be briefly listed as 
follows; 

1. For cylindrical specimens, Sachs’s method is best.* Successive 
layers are bored out of the in.side of a cylinder, and precision measure- 
ments are made of outside diameter and length. 

2. For thin-walled cylinders approximate results can bo obtained by 
cutting strips longitudinally or circumferentially.® 

3. Complete analysis of thin-walled cylinders requires measurements 
on both longitudinal slots and circumferential rings as the walls are 
thinned in successive steps.® 

> For recent discussions of this loss of density with cold work, cf. C. Zener, Tram. 
A.I.M.E., vol. 147, p. 361, 1942, and discussions of this paper. 

* G. Sachs and J. Wkekts, Z. Physik, vol. 60, p. 481, 1930. H. Moller and 
J. Barbers, Mitt. Kaiser-Wilhelm Inst. Eisenforsch. Dusseldorf, vol. 16, p. 21, 1934. 
F. Wever, Stahl u. Eisen, vol. 53, p. 497, 1933. 

*G.<Sachs and K. R. Van Horn, “Practical Metallurgy,” A.S.M., Cleveland, 
Ohio, 1940. W. Spraragbn and G. E. Klaussen, “Shrinkage Stresses in Welding,” 
report of Literature Division of the Engineering Foundation Welding Research Com- 
mittee, New York, 1937. C. S. Barrett, Metals & Alloys, vol. 6, pp. 131, 154, 170. 
196, 224, 1934. L. Reeve, Welding Ind., vol. 4, p. 344, 1936. 

* G. Sachs, Z. Metallkunde, vol. 19, p. 352, 1927 ; G. Sachs and K. R. Van Horn, 
“Practical Metallurgy,” A.S.M., Cleveland, Ohio, 1940. 

* W. H. Hatfield and G. L. Thirkbll, J. Imt. Metals, vol. 22, p. 67, 1919. R. J. 
Anderson and E. G. Fahlman, J. Imt. Metals, vol. 32, p. 367, 1924. D. K. Cramp- 
ton, Tram. A.I.M.E., vol. 89, p. 233, 1930. 

® N. DaWidbnkow, Z. Metallkunde, vol. 24, p. 25, 1932. G. Sachs and G. Espet, 
Metals Tech., Tech. Pub. 1386, October, 1941. 
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4. For plate specimens, welds, etc., strain-gauge stations are put 
on the surface and the specimen is sawed into small pieces, thus releasing 
the macroscopic stresses. A strain-gauge rosette with gauge lengths in 
three or four directions at one point on the surface allows full determina- 
tion of stresses. In these tests it is usually assumed that the stresses do 
not vary with depth below the surface. 

6. Mathar’s method^ measures the strains released by drilling a hole 
about 0.5 in. in diameter through a plate. The. strains are related to 
stresses by calibration experiments on strips stressed in a testing machine. 

Several of these methods could be made to employ x-ray diffraction 
for strain measurement, but in most cases it would be inadvisable and 
uneconomical to do so. On the other hand, nondestructive measurement 
of residual stresses is a proper field for x-rays; changes re.sulting from 
stress-relieving treatments and from service conditions may be followed 
without the necessity of sectioning. If a strain gauge is rigidly attached 
to a structure to detect such changes, it will register both elastic and 
plastic strain while x-rays will register the elastic strain only. 

* J. Mathab, Arch. Eisenhiittenw., vol. 6, p. 277, 1933; Trans. A.S.M.E., vol. 56, 
pp. 249, 254, 1934. F. Bollenrath, Stahl u. Eisen., vol. 54, pp. 630, 873, 1934; vol. 57, 
pp. 389, 419, 1937. 



CHAPTER XV 


THE PLASTIC DEFORMATION OF METALS 

Plastic flow in crystals occurs by two fundamental mechanisms: slip 
and twinning. Accompanying the plastic flow are three important 
modes of lattice reorientation: uniform rotation of crystals, bending of the 
lattice between the planes of slip, and division of crystals into deformation 
bands within which the lattice rotates in different directions. Flow may 
be terminated by either brittle cleavage or ductile fracture. The present 
chapter concerns the crystallography of slip, twinning, and fracture, 
including the stresses necessary for these operations, and concludes with a 
discussion of how the laws of flow in single crystals are modified by condi- 
tions in polycrystalline metals. 

Subsequent chapters take up current theories of plastic flow, the 
structure of deformed metal, the .nature and theories of preferred orienta- 
tions generated by plastic flow, and directional properties resulting from 
preferred orientations. 


SLIP IN METAL CRYSTALS 

Slip Planes and Directions. — Plastic deformation in a crystal occurs 
by the movement of lamellae of the crystal over one another. The 

movement is concentrated in a succession of 
planes, or at least in very thin sheets, as in 
Fig. 1, leaving the intervening blocks unde- 
formed, like the movement of cards in a pack 
when the pile is distorted. The displacement 
takes place along a crystallographic plane, the 
slip plane or glide plane, and in a crystallo- 
graphic direction, the slip direction. As details 
of this mechanism are fundamental to an under- 
standing of plastic flow, strain hardening, cold 
work, and preferred orientations, a great 
amount of research has been devoted to the 
subject in the last twenty years. ^ A summary of slip planes and slip 
directions is given in Table XVI. 

1 E. Schmid and W. Boas, ^Tvristallplastizitat,'' J. Springer, Berlin, 1935. C. F. 
Elam, '‘The Distortion of Metal Crystals,'' Oxford, New York, 1935. H. J. Gouon, 
Edgar Marburg Lecture, Proc. A./S^.T.M., vol. 33, pt. 2, p. 3, 1933. Report of a 
Conference on Internal Strains in Solids, Proc. Phys. Sac. {London)^ vol. 52, 1940. 
"International Conference on Physics, vol. II, The Solid State of Matter," Physical 
Society, London, 1935. 



Fig. 1.- -Sketch of move- 
ment on crystallographic slip 
planes. 
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Table XVI. — Sup in Metals 


Structure 

Metal 

Low temperatures 

High temperatures 

Plane 

Direction 

Plane 

Direction 

F.c.c. 

A1 

(111) 

[lOT] 

(100) 

[lOT] 


Cu 

(111) 

[101] 




Ag 

(111) 

[101] 




Au 

(111) 

[101] 




Ni 

(111) 

[101] 




Cu-Au 

(111) 

[101] 




a-Cu-Zn 

(111) 

[101] 




a-Cu-Al 

(111) 

[101] 




Al-Cu 

(111) 

[101] 




Al-Zn 

(111) 

[101] 




Au-Ag 

(111) 

[101] 



B.c.c. 

a-Fc 

(110) 

[111] 





(112) 

[111] 





(123) 

[111] 




.Mo 

(112) 

[111] 

(110) 

[111] 


W 

(112) 

[111] 

i 



K 

(123) 

[111] 

(123) 

[111] 


Na 

(112) 

[111] 

(110) 

[111] 





(123) 

[111] 


^^-Cu-Zn 

(110) 

[111] 





(112)(?) 



, 


a-Fe-Si; 5% Si 

(110) 




H.c.p. 

Mg 

(0001) 

[21 10] 

(lOTl) 

[2no] 



(1011 )(?) 


(1012)(?) 






(0001) 

[2110] 


Cd 

(0001) 

[2Tr0] 




Zn 

(0001) 

[2110] 




Be 

(0001) 

[2110] 




Zn-Cd 

(0001) 

[2110] 




Zn-Sn 

(0001) 

[2110] 




Te 

(0001) 




Rhombohedral 

Bi 

(111) 

[101] 




Hg 

(100) and 






Complex 




Tetragonal 

/3-Sii (white) 

(110) 

[001] 

(110) 

[111] 



(100) 

[001] 





(100) 

[011](?) 





(101) 

[101] 





(121) 

[101] 
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In face-centered cubic (f.c.c.) metals the slip plane is normally the 
plane in the lattice that is most densely packed with atoms, (111), and 
the same is true of the hexagonal close-packed (h.c.p.) metals, which have 
the basal plane (0001) as the slip plane. Other planes may become 
active at elevated temperatures, but these are also planes of relatively 
high atomic density. In the body-centered cubic (b.c.c.) and tetragonal 
lattices, slip can occur on several planes, most of which are among the 
most densely packed ones. Data are somewhat inconclusive for j8-brass, 
Te, Hg, and Sn.‘ Investigation of Bi and Sb* •* failed to reveal evidence of 
slip when deformed at room temperature in tension, for all the deforma- 
tion was by the process of twinning. However, by compression or by 
elevating the temperature it is possible to produce slip.* 

Many metals probably change their slip planes when deformed at 
unu.sually high or low temperatures. Examples that have been noted to 
date include Al,* Mg,"* /3-Sn, f Mo, * Na, J K, J and Fe-Si alloys. § Andrade® 
has correlated the operative slip planes in b.c.c. materials with the tem- 
perature relative to the melting point. If T is the absolute temperature 
at w'hich slip takes place and Tm the melting point, then the results may 
be arranged as in Table XVII. This correlation does not seem to apply, 
however, to iron and Fe-Si alloys, for all three planes, (110), (112), and 
(123), are active at room temperature in iron* and in Fe-Si alloys§ con- 
taining less than 4 percent silicon. At low temperatures or with silicon 
contents above 4 percent only (110) is an active slip plane in these silicon 
alloys, § whereas (112) would be expected from Table XVII. 

It is evident that the slij) plane chosen in any lattice is rather ea.sily 
influenced by temperature and chemical composition and perhaps by the 
amount of previous deformation, but the slip direction is not so fickle. 

* H. .\Tark and M. Poi.anyi, Z. Fhysik, vol. 18, p. 75, 1923. I. Obinata and E. 
Sf’HMiD, Z. Physik., vol. 82, p. 224, 1933. E. N. Da C. Andrade and P. .1. Hutchings, 
Proc. Roy. Soc. {London), vol. A148, p. 120, 1935. 

* H. J. Gough, Edgar Marburg Lecture, Proc. A.S.T.M., vol. 33, pt. 2, p. 3, 1933. 

* E. N. Da C. Andrade, “International Conference on Physics, vol. II, The Solid 
State of Matter,” p. 173, Physical Society, London, 1935. W. F. Berg, “Inter- 
national Conference on Physics, vol. II, The Solid State of Matter,” p. 178, Physical 
Society, London, 1935. 

* R. Karnop and G. Sachs, Z. Physik., vol. 41, p. 116, 1927; vol. 42, p. 283, 1927. 
W. Boas and E. Schmid, Z. Physik, vol. 71, p. 703, 1931. 

•* E. Schmid, Z. Elecktrochem., vol. 37, p. 447, 1931. 

t E. Schmid and W. Boas, “Kristallplastizitat,” J. Springer, Berlin, 1935. 

t E. N. Da C. Andrade and L. C. Tsibn, Proc. Roy. Soc. (London), vol. A163, p. 1, 
1937. 

§ C. S. Barrett, G. Ansel, and R. F. Mehl, Trans. A.S.M., vol. 26, p. 702, 1937. 

‘ E. N. Da C. Andrade, Report of a Conference on Internal Strains in Solids, 
Proc. Phys. Soc. (London), vol. 52, p. I, 1940. 

* H. J. Gough, Proc. Roy. Soc. (London), vol, A118, p. 498, 1928. 
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Table XVII 


Metals 

T/T„ 

Slip plane 

W, Mo, Na 

0.08-0.24 

(112) 

Mo, Na, jS-brass 

0.26-0.50 

(110) 

Na, K 

0.80 

(123) 


In f.c.c., b.c.c., rhombohedral, hexagonal, and tetragonal crystals the 
most closely spaced row of atoms in the lattice is always the direction of 
slip. In iron, where (110), (112), and (123) all function as slip planes, the 
direction of slip is always the close-packed direction, [111], which is 
common to all three sets of planes;^ and the choice of slip direction is less 
sensitive to the amount of deformation, the temperature at which defor- 
mation is carried out, and the composition than is the slip plane. In 
ionic lattices of the sodium chloride type, slip is also along the lines of 
greatest atomic density, [110], although the slip plane, (110), is not the 
plane of greatest density. ^ 

A plane of slip and a direction of slip lying in that plane constitute a 
slip system. Face-centered cubic metals, having four (111) planes and 
three [101] directions in each, possess 12 slip systems; body-centered iron 
has four [111] directions around each of which are arranged 12 slip planes 
having the slip direction as their zone axis, thus giving 48 slip systems. 

Slip Lines.- — Slip is an abrupt movement, sometimes accompanied by 
an audible tick when the total deformation is small, as was first observed 
by Joff6 and Ehrenfest.* In transparent crystals the intermittent nature 
of the process is evident from observations with polarized light. When a 
crystal is placed between crossed nicols, individual slip movements cause 
streaks of light to appear along the slip planes, a result of double refraction 
from the strains left in the crystal along the slip plane after the slip has 
occurred.'* 

Slip is most commonly recognized by the presence of slip lines formed 
by the intersections of slip planes with the surface of a crystal. When 
the slip direction lies parallel to the surface, there is, of course, no upward 
displacement of one portion with respect to another, and the lines are 
nearly invisible. (This fact has been used to determine the slip directions 
in cylindrical specimens.®) Slip lines are distinguishable from other types 

‘ H. J. Gough, Proc. Roy. Soc. (London), vol. A118, p. 498, 1928. 

* An extensive discussion of the geometry of slip and its relation to atomic con- 
figuration, particularly in minerals, has been published by M. J. Buerger, Am. Mineral., 
vol. 15, pp. 45, 174, 226, 1930. 

• Abram F. Joff:6, “The Physics of Crystals,” McGraw-Hill, New York, 1928. 

*J. W. Obbeimow and L. W. Schobnickow, Z. Physik, vol. 41, p. 907, 1927. 

W. SchOtze, Z. Physik, vol. 76, p.l35, 1932. 

® H. J. Gough, Edgar Marburgh Lecture, Pr^oc. A.S.T.M., vol. 33, pt. 2, p. 3, 1933. 
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of strain markings by the fact that they are not visible when a deformed 
metal is polished and etched after the slip has occurred. When slip is on a 
single set of planes, the slip lines can be very straight. Figure 2 is the 
appearance of a polished surface of an iron-silicon crystal deformed on 
two slip planes of the type (110), and Fig. 3 shows an iron crystal deformed 
on an indefinite number of slip planes. The wavy slip lines of iron are 
characteristic of slip in this material and were attributed at first to a glide 
process, “banal glide,” in which the slip direction but not the slip planes 
was considered to be crystallographic, but later investigations showed 
that the waviness was merely the result of the many slip systems in iron 
and the ease with which the movement can shift from one to another.* 



Fig. 2. — Slip lines from two sets of Fig. 3. — Wavy slip lines in a-iron. 

(110) slip planes in silicon ferrite. X200. 

Black markings at upper left are twins. 

X250. 

If the movement along slip planes is concentrated on a single plane, 
the contour of the surface after deformation should appear as in Fig. 4a for 
compression or Fig. 46 for tension. By electroplating a layer of copper on 
.an iron crystal and then cutting and polishing a section at right angles t^ 
the surface, Rosenhain found a saw-tooth contour, as expected from Fig. 
46. Greenland,* however, found that single crystals of mercury had 
contours like Fig. 4c or Ad at a slip line, suggesting that movement had 
occurred on a series of closely grouped planes rather than on a single one. 
Hoyt* has discussed similar features in the deformation of zinc. It is 
common to find that slip bands appearing as single lines at low magnifica- 
tion will resolve into groups of closely spaced lines at high magnification, 
while the regions between the bands, which appear undeformed at low 
magnification, may contain minute lines that become visible when the 
resolving power and magnification are increased. Clustering of slip 

* H. J. GeuGH, Edgar Marburg Lecture, Proc. A.S.T.M., vol. 33, pt. 2, p. 3, 1933. 

* K‘. M. Greenland, Proc. Roy. Soc. (London), vol. A163, p. 28, 1937. 

’ S. L. Hoyt, Trans. A.I.M.E., vol. 74, p. 116, 1927. 



THE PLASTIC! DEFORMATION OF METALS 


293 


lines within a band that appears to be a single line at low' magnifications is 
seen in Fig. 5.^ In this sample of a-brass the minimum distance between, 
individual lines resolved by the microscope is approximately 2000 atom 



(a) (b) 



(c) . id) 


Fio. 4. — Sketches (a) and {b) represent contour expected of surface after slip from 
compressive and tension stresses, respectively; (c) and (d) illustrate contours found by 
Greenland on mercury. 

diameters, and the displacement of the horizontal scratch indicates an 
average movement of about 700 atom diameters per visible slip plane. 

The displacement at an individual slip line in iron is roughly 
5 X 10“® cm. according to measurements of Rosenhain.^ In single 



Fig. 5. — Cluster of slip linos in a-brass cutting across a scratch. X800. {Treuting and 

Brick.) 

crystals of aluminum, Yamaguchi^ found an average displacement of 
7 X 10"® cm., while Andrade^ states that the movement may amount to 

1 R. G. Treuting and R. M. Brick, Trans. vol. 147, p. 128, 1942. 

* W. Rosenhain, ^‘Introduction to Physical Metallurgy,” Van Nostrand, New 
York, 1916. 

*K. Yamaguchi, Sd. Pampers Inst Phys. Chem. Research {Tokyo) , vol. 8, p. 289, 
1928. 

^ Report of a Conference on Internal Strains in Solids, Proc. Phys. Soc. {London), 
vol. 52, p. 1, 1940. 
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as much as 0.1 mm. in metals. It is clear then that, although a simple 
shift of one atom distance may occur at times, it is not these small dis- 
placements that produce the visible lines. The principal slip bands 
involve a much larger shift, amounting to hundreds or thousands of atom 
distances. Perhaps they are composed of a whole avalanche of small 
displacements. 

Slip bands are frequently spaced about a micron apart (10^^ cm.) with 
considerable regularity, a fact that has led to much speculation. Andrade 
and Roscoe' found a probability distribution atound a spacing of 
4.2 X 10“^ cm., for parallel bands in lead and noted that the spacing was 
independent of temperature (between 0 and 100°C.), diameter of the 
crystal, and rate of stretch (varied by a factor of 3000). The spacing did 
not change with increasing deformation in crystals pf lead, cadmium, or 
mercury for a considerable extension, which indicates that deformation 
proceeded on slip bands already formed. On the other hand, Yamaguchi* 
observed that the slip bands in aluminum crystals increased in number 
and became more closely spaced as deformation continued. The behavior 
of different metals in this respect may be presumed to be related to the 
amount of strain hardening that re.sults within the slip band during the 
straining. If the material within a band hardens markedly, it must tend 
to divert subsequent slip to undeformed regions that are softer, while if the 
material deforms without appreciable strain hardening further slip can 
continue in the same band. Thus the stre.S8-strain curve of aluminum 
shows marked strain hardening and this metal deforms by adding to the 
number of slip bands, while lead, cadmium, and mercury, when stretched 
at temperatures where little strain hardening results, deform on the 
previously existing bands in conformity with this principle.® 

Critical Resolved Shear Stress for Slip. — There is a rather clearly 
defined stress at which a given crystal will begin to flow at an appreciable 
rate. Below this stress the rate of strain is so slow it requires long-time 
tests to measure it. In this range the flow is called creep. In the neigh- 
borhood of the critical stress the rate of strain increases rapidly and 
becomes easily measurable with comparatively crude equipment; it is this 
type of flow that is commonly referred to as slip. Many investigations 
have shown that differently oriented crystals of a given metal will begin 
to slip when different stresses are applied to, their cross section but that 
the stresses resolved on the slip plane and in the slip direction are always the 

* E. N. Da C. Andrade and R. Roscoe, Proc. Phya. Soc. (London), vol. 49, p. 152, 
1937. 

* K. Yamaguchi, Set. Papers Inat. Phya. Chem. Research (Tokyo), vol. 8, p. 289, 
1928. C. F. Elam, “The Distortion of Metal Crystals,” Oxford, New York, 1935. 

* Report of a Conference on Internal Strains in Solids, Proc. Phya. Soc. (London), 
vol. 52, p. 1. 1940. 
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same, the critical resolved shear stress. This is readily cAmputed from 
the applied load. Referring to Fig. 6, suppose a force F is applied to a 
crystal having a cross section of area A. If the slip plane is inclined at an 
angle <t> to the cross-section plane, its area will be A/cos <l>, and conse- 
quently the stress per unit area acting on the slip plane will be 
F/{A/cos <l>). This stress is directed along the axis of the crystal, and 
to resolve this along the slip direction one must multiply by the cosine of 



IF 

Fig. 6. — Coordinates for 
calculating resolved shear 
stresses. 



0 0.1 0.2 0.3 0.4 05 04 05 02 Ql 0 
P‘0 CosfJCosX P‘90° 

Fiti. 7. — Illustrating variation of yield 
points with orientation of magnesium crystals. 
Solid curve follows constant res'ilved-shear- 
strCNs law. (Schmid.) 


the angle X between the axis and the direction of slip, 
stress is then 


T 


F 

^ cos <l> cos X- 


The resolved shear 


The loads that are required to stretch differently oriented crystals of 
magnesium are shown in Fig. 7 from the work of Schmid.^ It will be 
seen that they vary by more than a factor of 5. The abscissa of this plot 
is the function cos <t> cos X computed from the known orientations of 
the crystals, and the curve that is plotted is the variation in load that 
would be expected if a constant resolved shear stress were required for slip 
in the different crystals. The experimentally determined points follow 
the curve within the limit of error of the experiments and verify the law. 
There would have been a systematic trend in the observed values away 
from the curve if the component of stress normal to the slip plane influ- 

‘ E. Schmid. Z. Elektrochem., vol. 37, p. 447, 1931. 
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enced the sliji, and it will be seen that this is not the case. Hydrostatic 
tests up to 40 atm. have also failed to disclose any influence of normal 
stress on the re.solved shear stress required for slip.‘ The constant- 
resolved-shear-stress law has been found not ohly with hexagonal crystals 
but with cubic and with lower symmetry crystals and ap>pears to be 
generally applicable. 

Hexagonal crystals usually have only one slip plane, the basal plane; 
the resolved shear stress for a given load is a maximum when this plane is 
not far from an inclination of 45° to the axis. When this plane is either 
flatly or steeply inclined to the axis, the resolved stress approaches zero 
(c/. equation above). Face-centered cubic crystals, on the other hand, 
have so many slip systems that the resolved shear stress in the most highly 



Ag A+om Per Cent Au Au 

Fig. 8. — Variation in critical shear stress with composition in Ag-Au alloys, {Sachs ami 

Weerts,) 


stressed plane for a given load can vary only by a factor of 2, and with iron 
the variation is even less. The orientation dependence has been com- 
puted and plotted stereographically and otherwise. 

Experiments have repeatedly shown that, when there are .several 
crystallographically equivalent .slip systems in a crystal, the one having 
the greatest resolved shear stress will become active; or if two arc stre.s.sed 
equally, there will be slip on both. The critical shearing stress is differ- 
ent for different crystallographic planes of the same crystal, and it differs 
greatly with different metals, different degrees of purity of a given metal, 
different temperatures at which deformation is carried out, and different 
degrees of prior strain. A summary of mea.sured values is given in Table 
XVIII. If it were possible to inhibit slip on all planes but one, this one 
could be made the active slip plane regardless of its indices or the density 
of atomic packing on the plane. It seems certain that planes of higher 
indices than those of Table XVIII are prevented from becoming active 
merely by the fact that the planes of easy slip operate and relieve the 

‘ M. PoLANYi and E. Schmid, Z. Phyaik, vol. 16, p. 336, 1923. 
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applied stress before the critical value of the stress is reached on any other 
planes. 

The critical shear stress in the Ag-Au alloys, which form a complete 
series of solid solutions, is plotted in Fig. 8. The maximum occurs 
at about the 50 atomic percent composition. ^ A very similar variation 
with composition is found with Cu-Ni alloys.^ 


Table XVIII. — Critical Resolved Shear Stress for Slip in Crystals at 20°C. 


Metal 

1 

Impurity con- 
tent percent 

1 

Slip plane 

1 

Direction 

Critical stress, 
kg. per sq. mm. 

Cu 

0 1 

(111) 

[lOT] 

0 10 

Ag 

0 01 

(111) 

1101] 

0.060 

Au 

0.01 

(111) ' 

[101] 

0 092 

Ni 

0.2 

(111) 

[101] 

0.58 

Mg 

' 0.05 

j(OOOl) 

[1120] 

0 083 

Zn 

0.04 

(0001) 

[1120] 

0 094 

Cd 

0.004 

(0001) 

[1120] 

0 058 


0.004 

(1 120) 


>0.03 


0.01 

(100) 

[001] 

0.19 


0 01 

(110) 

[001] 

0 13 


O.Ol 

(101) 

[loi] 

0.16 


0.01 

(121) 

[101] 

0.17 

Ri 

~0 1 

(111) 

[101] 

0.221 

Hg 

~10-« 

(100) 


0.007 

NaCn 


(110) 

[110] 

^0.2 

AgCl 


(110) 

[110] 

--0.1 


1 E. Schmid, ** Intel national Conference on Physics, vol. II, The Solid State of Matter,” Physical 
Society, London, 1935. 


The critical shearing stress of Zn-Cd and Zn-Sn alloys, shown in 
Fig. 9,* illustrates the general rule that the hardening effect of a soluble 
impurity is greater than that of an insoluble one,- for cadmium is soluble 
to the extent of roughly 1.5 percent in zinc (at 250°C.), whereas tin is 
soluble to less than 0.1 weight percent. Greenland’s results^ on crystals 
of high-purity distilled mercury are particularly interesting (Fig. 10). 
The presence of an impurity in concentrations of 1 part in 10* or 10’ has 
an important effect on the critical shearing stress. (The tests were made 
at — 60°C., about 23° below the melting point.) 

‘ G. Sachs and J. Weerts, Z. Physik, vol. 62, p. 473, 1930. 

*,E. OSbwald, Z. Physik, vol. $3, p. 55, 1933. 

* P. KasBATJD and E. Schmid, Z. Physik, vol. 32, p. 197, 1925. 

* K. M. Greenland. Proc. Roy. Soc. {London), vol. A163, p. 28, 1937. 
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Aging of an aluminum alloy containing 5 percent copper increased the 
critical stress from 1.9 up to 9.3 kg. per sq. mm. The former value was 
measured in a crystal slowly cooled from 526 to 300°C., the latter after 
quenching from 525°C. and aging at 100°C. for 1 hr.* 

Dependence on Temperature. — The critical resolved shear stress for 
a metal decreases with increasing temperature and drops abruptly to zero 
at the melting point (at the solidus temperature in alloys). Experi- 
mental data for hexagonal metals (Fig. 11) indicate a rather small 
dependence on temperature, particularly in the neighborhood of the 
melting point. ^ This is also true of aluminum and tungsten.® The 



Weight Per Cent Added Element 

Fio. 9. — Critical shearing stress of 
Zn-Cd and Zn-Sn alloys. Cadmium is 
soluble, tin almost insoluble, in the 
concentrations shown. (Roshaud and 
Schmid.) 



lo’ 10'* 10'® 10''^ 10'^ 


Impurify Content 

Fig. 10. — Critical shearing stress of single 
crystals of mercury containing silver as an 
impurity. Tested at — 60®C. {Greenland.) 


critical shear stress even near absolute zero is still of the same order of 
magnitude as at room temperature, and much ductility remains in 
crystals of cadmium, zinc, and many other metals at the.se low tempera- 
tures. The fact that different slip systems are observed at different 
temperatures (e.g., aluminum and magnesium) indicates that the alter- 
ation in shear strength with temperature is not uniform on all planes of a 
lattice. 

Strain Hardening. — The shear stress neces.sary to cause slip is always 
increased by prior deformation of the crystal. If a crystal of zinc is 
sheared as much as 500 percent, which is possible for suitably oriented 
crystals, the shear stress necessary to continue slip on the basal plane will 


‘ R. Karnop and G. Sachs, Z. Physik, vol. 49, p. 480, 1928. 

® E. Schmid and W. Boas, “Kristallplastizitat,” J. Springer, Berlin, 1935. 

’ “ International Conference on Physics,” vol. II, The Solid State of Matter, 
Physical Society, London, 1935. 
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have increased by a factor of about 7. An even more rapid strain 
hardening is observed with f.c.c. metals than with hexagonal metals, 


0 100 200 300 400 500 600 

Absolute Temperature, Degrees 

Fig. 11. — Effect of temperature on critical shear stress of metal crystals. {Schmid and 


0 100 200 300 400 500 600 700 

Shear Strain in Percent 

Fig. 12. — Shear-stress — shear-strain diagrams for single crystals. {Schmid and Boas ) 


as is seen in the curves of Fig. 12, where the resolved shear stress is 
plotted against the amount of shear strain for the f.c.c. metals Ni, Cu, 
Ag, Al, and Au, the hexagonal metals Mg, Zn, and Cd, and tetragonal 
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Sn.* The data of Fig. 12 indicate that strain hardening in some crystals 
{e.g., zinc) increases linearly with the amount of strain. According to 
Taylor’s results, Fig. 13, aluminum hardens with a different curve. 
Both the tensile tests (dots) and the compression tests (crosses) follow 
the parabolic curve <r = c y/S, where o is the resolved shear stress, S 
is the shear strain on the slip plane, and c is a constant. Obviously, the 
normal stress, which is different in the two tests, does not affect the curve. 
The whole of the strain-hardening curve, including the initial critical 
stress, is a function of the rate of deformation. The shape of the curve 
can be dependent, for example, on whether the stress or the strain is 
increased uniformly with time,‘ and if the crystal is tested rapidly the 
stresses will always be higher than if the test is run slowly. The influence 
of time is further discussed in the following section. 



Shear S+rain 


Fig. 13. — Strain hardening in aluminum compression specimens (+) anti tensile 

specimens (O). {Taylor). 

Dependence of Strain Hardening on Temperature. — Stress-strain 
curves for magnesium are reproduced in Fig. 14 to show the effect of the 
temperature at which the test is run.* The amount of strain hardening 
decreases markedly as the temperature is raised. The dashed curves 
marked 100° S and 250° S were for a rate of test about a hundredfold 
faster than the others. It will be noted that, while the rate was not an 
important factor at 100°C., it exerted a profound effect at 250°. Other 
metals show a temperature dependence of strain hardening of much the 
same sort. Curves for aluminum arc reproduced in Fig. 15.® 

The effect of holding a metal at a given temperature for a length of 
time is to anneal the metal and bring about a softening, a recovery 
from the strain hardening. In this process a short time at a high tem- 
perature is equivalent to a long time at a low temperature. Stress-strain 
curves are often considered to be the result of a balance between two 

* E. Schmid and W. Boa.s, “Kristallplastizitftt,” J. Springer, Berlin, 1935. 

‘ R. Houwink, “Elasticity, Plasticity and Structure of Matter,” University Press, 
Cambridge, Mass., 1937 (especially the chapter by W. G. Burgers). * 

* E. Schmid, Z. Elektrochem., vol. 37, p. 447, 1931. 

5 W. Boas and E. Schmid, Z. Physik, vol. 71, p. 703, 1931. 
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Shear Strain in Percent 

Fig. 14. — Strain haidening in niagnesiiiin crystals at different temperatures. Dashed 
curves 100 ® aS and 250 ® aS are for a rate of test a hundred-fold faster than the others. Tem- 
peratures in degrees centigrade. (Schmid and SieheL) 



0 20 40 60 80 100 120 

Shear Strain.in Percent 

Fig. 15. — Strain hardening in aluminum crystals at different temperatures. (Boas and 
* Schmid.) 
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opposing tendencies, strain hardening and recovery. At low tempera- 
tures, the hardening predominates and the stress-strain curve rises 
steeply. At elevated temperatures, recovery is proceeding at a rate 
comparable with the rate of strain hardening, and eventually a tempera- 
ture is reached at which recovery almost wholly prevents strain hardening. 
The stress-strain curve is then horizontal (see Figs. 14 and 15). 

The separate effects of hardening and recovery can be distinguished 
more easily if successive stress-strain curves are run with annealing treat- 
ments interposed. Figure 16 gives the result of such an experiment on 
zinc,‘ which partly recovers from the effects of cold work in a rest interval 
of ^ min. and completely recovem in an interval of a day. The yield 
strength is lowered from A to B (Fig. 16a) by a ^-min. rest, whereas it 



Fio. 16. — Partial recovery (a) and complete recovery {h) in zinc crystals at room 
temperature. Tests interrupted for J min. in (a) and for 1 day in (/>). {Haase and 
Schmid,) 

drops from C to D or from E to F (Fig. 166) during a day’s rest. It has 
been objected that the rate of recovery deduced from interrupted tests 
of this type is much less than the rate of recovery deduced from strain- 
hardening curves at elevated temperatures, such as those of Figs. 14 
and 15. This may mean that the recovery theory is an incomplete or 
invalid explanation for the temperature dependence or that recovery 
rates are greater while deformation is proceeding than during a static 
condition. The critical stress for slip in undeformed crystals decreases 
with rising temperature, and it is reasonable to assume that the same 
effect also occurs in work-hardened material; so this is doubtless also an 
important factor in the temperature dependence of stress-strain curves. 

Lattice Rotation with Simple Slip. — When a crystal slips on a single 
set of planes as in Fig. 17, it shears “sideways” without altering its 
orientation, but when it is strained in a tensile machine it is not free to do 

* O. Haase and E. Schmid, Z. Physik, vol. 33, p. 413, 1925. 
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this. The constraints of the tensile grips keep the ends in line, and the 
crystal is forced to deform as in Fig. 18. The central necked-down por- 
tion is therefore altered in orientation in such a way that the slip direction 
becomes more nearly parallel to the axis of tension. 

In the compression tost another kind of rotation occurs which is easily 
understood with reference to Fig. 19. The slip planes, indicated by the 
diagonal lines, rotate toward a position parallel to the plane of the com- 


pression plates. The axis about which this rotation 
takes place is indicated by A, and is obviously parallel 
to the intersection of the slip planes with the compres- 
sion plates. 

The amount of rotation increases as deformation 




Fig. 17. 


Fig. is. 


Fig. 17. — Deforination of a crystal by slip without constraint. 

Fig. 18. — notation and bending in a single crystal elongated in a testing machine. 
Homogeneous lotation of the necked-down region ends in bend gliding near the grips. 
The slip direction approaches the tension axis. 



Fig. 19. — Homogeneous lattice rotation in compression. Rotation is around axis Ar, 
The slip plane approaches the compression plane. 


proceeds and can be compxited from simple formulas. ^ For tension the 
relation is 

/« . 

sm Xi = T- sin Xo 


where Xo tod Xi are the initial and final angles between the slip plane and 
* E. Schmid and W. Boas, “Kristallplastizitat,” Springer, Berlin, 1935. 
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the tension axis, while U and h are the initial and final lengths of the speci- 
men. By x-ray determination of the orientations before and after 
deformation it is thus possible to learn the type of rotation a crystal has 
undergone and thus to determine the indices of the slip system that 
operated. (This has been useful for hexagonal and f.c.c. crystal studies 
but is nbt reliable when many slip systems are active, as in b.c.c. metals 
or in grains of an aggregate.) 

Duplex Slip. — As a slip plane rotates away from a position for maxi- 
mum resolved shear stress (approximately 45° from the axis of tension), 
the resolved shear stress on the plane diminishes, whereas another 
potential slip plane in the same crystal — if one exists — is subjected to an 
increasing component of the stress. Ultimately, the two planes will 
receive equal components of shear stress, and there Avill be slip on both 
planes simultaneously or alternately (duplex slip). 

It is found experimentally that crystals tend to rotate slightly past 
the orientation where duplex slip should start before the second slip plane 
begins to function. For reasons that arc not underetood, this is more 
pronounced in alloy crystals than in pure metals — for instance, it is 
prominent with crystals of a-brass. * A reasonable interpretation of this 
is that the critical resolved shear stress for slip becomes greater on the 
inactive plane than on the active one. Since there is strain hardening 
on the active one, this implies that there is even greater strain hardening 
on the latent slip planes. In seeking an understanding of this it should 
be remembered that slip on the second plane must cut through the active 
slip planes, whereas for slip to continue on a plane parallel to those that 
originallj' operated it is necessary merely to fit a new slip plane between 
the planes on which slip has previously occurred. If one assumes that 
strain hardening is localized largely in the vicinity of the slip planes, it 
would be expected that continued slip on the first set of planes would 
follow the relatively soft material between slip planes, whereas slip on 
the second set of planes would have to cut across the relatively harder 
material around the already existing slip planes. 

Rotation from Duplex Slip. — Taylor and Elam* showed that single 
crystals of aluminum when elongated in tension deform by slip on (111) 
planes in [110] directions, with an accompanying rotation of [110] toward 
the axis of tension, until duplex slip starts. The lattice then rotates so 
as to maintain the axis of tension in a plane symmetrical to the two acting 
slip planes — i.e., so as to keep equal stresses on the two active systems. 
Duplex slip and its corresponding rotation continue until the two active 
slip directions lie in the same plane as the axis of tension and on opposite 
sides of it. Further elongation does not then cause rotation, and this 

* V. G5l£b and G. Sachs, Z. Phyaik, vol. 66, p. 681, 1929. 

‘ G. I. Tatlob and C. F. Elam, Proc. Roy. Soc. (London), vol. A102, p. 643, 1923 
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position is retained until fracture. The nature of these rotations is 
conveniently shown in stereographic projection, with the axis of tension 
indicated by a point which moves over a standard projection of the 
cubic lattice (Fig. 20). The rotation of the axis along the great circle 
toward [110] can be noted, as well as the rotation along the symmetrical 
plane between slip directions [Oil] and [110] to the stable end position, in 
which [121] is parallel to the axis.^ 

In deformation by comprcs.sion, single slip in f.c.c. crystals brings the 
specimen axis into the plane symmetrical to the poles of the active slip 
planes; then double slip causes the specimen axis to move in this plane until 
it reaches the [110] position that lies in the plane containing the poles of the 
active slip planes and midway between 
them. This is a position which is stable 
throughout the remainder of the ^ 
deformation.^ 

Hexagonal metals slipping only on the 
basal plane (0001) rotate so as to bring the 
basal plane toward the plane of compres- 
sion or parallel with the axis of tension and 
cannot exhibit duplex slip. The rotation 
is eventually stopped, however, by the 
onset of .slip on other planes or, more 
generally, by twinning. 

Deformation Bands. — A common fea- 
ture of the structure of cold-worked itietal 
is the banded appearance of individual 
grains. The bands are formed in both 
single crystals, where their widths may be a 
millimeter or more, and grains of an aggregate, where they have micro- 
.scopic dimensions as in Fig. 21. They arc visible on a polished and etched 
surface as twins are, but they differ from twins in that they appear with 
varying contrast after varying degrees of cold work. Rosenhain® believed 
them to be amorphous metal left on slip planes after slip had taken place. 
Howe was unsatisfied with this theory and devoted an entire chapter 
of his book'* to the “X-bands,” as he called them. He regarded them as 
regions in which the lattice orientation had changed without reaching 
a twinned orientation but remarked that their nature had yet to be 



~=^l//oj 


[ 0 //] 

Fig. 20, — Rotation of axis of 
aluminum single crystal during 
elongations up to 70 percent. 
Initial rotation is along a great 
circle toward the active slip 
direction [1101; then duplex slip 
moves the axis toward [121]. 
{Taylor and Elam.) 


^ G. 1. Taylor and C. F. Klam, Proc. Hoy. Soc. (London), vol. A108, p. 28, 1925. 
*0. L Taylor and W. S. Farren, Proc. Roy. Soc. (London), vol. Alll, p. 529, 
1926. G. I. Taylor, Proc. Roy. Soc. (London), vol. A116, p. 39, 1927, 

3 W. Rosenhain, Engineering, vol. 96, p. 39, 1913. 

^ H. M. Howe, ^^The Metallography of Steel and Cast Iron,*' McGraw-Hill, New 
York, 1916. 
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discovered. Pfeil* made a detailed study of them in iron and surmised 
that they consisted of lamellar regions within which dilfering orientations 
have arisen as a result of slip on different planes. We now know that 
this view is correct and that this progressively increasing contrast with 
increasing degrees of cold work is the result of a progressive growth of 
orientation differences between adjoining bands.* The rotation in indi- 
vidual bands creates new grain boundaries within crystals and must 
therefore contribute to work hardening; it is also an important factor in 
the development of preferred orientations® and will be discussed in later 
chapters in this connection. 

Deformation bands occur in many metals. Mathewson and Phillips® 

observed strain markings in a-brass 
that resemble the deformation bands 
of iron in that their prominence in- 
creases with increasing cold work. 
Probably all f.c.c. metals exhibit 
them. Johnson® has reported them 
in rolled copper and a-brass, Adcock® 
in rolled cupronickel (80 percent 
copper, 20 percent nickel), Elam^ in 
rolled silver, and Rosenhain* in 
cupronickel manganese. They make 
a striking appearance on the surface 
of large grains of copper after cold 
rolling (Fig. 22). Body-centered 
cubic iron exhibits deformation 
bands after all types of deformation 
and with both homogeneous and 
heterogeneous strain, and it is not 
unlikely that bands are produced 
in all other b.c.c. metals. The 
tendency for a crystal or a grain to develop bands depends upon the 
orientation of the grain with respect to the direction of flow. For 

‘L. B. Pfeil, J. Iron Steel Inst., Carnegie Scholarship Mem., vol. 15, p. 319, 1926; 
voL 16, p. 153, 1927. 

*C. S. Barhett, Trans. A.I.M.E., vol. 135, p. 296, 1939. 

®C. S. Barrett, Trans. A.I.M.E., vol. 135, p. 296, 1939. C. 8. Barrett and 
L. H. Levenson, Trans. A.I.M.E., vol. 135, p. 327, 1939; vol. 137, p. 112, 1940; vol. 
147, p. 57, 1942. 

* C. H. Mathewson and A. Phillips, Trans. A.I.M.E., vo\. 54, p. 608, 1916. 

‘ F. Johnson, J. Inst. Metals, vol. 21, p. 335, 1919; vol. 27, p. 93, 1922. 

* F. Adcock, J. Inst. Metals, \o\. 27, p. 73, 1922. 

’ C. F. Elam, J. Inst. Metals, vol. 27, p. 94, 1922. 

* W. Rosenhain, J. Inst. Metals, vol. 27, p. 96, 1922. 



Fig. 21. — DoforintitiDii IkuhI- in a 
grain of iron. Section perpendicular to 
axis of compression, polished and etched 
after 68 percent reduction in thickness. 
X 100. 
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example, an iron crystal having a. [100] axis parallel to the axis of com- 
pression will form no bands, and the same is true if [111] is parallel to the 
axis of compression; crystals of all other orientations become banded. 

The crystallography of the bands has not been extensively studied. 
It is known, however, that in iron during elongation the boundaries first 
form on [100] and (111) planes, and in aluminum during compression 
they form on { 100 } planes and perhaps others in addition to these. Some 
“twinlike” bands reported by Elam* 


in )3-brass, which formed on (100) 
and (111) planes, were probabty 
deformation bands. 

Lattice Bending. — Not all the 
distortion of the lattice in crystals is 
so regular as the type discussed in 
the preceding section. The lattice 
within a single deformation band 
often exhibits a large .range of ori- 
entations from one side to another, 
and even in the absence of clearly 
defined bands there is usually a 
spread in orientation from point to 
point within a crystal or grain. Fig- 
ure 18, page 303, illustrates a simple 
case of this in which the lamellae 
between slip planes have been bent 
by the constraints imposed by the grips of the tensile machine. In 
polycrystallinc material the constraints of neighboring grains cause the 
inhomogencities of stress that produce the bending. There is probably 
no crystallographic regularity to this type of distortion because of the 
random nature of the imposed stresses; nevertheless, it is an important 
characteristic of the structure of cold-worked metal and is discussed fur- 
ther in Chap. XVII. 


Fig. 22, — Deformation bands in large 
grains of copper after rolling. X 1. 


TWINNING 


Crystals may deform not only by slip but by twinning. Twinning 
results when a lamella within a crystal takes up a new orientation related 
to the rest of the crystal in a definite symmetrical fashion. The lattice 
within the twinned portion is a mirror image of the rest; the plane of 
symmetry relating the one portion to the other is called the twinnifig 
plane. During deformation the formation of twins takes place with a 
click, and a rapid succession of clicks is responsible for the “cry” that is 
heard when a bar of tin is bent. Twins also appear in some metals during 
■' C. F. F.lam, Proc. Roy. Soc. {London), vol. A153, p. 273, 1936. 
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annealing, probably as the result of growth from minute twinned nuclei 
produced by straining. They are also found in some metals after a phase 
transformation has occurred. 

The symmetrical relation between a twin and its parent crystal may 
be described by stating that rotation of 180° about a certain axis (the 
twinning axis) in the crystal would put the crystal into the twinned 
orientation, though this statement is not meant to imply that twinning 
actually occurs by lattice rotation. The atom movements that produce 
a deformation twin are shearing movements of the atomic planes over one 
another, not rotation of planes. This type of movement is usually one 
of simple shear, in which every plane of atoms shifts in the same direction 



Fia. 23. — Twitu (Ncmiiaiin bands) in a crystal of ferrite. Photomiorograpb of a polished 

and etched grain. X KX). 

and shifts an amount proportional to its distance from the twinning 
plane. When twins are produced by deformation, it is sometimes possi- 
ble to see that shearing of this kind actually occurs.^ 

Deformation Twins, — Iron and alloyed ferrites are twinned by 
impact at room temperature and by slow deformation at lower tem- 
peratures to form the characteristic narrow lamellae known as Neumann 
bands, shown in Fig. 23. That these lamellae are actually twins was 
under dispute for many years but has now been proved by microscopic 
methods^ and by x-ray reflections,^ 

1 In some crystals (for example, Mg, Zn, white Sn, Bi, Sb) studies of atomic 
positions have shown that the individual atoms do not shift into their twinned posi- 
tions by the operation of homogeneom shear such that each atom layer moves a 
distance proportional to its distance from the twinning plane. The macroscopic 
dimension changes even in these cases, however, do correspond to simple shear. 
[G. Kolesnikow, Physik. Z. Sowjetuniony vol. 4, p. 651, 1933; Bruce Chalmers, Proc, 
Phys. Soc. {London), vol. 47, p. 733, 1935.] 

2 K. Harnecker and E. Rassow, Z. Metallkunde, vol. 16, p. 312, 1924. 

3 C. H. Mathewson and G. H. Edmunds, Trans. A.I.M.E., vol. 80, p. 311, 1928. 
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Deformation twins are usually distinguishable from slip lines by the 
following characteristics: (1) Twins are visible after polishing and etching 
while slip lines are not. (2) Twins usually can be seen under high magni- 
fication to have a definite width so that two boundaries can be seen to 
each band, whereas slip produces a narrow line on the surface. These 
characteristics are illustrated in the twins of Fig. 23. These criteria are 
not always decisive, however. Markings found after polishing and etch- 
ing may be deformation bands, but these can usually be distinguished 
from twins by the fact that they increase in visibility (contrast) with 
increasing deformation of the specimen. Again, in some alloys there may 
be a transition phase formed in thin lamellae which somewhat resemble 
twins. Metastable (3-brass, for example, can undergo this martensite-like 


transformation and produce remark- 
ably long straight and narrow striae of 
the transition structure;' so also can 
/3-copper aluminum.^ While slip lines 
themselves are invisible after polish- 
ing and etching, in a supei-saturated 
solid solution there may be precipita- 
tion along the slipped surfaces v/hich 
serves to delineate them. Careful 
microscopy then shows strings of tiny 
particles lying along the traces of the 
slip planes in the surface of polish, 
indicating a more rapid nucleation or 
growth (or both) in the highly 
strained material adjacent to the 
slipping surfaces.® Perhaps it is possible for the distortion along a slip 
plane to cause a local rotation or fragmentation of the lattice of a type 
that could be revealed by etching. 

Copper and its solid solutions appear to be twinned by defor- 
mation under certain conditions, producing thin lamellae much like 
Neumann bands® which grow during annealing into longer and wider 
bands of the microstructure of Figs. 24 and 25, so characteristic of> copper . 
and brass. Twinning is a major factor in the deformation of some metals 
such as zinc, where a change of shape of a crystal sometimes occurs almost 
entirely by conversion of the crystal into one or more twinned orientations 
at early stages of deformation and where twinning may provide favorably 


Fig. 24. — Annealing twins in brass, elec- 
trolytic polish. X 100. 



1 A. B. GRKNiNGERand V. G. Mooradian, Trans, A.LM.E.^ vol. 128, p. 337, 1938. 

2 A. B. Greninger, Trans, A,I.M,E.j vol. 133, p. 204, 1939. 

3 See, for example, W. L. Fink and D. W. Smith, Transl A,I,M.E,, vol. 128, p. 223, 
1938. 

* C. H. Mathewson, Trans, A,I,M.E., vol, 78, p. 7, 1928. 


310 


STRUCTURE OF METALS 


oriented slip planes for further deformation in the advanced stages of 
deformation. * 

Bismuth and antimony (rhombohedral) are believed to deform at room 
temperature entirely by twinning.'^ The appearance of a polished surface 
of a single crystal of antimony after a stressing that produced abundant 



Fig. 25.— Annealing twins in brass, etched to develop facet'fe revealing the orientations. 

X 1000, {Lucaa,) 



twins but no slip lines. X 130. {GougK) 

slip lines in other crystals is illustrated in Fig. 26. It will be noted that 
secondary twins form abundantly within primary twins. 

1 C. H. Mathewson and A. J. Phillips, Trans, AJ.M.E., vol. 74, p. 143, 1927. 
G. Edmunds and M. L. Fuller, Trans. A.I.M.E.j vol. 99, p. 175, 1932. Pj. Schmid 
and G. Wassermann, Z. Physik, vol. 48, p. 370, 1928. H. Mark, M. Polanyi, and 
E. Schmid, Z. Physiky vol. 12, p. 58, 1922. 

* H. J. Gough and H. L. Cox, Proc, Roy. Soc. (London)^ vol. A127, p. 431, 1930; 
J. Inst. Metals, vol. 48, p. 227, 1932. 
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Twinning during deformation is usually accompanied by a sharp click, 
which indicates that it is a very abrupt process. When twinning occurs 
during a tensile test of a single crystal, there are jagged irregulai ities in the 
stress-strain curve, as in the later stages of the curve for cadmium in 
Fig. 27 . 

Interesting experiments on twinning in tin have been reported by 
Chalmers,^ who has found that large 
blocks of white tin (tetragonal 0 ) 

twin during impact at room tempera- 1200 |l 

ture with the expenditure of a definite 1 

amount of energy per unit volume of ^ l 

the twinned material. This energy ylj 

is 8 X 10® ergs per cc. Since the Jl ' 1 

potential energy of the lattice after 900 71 “I 

twinning is the same as before, this / 

twinning energy appears in the crystal | I I 

after twinning as heat, save for slight /_ \ 

losses. It con-esponds to a rise in £ J jl 

temperature of 0.05°C., which was s 600 / 

approximately what Chalmers ob- J 

served. It is po.ssible by subsequent 

impacts cither to extend the twinned 

portion or to untwin the crystal. Y 

Crystallography of Twins.— The joo 

observations of twinning in metals 
have been summarized by Mathew- 

son,** by Schmid,® and by Gough “ and |gg 

are presented in Table XIV. It will 

be noticed that invariably the twin- 1 1 1 1 1 

ning plane in f.C.C. metals is {111}, in. Elongation, in Per Cent 

b.C.C. metals {112}, in h.c.p. metals 27.-Stress-strain curve for a 

{1012}, and in rhombohedral metals cadmium single crystal with irregulari- 
{011} * twinning. {Boas and Schmid.) 

Orientations from Twinning. — The symmetry relationships produced 
by twinning, which are important in connection with deformation and 
recrystallization studies, are best described by means of the stereographic 


1 Bruce Chalmers, Proc. Phys. See. {London), vol. 47, p. 733, 1935. 

2 C. H. Mathewson, Trans. A.I.M.E., vol. 78, p. 7, 1928. 

3 E. Schmid, Z. Metallkunde, vol. 20, p. 421, 1928. 

* H. J. Gough, Edgar Marburg Lecture, Proc. A.S.T.M., vol. 33, pt. 2, p. 3, 1933. 

* Referred to hexagonal axes, this is {0lT2). Twinning on (lOTl) in Mg, reported 
by E. Schmid, Z. Elektrochem., vol. 37, p. 447, 1931, has not been confirmed by the 
careful investigation conducted by P. W. Bakarian, Tech. Pub. 1561, Metals Tech., 
1943. 
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Table XIX. — Ckystallooraphy ok Twinning in Metals 


Lattice Metal 

Twinning plane 

Twinning direction 


: (.ki) 

(«i)* 

B.c.c. a-Fo 

(112) 

[111) 

^>-Cu-Zn 

(112) 

[111] 

w 

(112) 

[1111 

H.o p. Cd 

(10T2) 


Zn 

(1012) 


Zii-Cd 

(1012) 


Zn-Sn 

(1012) 


Be 

(1012) 


Mg 

(1012) 


F.c.c. A1 

(111) 

[112] 

Cu 

(111) 

[112] 

Ag 

(111) 

[112] 

Au 

(111) 

[112] 

Cu-Zn 

(111) 

[112] 

Cu-Al 

(111) 

[112] 

Al-Cu 

(111) 

[112] 

Al-Zn 

(111) ' 

[US] 

Au-Ag 

(111) 

[112] 

Cu-A\i 

(111) 

[112] 

Rhombohedral Bi 

(011) 


As 

(Oil) 


81) 

(Oil) 


Tetragonal pSn (white) 

(331) 



* See p. 310. 


projection. The simplest case is illustrated in Fig. 28, the case of (111) 
twinning in a f.c.c. metal. The open .squares are the < 100 > directions of 
the original crystal, the black squares the < 100 > directions formed from 
these by reflection across the indicated (111) twinning plane. The black 
squares AAA then represent the orientation of one of the twins that could 
form from the original crystal. It is interesting to note that the twinned 
orientation would also have been given by reflection across the (112) plane 
shown; this is always the case in cubic lattices and means that as far as 
lattice orientations are concerned the kind of twinning found in face- 
centered and in body-centered lattices is the same. (There is a difference 
between them in the distances between atoms, discussed in the following 
section.^) 

* A. B. Greninqer, Trans. A.I.M.E,, vol. 120, p. 293, 1936. has pointed out that 
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If twinning occurs on all {111} face-centered planes or on all {112} 
body-ceptered planes, there results in either case a total of four new 
orientations, whose cube poles are plotted as black squares in Fig. 
28. If each of the twins of the “first order” is itself again twinned, 
a set of “second-order” twins is formed with 12 new orientations, 
etc.* 

Atom Movements in Twinning. — In many lattices the movement 
required to produce a twin is a simple homogeneous shear, each plane 
moving a distance proportional to its distance from the twinning plane. 
An example of this type is sketched in Fig. 29, the b.c.c. lattice. In the 
unit cube drawn in the upper part of the figure the twinning plane, (211), 
is indicated by dot-dash lines; this 
plane stands perpendicular to the paper 
in the lower part of the figure, and the 
atom movements to form a twin are 
indicated by arrows. The movement 
of an atomic layer to produce a twin 
is rather similar to the movement to 
produce slip. This is readily seen in 
the f.c.c. lattice, for which the twin- 
ning movements are shown in Fig. 30. 

The shear of one (111) layer, indicated 
by filled circles, over the underlying 
layer, indicated by open circhis, is one- 
third the identity distance in the direc- 
tion of motion, which is 30° from the 
closest packed direction that is the 
direction of motion in slip. (Two such 
motions along a zigzag path would give 
the type of movement that occurs in slip, as indicated by the dashed line 
in the lower right of the figure.) 

The similarity between the fundamental movements in twinning and 
slip has led to suggestions that dislocations are responsible for twinning in 
much the same way that they are postulated for slip,® and it is hoped that 
a more thorough understanding of one process will give a better under- 
standing of the other. However, it is not likely that the analogy 
between the two will be very complete, for the atomic motions in the 



Fig. 28 . — Oiientations in twiiinefJ 
cubic crystals. Hollow squares are 
cube axes of original crystal; black 
squares are cube axes of f^rst-order 
twins; twinning planes are indicated 
by full and dashed great circles. 


the two components of a (111) or (112) twin have in common the following: one {111 1 
plane, three (110) planes, and three |112) planes, and many others. 

^ The orientations for two and three generations in cubic metals arul in zinc are 
plotted in Mathewson^s review. 

3 J. Frenkel and T. Kontorova, J. Phys, Chem. (U.S.S.R.), vol. 1, p. 137, 1939t 
F. Seitz and T. A. Read, J. Applied Phys.j vol. 12, p. 470, 1941, 
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twinning of tin and some othei' metals are not so simple as the cases dis- 
cussed here.' 

In view of the fact that twinning on {111} planes and on {112} planes 
of cubic metals leads to the same orientation, one wonders why twins 
choose one plane in face-centered lattices and another in body-centered 
lattices. It has been suggested* that the components of a twin have in 
common at least one plane of atoms and that the reflecting plane (twin- 



Fio. 29. — Shear movements for twinning a body-centered cubic crystnl. Twinning 
plane is normal to the paper, intersecting it along the heavy dot-dash line in the lower 
drawing. Shear of atoms below this is indicated by arrows. Position of (211) plane in 
unit cell is indicated by dot-dash line in upper drawing. 


ning plane) can only be one for which the operation of twinning does not 
bring atom centers closer together than the normal closest distance of 
approach in either component. 

If the f.c.c. crystal is considered from this standpoint, it will be found 
that the distance between nearest atoms remains unchanged by {111} 

^ Bruce Chalmers, Proc. Phys. Soc. (London) ^ vol. 47, p. 733, 1935. See first 
footnote on p. 308. 

2L. W. McKebhan, Nature^ vol. 119, pp. 120, 392, 1927. G. D, Preston, Nature^ 
vol 119, p. 600, 1927. 
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twinning, but tlmt {112} twinning would have placed certain neighboring 
atoms at ao/\/6 = 0.408ao instead of the normal oo/\/2 = 0.707ao, and 
thus only {111} twinning can occur without considerable distortion of 
atomic positions. On the other hand, b.c.c. crystals twinned on {111} 
would involve bringing atoms to ao/V3 = 0.577oo in place of their normal 
Uo'\/3/2 = 0.866ao (a decrease of 33 percent) and would therefore involve 
much distortion of atomic position, whereas {112} twinning would involve 
a decrease of only 5.8 percent, from 0.866ao to | \/| Uo = 0.816ao. 

Critical Stress for Twinning.— Experiments indicate, although not too 
conclusively, that there is a critical resolved shearing stress associated 
•with the twinning process, just as there is with the proce.ss of slip, when 
twinning is caused by steady application of a load.^ Davidson, Koles- 
nikov, and Fedorov reported an in- 
crease in the resistance to twinning 
with decreasing temperature, in the 
case of zinc, up to a value four to 
ten times the slip resistance. Practi- 
cally nothing is known about the in- 
fluence of composition on the stress to 
cause twinning, nor of the possible 
effect of normal stresses (although by 
analogy with slip resistance it appears 
likely that stresses normal to the twin- 
ning plane should have no effect). 

Miller found that the critical resolved 
shearing stress for twinning in 99.999 
percent zinc was 300 to 600 g. per sq. 
mm. in single crystals that had immeas- 
urably low critical stress for slip. The twinning stress decreased when 
the amount of preceding slip on the basal plane increased and when the 
speed of deformation increased. 

Deformation by Twinning. — Schmid and Wassermann* have analyzed 
the change in shape that a crystal can undergo by twinning. Referring 
to Fig. 31, there are two important reference planes to Tdo considered. 
These are the ones which remain undistorted by the shearing process — 
f.e., planes on which inscribed circles would remain unchanged. One of 


o o 
'o* 


I 

o 


o 

•'o- 

^ysnp 


o o 

Fig. 30. — Movement of atoms in 
adjacent (111) layers of face-centered 
cubic lattice during twinning. Dashed 
arrow is corresponding movement in 
slip. 


1 N. Davidson, A. F. Kolesnikov, and K. V. Fedorov, J. Expil. Theoret. Phys. 
(Russian), vol. 3, p. 350, 1933. R. F. Miller, Trans, vol. 122, p. 176, 

1936. Bruce Chalmers, Proc. Phys, Soc, (London), vol. 47, p. 733, 1935. H. J. 
Gough and H. L. Cox, Proc, Roy, Soc, (London), vol. A127, p. 431, 1930. 

* E. Schmid and G. Wassermann, Z, Physik, vol. 48, p. 370, 1928. For sum- 
maries of this treatment see E. Schmid and W. Boas, “Kristallplastizitat,” Springer, 
Berlin, 1935; C. F. Elam, ‘‘The Distortion of Metal Crystals,*' Oxford, New York, 
1935. 



316 


STRUCTURE OF METALS 


the undistorted planes, Ki, is the twinning plane or glide plane and con- 
tains the glide direction n\‘, the second undistorted plane is K 2 , located at 
an angle from the fimt that is determined by the magnitude of the shear. 
The shear is defined by the distance s through which a point moves that 
lies a unit distance from the plane Ki (see Fig. 31), and if 24> is the acute 
angle between the planes Ki and it follows that 

tan 24 > = 

The reference sphere on which the orientation of the axis of a crystal 
is plotted will be divided into four regions by these two undistorted planes 
Kx and K 2 . A specimen whose longitudinal axis lies in one of the two 
regions in the acute angle between Kx and will be shortened by the 


Kz 



Fio. 31. — Homogeneous shear as in twinning. Undeformed planes K\ (the twinning plane) 

and K 2 are normal to the paper. 

formation of a twin, while a specimen in the obtuse angle between the 
undeformed planes Kx and Ki will be lengthened.^ The actual magnitude 
of the dimension changes from twinning are by no means so great as those 
in slip; for example, the maximum extension possible by twinning a crystal 
of zinc amounts to only 7.39 percent when the crystal is entirely converted 
to a twin on the { 1012} plane. But the role of twinning in the deforma- 
tion of hexagonal metals is by no means unimportant, as has been men- 
tioned earlier in this section, for twinning brings slip planes into positions 
favorable for further deformation. 

‘ The new length I will be related to the length of the axis in the original untwinnod 
crystal, U, by the formula 

r = \/l -|- 2s sin X cos X -t- s* sin® x 

to 

where x and X are the angles between the specimen axis p,nd the glide plane K\ and 
the glide direction ni, resp>ectively, in the untwinned crystal. This is the same 
formula that applies to the elongation of a single crystal by shear during translation 
gliding (slip). 
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The deformation that accompanies twinning leads to intense local 
stresses in polycrystalline materials. The formation of a twin will be 
accompanied by slip lines in adjacent regions and sometimes w'ill cause 
twins in neighboring grains (presumably when the shear stresses are 
appropriately directed). As a consequence of these local strains, the 
regions around twin bands are favored positions for nuclei of recrystalliza- 
tion. If a twin forms entirely across a single crystal, however, internal 
strains at its boundaries are small or absent and recrystallization is not 
promoted there — at least in tin.^ 


FRACTURE 


Brittle Cleavage. — Some metal ciystals break without any previous 
deformation while others cleave only after considerable plastic flow has 
taken place. The brittleness or ductility of zinc and other hexagonal 
metals has been found to be related to the orientation of the lattice'-* in a 
way that can be understood if a certain stress resolved normal to a 
crystallographic cleavage plane is required for cleavage, just as a resolved 
shearing stress is required for slip. If <(> is the angle between the normal 
to the cleavage plane and the axis of ten.sion (sec Fig. 6, page 295), the 
component of the load F in the direction of the normal, F', will be F cos 4>. 
This will act over the area of the cleavage plane, A ', which is gi'eater than 
the area of the cross section A according to the relation A' = A/cos <(>. 
Thus the resolved normal stress acting normal to A' is 


AT = ^ ^ cos^ <!>. 


The load required to break a crystal may vary markedly with orientation, 
as shown by the experimental points in Kg. 32 for bismuth, for example; 
but when N is computed, it is found to be a constant. In this figure the 
curve is drawn to correspond with constant N. There is probably a par- 
ticular value of N for cleavage on any plane of a crystal, but only the 
value for the one or two planes of lowest cleavage strength — the cleavage 
planes — can be measured, for critical values are never reached on the 
others. 

Table XX gives cleavage planes and measured values of N for several 
crystals and several temperatures of test.® These apply to fractures that 
result in a flat, plane surface of cleavage, the type of cleavage for which 
the constant-normal-stress law holds (see Shearing Fracture below). 

‘ Bruce Chalmers, Proc. Phys. Soc. (London), vol. 47, p. 733, 1936. 

* E. Schmid and W. Boas, “Kristailplastizitat,” Springer, Berlin, 1935. C. F. 
Elam, “The Distortion of Metal Crystals,” Oxford, New York, 1935. 

^E. Schmid and W. Boas, “Kristailplastizitat,” Springer, Berlin, 1935. C. F. 
Elam, “The Distortion of Metal Crystals,” Oxford, New York, 1935. Abram F. 
Jorrt, “The Physics of Crystals,” McGraw-Hill, New York, 1928. 
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There is an insignificant variation in N with temperature in the few 
cases that have been examined (for example, in crystals of bismuth tested 
at —80 and 20®C. and in zinc at —80 to — 253°C.). Dissolved elements 
seem to increase N. The amount of previous deformation before fracture 
has surprisingly little effect on iV^; in fact, if any effect is present it is 
scarcely as great as the scatter of the measured values of the cleavage 
stress. At liquid air temperature there seems to be a slight tendency for 
prior deformation to lower the cleavage strength of zinc crystals instead of 
increasing it as might be expected from strain hardening. ^ At somewhat 
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Fio. 32. — Dependence of stress causing brittle cleavage upon orientation for bismuth 
crystals. Testing temperatures — 80®C.( X) and 20®C.(O), (M. Georgieff and E. Schmid, 

Z. Physik, voL 36, p. 769, 1926.) 


higher temperatures the opposite tendency seems to hold, and the value of 
N decreases 30 to 40 percent when zinc is given an opportunity to recover 
(without recrystallizing) after being elongated.® 

Cleavage can be induced in h.c.p. crystals, which are extremely 
ductile, if stress is applied almost perpendicularly to the basal plane. 
This plane is both the slip plane and the cleavage plane, and with tensile 
stress applied normal to it the component available for initiating slip is less 
than the critical stress for slip. Nothing then prevents the stress from 
increasing until cohesion between the basal planes is overcome. Cleavage 
in most crystals is facilitated by cooling to liquid air temperatures (which 

‘ W. Fahbenhorst and E. Schmid, Z. Physik, vol. 64, p. 845, 1930. 

• See footnote 3 on p. 317. 
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, increases th^ critical stress for slip more than the critical stress for 
cleavage) and by driving a sharp blade into the crystal along the cleavage 
])lane (which produces a high ratio of normal stress to shearing stress 
under the edge of the blade). 


Table XX. — Obitical Normal Stress fob Brittle Cleavage of Single Crystals 


Metal 

Cleavage 

plane 

Temperature, 

°C. 

Critical normal stress, 
kg. per sq. mm. 

Zinc (0.03 percent cadmium) 

(0001) 

-185 

0 18-0.20 

• 

(1010) 

-185 

1 80 

Zinc + 0.13 percent cadmium 

(0001) 

-185 

0 30 

Zinc + 0.53 percent cadmium 

(0001) 

-185 

1 20 

Bismuth 

(111) 

20 

0 32 


(111) 

- 80 

0 32 


(111) 

20 

0 69 

Antimony 

(111) 

20 

0 66 

Tellurium 

Magnesium 

(1010) 

(1012) 

(1011) 

(1010) 

20 

0.43 

Hock salt (dry) 

(100) 


0.44 


A few general rules ^ about cleavage in nonmetallic lattices may bo 
mentioned here. It is always found that layer lattices (like graphite, 
M 0 S 2 , CdCl 2 , mica, CaS 04 - 2 H 20 , and Cdl 2 ) cleave parallel to the layers. 
In this group, Zn, Cd, As, Sb, and Bi can also be classed (although other 
cleavages are sometimes found in addition). Cleavages never break up 
radicals in ionic crystals or molecular complexes in homopolar crystals, 
but within the limits imposed by those two restrictions the cleavage planes 
are those most widely spaced. In ionic crystals which have no radicals, 
cleavage occurs so as to expose planes of anions, where such planes exist. 
Cubic crystals of the chemical formula AX cleave on { 100} planes. 

Theoretical Calculations of Cleavage Strength. — Polanyi suggested* 
that the tensile strength of an ideally perfect crystal could be calculated 
by considering the energy required to form the two new surfaces at the 
break. His estimates of tensile strength on this basis turned out to be 
100 to 1000 times higher than the observed values. Zwicky,* on the 
basis of Born’s proposed law of interatomic forces, made a more rigorous 
computation for cubic ionic crystals and obtained 200 kg. per sq. mm. for 
tensile strength, which is again more than 100 times the observed value. 
Born and Fiirth* later tried a rigorous theoretical treatment for a cubic 

* W. A. Wooster, “Crystal Physics,” University Press, Cambridge, Mass., 1938. 

* M. Polanyi, Z. Physik, vol. 7, p. 323, 1921. 

’ F. ZwioKY, Physik. Z., vol. 24, p. 131, 1923. 

M. Born and R. FOrth, Proc. Cambridge Phil. Sor.., vol. 36, p. 4.54, 1940. 
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crystal and still arrived at strengths nearly 100 times the normally 
observed ones. An approximate calculation from another point of view' 
leads to the conclusion that the breaking stress should be of the order of 
0.1 to 0.5 Young’s modulus, which is again a high value. 

Much speculation has centered around the discrepancies between these 
theories and the observed strengths.^ The low experimental values have 
frequently been attributed to stress concentrations at the base of small 
cracks. Experiments on mica by Orowan support this idea.* Mica may 
be cleaved so that the cleavage planes have the utmost perfection, but 
the edges of the sheets which have to be cut or ground contain many 
microscopic cracks. When the mica is tested in tension with wide grips 
that apply stress to the edges as well as to the middle of the sheet, a low 
strength is obtained. On the other hand, if narrow grips are used the 
edges are under very slight stress. With this arrangement the strengths 
are increased tenfold, indicating that stress concentrations at the cracks 
are an important factor and suggesting that cracks propagate from these 
highly stressed centei’s. Some teusile studies of rock salt that were made 
while specimens were immersed in water are also of interest in this con- 
nection. It was found that the salt acquired a much higher tensile stress 
when wet. While this was interpreted by some as evidence that the 
normal low value is the result of cracks and that the wetting serves to 
round off these cracks, others have maintained that the water dissolves 
in the lattice or is absorbed by it in such a way as to increase its strength. 

Internal flaws resulting from accidents of growth (lineage structure, 
or mosaic structure) might be responsible for the difference between 
observed and computed values. But if these are to provide stress 
magnifications of 1000 and yet re.sult in breaking stresses that are so 
nearly constant as they are found to be in metal crystals, the weakening 
from these flaws must be uniform from specimen to specimen to within 
a percent — a regularity that is somewhat difficult to imagine. On the 
other hand, the flaw theory does account for the fact that N is insensitive 
to temperature, at least below room temperature.® 

The creation of transient cracks by thermal fluctuations has been 
considered, but a crack that would increase the stress a hundredfold 
seems to be very improbable from energy considerations.’^ Another sug- 
gestion, which has received little study, is that there may be tensile stresses 

* F. Seitz and T. A. Read, J. Applied Phys., vol. 12, p. 470, 1941. 

*E. Orowan, “International Conference on Physics, vol. II, The Solid State of 
Matter,” p. 89, Physical Society, London, 1935; Z. Physik, vol. 82, p. 235, 1933. 

’If stress concentrations were involved in the rupture process, these could 
not also account for the low shearing stress for slip) — unless supplemented by 
other mechanisms — ^for the stress concentration factors in the two processes arc quite 
different in some cases, for example, in rock salt (F. Seitz and T. A. Read, J. Applied 
Phys., vol. 12, pp. 470, 484, 1041). 
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of the order of the stress for cleavage existing in the vicinity of each dis- 
location of the type postulated to explain slip. (These are discussed on 
page 334.) 

Furth’s Theory. — Born has proposed that melting is pierely breaking 
due to the action of heat movement of the atoms and has obtained satis- 
factory results with this theory. ^ Fiirth^ has tried thjs point of view the 
other way around, viz., that breaking is merely melting enforced by 
external stress. Considering the internal elastic energy resulting from 
the stress N, he derives the relation 


N ^ pQ 


1 - M 
3 — 5/* 


where Q is the melting energy per unit of mass, p is the density, and p is 
Poisson’s ratio. The derivation assumes (1) freedom from imperfections, 
(2) isotropic material, (3) material behaving elastically up to the breaking 
point, and (4) testing at absolute zero. The formula was tested by com- 
parison with tensile strengths of polycrystalline metals extrapolated to 
absolute zero. (Polycrystalline metals were believed by Fiirth to fit the 
assumptions better than single crystals.) The average error between 
predicted and observ^ed (extrapolated) values for 10 metals was only 
27 percent, clearly of the right order of magnitude and as accurate as the 
extrapolated data. The success of the formula may be of considerable 
influence on theories of rupture and plasticity if it is successfully extended 
and if the mechanism by which heat originates and operates can be 
understood. 

Shearing Fracture. — The fracture of magnesium crystals and tin 
crystals frequently occurs by the shearing of blocks past each other. 
This type of fracture produces not the flat, smooth surfaces characteristic 
of brittle cleavage but a rougher surface, usually slightly inclined to the 
slip plane. It is as if the slip process damaged a layer in the crystal 
where many slip planes were closely grouped, the final fracture following 
one after another of the damaged slip planes of the group. When this 
type of fracture brings ductile elongation to an end, it is found that the 
fracture occurs at a definite value of the resolved shear stress along the slip 
plane, a stress which is independent of the initial orientation.* In zinc 
and cadmium crystals the usual slip on the basal plane continues until 
deformation twins form. The reorientation of the lattice by twinning 
then brings new slip lines into favorable orientation, and slip is concen- 

^ M. Born, /. Chem. Phys,^ vol. 7, p. 591, 1939. 

2 R. Furth, Proc. Roy. Soc. {London), vol. A177, p. 217, 1941; Proc. Cambridge 
Phil. Soc., vol. 37, p. 34, 1941. 

3 E. Schmid and W, Boas, “Kristallplastizitat,” pp. 133, 159, Springer, Berlin, 
1935. 
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trated on these planes within the twins. The tensile specimen then 
immediately necks down and breaks. With zinc, cadmium, and mag- 
nesium crystals, in which the shearing type of fracture occurs, it is found 
that twinning and fracture begin at an approximately constant value of 
the resolved shearing stress on the basal plane, ‘ provided that the basal 
plane is initially more than 16 to 20® from the axis of tension. There is no 
similar rule for cubic crystals, which neck down and break after double 
slip sets in. This limiting shear stress for the termination of basal slip 
decreases as the temperature of deformation increases. But at the 
same time the amount of elongation increases to an extent that makes 
the work of deformation (the area under the load-extension curve) 
practically a constant independent of initial orientation and of tempera- 
ture. ‘ Most of this work, of course, is dissipated as heat and is not 
retained in the crystal. 

In poly crystalline tensile specimens that fail with a “cup-and-cone” 
type of fracture the center of the specimen fails first with a crack that is 
normal to the axis of tension. This appears to be a cleavage from normal 
stresses. Subsequently, the metal of the outer rim flows until a conical 
fracture develops, which is presumably a shearing fracture. The conical 
surface surrounding the central cup is U surface on which shear stresses 
are a maximum, or nearly so. 

Relative Stresses for Slip, Twinning, and Cleavage. — It is useful 
to assume that the amount of deformation that can occur before twinning 
or fracture sets in is dictated by the relative values of the stres.ses required 
for slip, twinning, and cleavage. It will be recalled that there is a critical 
shearing stress for slip (which is increased by alloying, by decreasing 
temperature, and by plastic deformation). A similar critical shearing 
stress seems to exist for twinning and is decrea.sed by plastic deformation. 
There is also a definite normal stress required to cleave crystals, which 
is little influenced by plastic flow and temperature. When a stress is 
applied to a crystal, it should cause slip, twinning, or cleavage, depending 
on whether the resolved stress on the .slip plane in the slip direction, or on 
the twinning plane in the twinning direction, or normal to the cleavage 
plane exceeds the critical value for the process concerned. 

Maurer and Mailander* showed, for example, that the low-tempera- 
ture brittleness of iron is best explained by considering the ratio of 
the cohesion across cleavage planes to the slip resistance. This ratio 
decreases with decreasing temperature and eventually reaches a value 
that results in a brittle failure by cleavage in preference to a ductile 
failure by slip, the ductile failure having a fibrous or a silky appearance, 

‘ E. Schmid and W. Boas, “Kristallplastizitat,” pp. 133, \,59, Springer, Berlin. 
1935. 

* E. Mauher and R. Mailander, SUM u. Eisen, vol. 46, p. 409, 1925, 
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the brittle fracture a granular appearance. In the vicinity of the critical 
temperature there is a transition region where the ductility is falling 
vapidly. The width of this transition region will depend on the angle at 
which the slip resistance and cohesion curves approach each other, i.e., 
the rapidity with which the ratio of cohesion to slip resistance varies 
with temperature. Notch-bend tests of alloy steels, for example, show a 
drop in energy absorption that is gradual over a considerable temperature 
range and thus indicate a slow rate of change of the ratio of cohesion to 
slip resistance. Heindlhofer' used these concepts to correlate tempera- 
tures of cold brittleness found in different types of test — notched bar. 
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Fio. 33. -- Dependence of slip on different planes, twinning, and brittle cleavage on 
temperature and composition of silicon-ferrite. Solid line separates region of (110) slip 
from region of (110) + (112) + (123) slip. Dashed lines giVe upper limits of regions where 
cleavage and twinning are produced in slow deformation by torsion. 


tensile, and torsion. The ratio of the greatest normal • stress to the 
greatest shearing stress in a notched bar impact'^ specimen is consider- 
ably greater than 2 ; 1 (but is somewhat indefinite) ; in a tensile specimen 
it is 2 : 1, and in a torsion specimen it is 1 : 1. Therefore, lowered plasticity 
occurs in the tensile test at a temperature where the ratio of cohesion to 
slip resistance is 2:1 (at about —155®C. in iron) and where the ratio is 
1:1 in the torsion test (below — 185®C. in iron). In the notched bar 
test the ratio exceeds 2 : 1 and induces brittleness at still higher tempera- 
tures (in the neighborhood of — 20®C. in iron). Since the cohesion of 
iron depends but little on the temperature, the resistance to flow must 
depend strongly on it.‘^ A similar argument may be used to explain the 
relative prominence of twinning and slip.® 

1 K. Heindlhofer, Trans, A.LM.E,, vol. 116, p. 232, 1935. 

2 F. Sauerwald, B. Schmidt, and G. Kramer, Z. Physik^ vol. 67, p. 179, 1931. 

3 C. II. Mathewson, Trans, vol. 78, p. 7, 1928, 
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Slip, twinning, and cleavage in siiicon-ferrite as a function of 
the temperature of deformation and the composition can be interpreted 
along these lines (Fig. 33).^ The resistance to slip increases with silicon 
content more on the (112) and (123) planes than on the (110)*planes, and 
so only (110) slip remains w'hen the composition includes 4 percent or 
more of silicon. A similar effect is obtained with decreasing temperature 
(note the solid line in the figure). Brittle cleavage occurs below a certain 
temperature which increases with the silicon content, as shown by the 
upper dashed line, and twinning during slow deformation behaves simi- 



('•; 0 ) 

Fig. 34. — ^5^hematlc diagrams of critical stresses for slip, twinning, and cleavage to 
account for Fig. 35. Inhibited processes are indicated by dashed lines, (a) Low-silicon 
alloys, (5) high-silicon alloys (4 percent Si or more). 


larly (lower dashed line). It appears, therefore, that the relative values 
of the critical stresses for these processes must vary with temperature, 
as shown in Fig. 34a for low-silicon alloys and Fig. 346 for alloys of more 
than 4 percent silicon. The dashed lines in these schematic diagrams 
represent processes that are prevented from happening because other 
processes prevent the stress from attaining the required magnitude. 

Similar considerations explain why the ductility of hexagonal crystals 
is so markedly dependent on orientation.^ From the measured values of 
critical stresses for slip, twinning, and cleavage [the latter both on (0001) 
and (1010) planes], it is pos.sible to predict w'hich processes will occur in a 
crystal of any given orientation. 

* C. S. Barrett, G. Ansel, and R. F. Mehl, Trans. A.S.M., vol. 25, p. 702, 1937. 

® E. Schmid and W. Boas, "Kristallplastizitat,” Springer, Berlin, 1935. 
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PLASTIC FLOW IN POLYCRYSTALLINE METAL 

The purpose of much of the experimental work on single crystals has 
been to understand the mechanism of flow in a poly crystalline metal. 
When the data from single crystals are applied to the polycrystalline 
case, however, many new complicating factors enter. The most impor- 
tant of these are the grain boundaries and the constraints imposed on 
the flow of a grain by the flow of the aggregate and by the variously 
oriented neighboring grains. The homogeneous strain of the single 
crystal is replaced by an inhomogeneous strain that varies from grain 
to grain and from point to point within a grain. Additional complexities 
arise from the different properties of the phases in polyphase alloys, and 
from their distribution. It is not surprising that investigators have 
reached a less satisfactory understanding of the conditions within the 
aggregate than within a single crystal. 

Grain Botmdaries and Their Effect on Plastic Flow. — Aston ^ measured 
the amount of strain at various distances from the grain boundary in 
large-grained tensile specimens and found that near a boundary there is 
less deformation than in the center of a grain. Similar observations of the 
effect of boundaries in restraining plastic flow have been made by others.^ 
Chalmers* conducted an interesting experiment with tensile specimens 
composed of two crystals of tin in which the boundary between the pair 
of crystals extended longitudinally throughout the specimen. His 
results show that the critical stress depends upon the difference in orienta- 
tion between the two crystals, being a minimum when the lattices in the 
two crystals are similarly oriented and a maximum when the orientations 
differ the most. This indicates that when slip planes in two adjacent 
grains are not parallel it is difficult for the block movement in one grain 
to cross the boundary into the next grain. 

There seems no need to assume that there exists an amorphous cement 
along the boundaries which imparts additional strength to the whole, 
although this was a favored theory of early investigators, notably 
Rosenhain. It now appears more likely that there is merely a transition 
region at the boundary, where the atom positions represent a compromise 
between the crystalline arrangements in the two adjoining grains. The 
thickness of this layer of disturbed cry.stallinity can be roughly estimated. 
Various theories indicate that the preponderant forces between atoms in 
solids extend only between nearest neighbors or at most only a few atom 

> R. L. Aston, Proc. Cambridge Phil. Soc., vol. 23, p. 549, 1927. 

* D. Hanson and M. A. Wheeler, J. InsL Metals, vol. 45, p. 229, 1931. H. C. H. 
C'arpentbr, J. Iron Steel Inst., vol. 107, p. 175, 1923. R. F. Miller, Trans. 
A.I.M.E., vol. Ill, p. 135, 1934. G. Seumel, Z. Krist., vol. 93, p. 249, 1936 

® Brttce Chalmers, Proc. Roy. Soc. (London), vol. A162, p. 120, 1937. 
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diameters. Because of this localization of forces the transition layer at 
a boundary must be exceedingly thin. One estimate puts the upper limit 
for the thickness of the layer at five interatomic distances/ too narrow to 
be seen on photomicrographs made with optical or electron microscopes. 

The irregular atomic array at the boundary appears to be less stable 
than grain interior. Chalmci’s^ showed that in tin of high purity the 
grain-boundary material has a melting point about 0.14°C. below the 
melting point of the bulk material. Additional evidence for lattice 
imperfection at the boundary is obtained from numerous observations 
that atoms diffuse into many polycrystalline metals more rapidly along 
grain boundaries, where the potential barriers that must be overcome 
during diffusion are lower than those in the interior of grains. In many 
practical instances the properties of the boundaries arc influenced by 
impurities that segregate at these places during freezing and by the 
penetration of oxygen and corrosive elements along the boundaries. 

The Effect of Grain Size on Plastic Flow and Hardness. — Polycrystal- 
line metal generally offers more resistance to deformation than single 
crystals. This is particularly true of zinc, as the stress-strain curve of 
Fig. 35 shows, and of magnesium.* Contrasted with this are the results^ 
with aluminum, a f.c.c. metal with four slip planes in contrast to 
the single slip plane in hexagonal metals. In aluminum>iho curve for the 
aggregate is similar to some of the single crystal curves. 

Indentation hardness increases with increasing fineness of the grains 
in poly crystal line metals.® Figure 36 illustrates the effect in copper. 
If the hardness is plotted against the amount of grain-boundary area per 
cubic millimeter of the sample, the relationship is linear. Hardness 
and resistance to deformation in iron likewi.se increase as grain size is 
reduced.® However, in most experiments on this .subject there is an 
uncertainty as to whether the various treatments used to produce the 
different grain sizes have left the metal in comparable condition. 

The Hardness of Solid Solutions. — Norbury'^ found that the indenta- 
tion hardness of copper increased linearly with the atomic percent of any 
metal dis.solved in it. He also compared the hardening effects of different 
solutes and found that the hardening effect of O.l atomic percent of an 

‘F. Seitz and T. A. Read, J. Applied Phys., vol. 12, p. 538, 1941. 

* Bruce Chalmeb.s, Proc. Roy. Soc. {London), vol. A175, p. 100, 1940. 

*C. F. Elam, “The Distortion of Metal Crystals,” Oxford, New York, 1935. 
E. Schmid and W. Boas, “ Kristallplastizitat,” Springer, Berlin, 1935. 

* R. Kahnop and G. Sachs, Z. Physik, vol. 41, p. 116, 1927. 

® W. H. Bassett and C. H. Davis, Trans. A.I.M.E., vol. 60, p. 428, 1919. H. T. 
Angus and P. F. Summers, J. Inst. Metals, vcl. 33, p. 115, 1925. 

•C. A. Edwards and L. B. Pfeil, J. Iron Steel Inst., vol. 112, p. 79, 192.5. 
T. Ibhiqaki, Science Repts. Tdhoku Imp. Univ., vol. 16, p. 285, 1927. 

’’ A. L. Norbury, Trans. Faraday Soc., vol. 19, p. 586, 1924. 
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alloying element added to copper or to lead was in almost direct propor- 
tion to the difference in atomic radii of the solute and solvent atoms. 
This relationship may also be expressed in terms of hardening vs. change 
of lattice parameter or vs. the extent of solid solubility, since these char- 
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Fio. 35. — Stress-strain curves for zinc. {Elam ) 


acteristics are all interrelated. Figure 37 illustrates the relationship in 
copper alloys of controlled grain size.^ Nickel has nearly the same 
atomic radius as copper, expands the copper lattice only slightly, is soluble 
up to 100 percent, and hardens it the least of any of the elements plotted 
in the figure. Antimony and tin differ the most in atomic radii, expand 



Hardness 

Fig. 36. — Variation of hardness with grain size in copper. {Angus and Summers,) 

the copper lattice the most per atom dissolved, have the most restricted 
solubility (0.6 and 1.0 atomic percent, respectively), and exert the greatest 
hardening effects. The capacity of any of these alloys to be hardened by 

‘ R. M. Bbick, D. L. Mabtin, and R. P. Angieb,* Preprint 37, A.S.M., Cleveland, 
Ohio, 1942. 
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cold work is linearly proportional to its hardening by solution; an element 
that confers great solution ha»-dening to the matrix also confers corre- 
spondingly great work-hardening properties. 

Indentation hardness is itself largely a measure of work hardening for 
it is effectively a weighted average of the stress-strain curve from zero 
strain up to the maximum value encountered under the penetrator. This 
is recognized in Meyer’s analysis of the Brinell impressions made with 
penetrator balls of various sizes and loads. If L is the load on a ball of 
diameter d, then L = ad^ where the constant n is an index of the work- 
hardening capacity of the metal. 



Fig. 37. — Comparative «olid-bolution hardening of copper alloys as j elated to alteration 
of lattice parameter. {Brick, Martin, and Angier.) 


The Effect of Fineness of Microstructure in Steels.— Gensamer and his 
collaborators^ studied the quantitative relation between the fineness of the 
microstructures in steel and the tensile properties. By causing the steel 
to react at different temperatures in the subcritical range they produced 
pearlite and spheroidite of varying fineness. Plotting the resistance to 
deformation at a constant value of strain against a measure of the finene.ss 
gave the linear relation shown in Fig. 38. The measure of fineness used 
was the logarithm of the mean straight path through the continuous phase 
(ferrite) from one hard cementite particle or lamella to another. It was 
found that a given value of mean path, along which slip occurs, corre- 
sponds to the same flow resistance regardless of the shape of the carbide 
particles — whether they are lamellae as in pearlite or globules as in 
spheroidite. 

Determinations of the resistance to deformation are made at a con- 
trolled rate of straining, for the rate varies the resistance. The effect cf 

‘ M. Gensamer, E. B. Pearsall, W. S. Pellini, and J. R. Low, Jr., The Tensile 
Properties of Pearlite, Bainite and Spheroidite, Trans. AJS.M., vol. 30, p. 983, 
1942. M. Gensamer, E. B. Pearsall, and G. V. Smith, Trans. A.S.M., vol. 28, 
p. 380, 1940. 
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rate is slight, however, at ordinary rates. ^ For example, as the rate is 
increased, Nadai has found a 10,000-fold increase in rate merely doubles 
the flow resistance in 0.35 percent carbon steel at 455°C. The resistance 
increases in proportion to the logarithm of the rate of straining, and there 
is a greater increase in the soft metals than in the hard ones. 

The Bauschinger Effect and the Elastic Aftereffect. — A stress-strain 
curve is strongly influenced by any previous compression or extension the 
specimen has \indergone. Prior compression raises the yield strength for 
further compression but lowers it for tension, as will be seen from Fig. 39. 



Fig. 38. — Stress at a constant amount of elongation as related to mean straight path 
through fornte in steel of 0.80 per cent C, 0.74 per cent Mn with both pearlitic and spher- 
oidal microstructures. {Gemamer, Pearsally Pellini^ and Low,) 

Straining of either kind, in fact, raises the ability of the metal to withstand 
further stressing of the same kind and lowers its strength to stresses of the 
opposite kind. 

•This Bauschinger effect in polycrystalline material can be ascribed to 
the state of stress existing within the metal after the first deformation. ^ 
If some grains of the aggregate have an orientation such that they have a 
high yield strength to an applied tensile load while others have a low yield 
strength, then when the load is removed the latter will be brought into a 
compressive strain by the tensile stresses in the former and the final state 
is an equilibrium between compressive and tensile stresses in many small 

* For a review of this subject see M. Gensamer, “Strength of Metals under Com- 
bined Loads,” A.S.M., Cleveland, Oh’io, 1941. 

* G. Masing, TFms. Siemens Konzern, vol. 3, p. 231, 1924; vol. 4, pp. 74, 244, 1925; 
vol. 5, pp. 135, 142, 1926. 
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regions. Consider now the state of stress upon reapplication of the tensile 
load to the grains that were originally the weak ones and that are now the 
compressed ones.- They must first be redi^ced to zero stress from their 
elastically compressed state, then raised to their yield strength in tension, 
before flow can begin. The material has consequently been work- 
hardened for stresses in this direction. But if a compressional stress is 
applied, the grains that were left in a state of residual compression are 
already part way to their yield point in compression and slight additional 
stresses in this direction will start plastic flow. In fact, the compres- 
sional stress already existing. is sufficient to cause a limitcti amount of 



Extension Percent 

Fig. 39. — The Bauschinger effect in poly cry stalliue brass. Hosistance to elongation 
is increased by prior elongation, from curve (a) to curve (6), and is lowered to curve (c) 
by prior compression, (Sachs and Shoji,) 

flow, for after the tensile load is released there is a small additional con- 
traction that takes place rather slowly (the elastic aftereffect). This 
contraction diminishes in rate in the way that the stresses in a bent beam 
diminish when they arc relaxed by annealing. The flow is sufficie^^tly 
rapid so that it is observed during a tensile test, where it causes the stress- 
strain curve during unloading to differ from the curve for reapplication 
of the load (at a given value of the load the strain is greater during the 
unloading than during the subsequent reloading). 

Taylor’s Theory of Flow in Aggregates. — When a single crystal is 
elongated in a tensile test, the central portion of the crystal remote from 
the influence of the grips is subjected to a uniform stress and is free 
to deform on a single slip plane, altering its shape in accord with this 
mechanism. A grain in an aggregate, on the other hand, is constrained 
on all sides by neighboring grains and cannot change its shape in an 
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arbitrary manner since the grain boundaries do not pull apart during the 
deformation. Each grain undergoes approximately the same strain as 
the aggregate; i.e., it tends to elongate in proportion to the elongation of 
the bulk material and to contract laterally in proportion to the lateral 
contraction of the aggregate. An arbitrary change of shape of this type 
requires a minimum of five different slip systems to operate continually. 
Taylor/ has shown that the principle of least work limits the number to 
five and has computed which five will operate for a f.c.c. crystal of given 
orientation. Then assuming that the shear-hardening curve for each 
of the five is similar to that for a slip plane in a single crystal he has 
computed the stress-strain curve for polycrystalline aluminum from 
the curve for a single crystal. The computed curve agrees well with the 
observed. Taylor’s theory also predicts the direction of rotation of the 
grains during deformation. However, actual experimental determination 
of the direction of rotation has shown that about one-third of the grains 
rotate in ways not predicted by the theory.* This is attributed to the 
fact that each grain and each fragment of a grain deform inhomogene- 
ously in a manner influenced by ever-changing flow of its neighbors, 
whereas Taylor’s theory assumes uniform strain in all the grains. The 
theory does not predict a grain-size effect in tensile properties or hardness 
when there are many grains in the cross section of the specimen under 
test. 


‘ G. I. Taylor, J. Inst. Metals, vol. 62, p. 307, 1938; “Stephen Timoshenko 60th 
Anniversary Volnnic,” Maoinillan, N(‘W York, 1938. 

* C. S. Babre'I’t and L. II. Leven.son, Trans. A.I.M.E., vol. 137, p. 112, 1940. 



CHAPTER XVI 


THEORIES OF SLIP 

The data reviewed in the preceding chapter characterized the process 
of slip in crystals as a gliding of blocks over one another along slip planes 
and in slip directions. This, to be sure, explains the visible results of 
plastic flow, but as a model of the slipping process it is far from adequate 
to account for the stresses that are required to make metals flow. Sup- 
pose, for example, an ideal crystal containing no imperfections were to 
slip with a uniform movement of all the atoms in a plane, each atom being 
pushed over the atom beneath at the same time. The shear stress neces- 
sary to cause this to happen should be the stre.ss required to cause an 
elastic shear that would move the plane half an atomic distance parallel 
to the underlying plane; having reached this halfway point, the plane 
would then snap the rest of the way to the next position of equilibrium. 
The stre.ss required for this amount of elastic displacement can be esti- 
mated by multiplying the shear by the shear modulus, and the result is 
about 1000 or 10,000 times the observed critical resolved shear stress for 
slip in single crystals. This discrepancy between calculatcid and observed 
yield strengths of crystals has stimvilatcd much thought and has led to 
the development of a number of important theories of the plastic proper- 
ties of crystalline materials. ^ 

Stress Concentration^. — The earlier theories attempted to resolve 
the discrepancy between ideal and observed yield strengths by postulat- 
ing that crystals contain cracks or other kinds of lattice flaws that set up 
local concentrations of stre.sses. Theories of this nature stemmed from 
the work of Griffith,'* who showed the importance of cracks and other 
inhomogeneities in causing premature rupture of test specimens. Griffith 
calculated the stress at the edge of a thin transverse crack in a tensile 
specimen and found it many times larger than the average stress on the 
cross .section. Smekal* suggested that stress concentrations of this sort 

* For detailed summaries of this field see 11. Houwink, “Elasticity, Plasticity and 
Structure of Matter,” chapter by W. G. Burgers, University Press, Cambridge, Mass., 
1937. F. Seitz and T. A. Read, J. Applied Phys., vol. 12, p. 107, 1941. 

* A. A. Griffith, Proc. IrUem. Congr. Applied Mechanics, p. 56, Delft, 1924; 
Trans. Roy. 8oc. (London), vol. A221, p. 163, 1920. 

* A. Smbkal, “Report of the International Conference on Physics, vol. II, The 
Solid State of Matter,” University Press, Cambridge, 1935; “Handbuch der Physik,” 
vol. XXIV, p. 2, Springer, Berlin, 1933; Z. Krist., vol. 89, p. 193, 1934, vol. 93. p. 161, 
1936. 
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around flaws in a crystal start plastic flow at stresses far below the stresses 
that would be required in perfect crystals. Smekal attributed many of 
the flaws, particularly places of misfit at the boundaries of mosaic 
blocks, to accidents of growth. He believed the approximate regularity 
in the spacings of slip planes was evidence of regularity in the arrangement 
of flaws and listed as possible flaws the following: gaps, variation in ori- 
entation, incorporated foreign atoms, inclusions, twins, and mosaic-block 
boundaries. 

Becker-Orowan Theory. — Becker extended this line of thought by 
pointing out the role of thermal motions of the atoms in initiating slip.* 
Thermal vibrations help the applied stress overcome the resistance to 
flow, giving the effect of adding to the applied stress a stress sufficient to 
reach the value of the critical shear stress for slip at a temperature of 
absolute zero, to. If the applied stress is r, the amount added is then 
(to — t). This added stress increases the energy of the crystal by the 
amount E given by the equation 


E = 


V(to - ry 
20 


where V is the vohime subjected to the stress and G is the shear modulus. 
The probability that a region in the crystal will acquire the energy E as a 
result of thermal fluctuations is given by the Boltzmann function 

Probability = 

where k is Boltzmann’s constant and T is the absolute temperature. 

It is assumed that the velocity D of the deformation process is propoi - 
tional to this probability; hence 

1) = cc~yir-rr-/mT 


where c is a constant of proportionality. For a constant rate of flow this 
predicts that the critical shearing stress will vary so that (to — t) 2/7’ is a 
constant, or, stated differently, 

T = To — aT^ 

where a is a constant. The theory in this form is in qualitative accord 
with the dependence of critical shear stress on temperature. However, it 
does not account for the very low value of the shearing strength compared 
with that expected for the simple model of the ideal crystal. 

Orowan^ has extended this concept to include the effect of flaws acting 
as stress raisers, by substituting qr for the applied stress t, where q is the 

* R. Becker, Physik. Z., vol. 26, p. 919, 1925. 

* E. Orowan, Z. Physik, vol. 89, pp. 605, 614, 634, 1934; summarized by W. G. 
Burgers and J. M. Burgers, First Report on Viscosity and Plasticity, Proc. Roy. Acad. 
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stress concentration factor. His formula for rate of flow is 

2) = gg-r(r,-9T)V!W*I’ 

and for the critical shear stress is 

r = - (ra — aT^ 

Q \ 

The formulas developed in this way as a blending of the Smc'kal, Beckei’, 
and Orowan theories are succt'ssful in accounting for many characteristics 
of plastic flow in crystals but not for the relative effects of soluble and 
insoluble impurities, nor do they specify a mechanism by which the flow 
can leave a point of stress concentration and cross a region of average 
stress. 


THE THEORY OF DISLOCATIONS 

The most successful theory to date for the mechanism of slip is the 
theory of dislocations, which postulates a movement by which the atomic 
forces are overcome one at a time. The concept was first applied to slip 
by Orowan, Polanyi,* and Taylor® and is currently receiving so much 
attention in many laboratories that it will be presented here in some detail. 

Nature of a Dislocatioih^The type of dislocation treated at length by 
Taylor and others is illustrated in Fig. 1.^ The upper side of the slip 
plane is compressed so that n + 1 atoms on this side are opposite n 
atoms on the lower side. Alternately, the compressed region may be on 
the lower side so that n + 1 atoms below are opposite n above. The 
former arrangement is designated as a ■positive dislocation and the latter 
as a negative one. If the dislocation starts at one side and runs through 
the crystal to the other side, it produces a shift of one portion with respect 
to the other a distance of one atomic spacing. The resulting displacement 
is the same whether a positive dislocation moves aqj’oss a crystal toward 
the right or a negative dislocation moves across it toward the left. 

Figure 1 is intended to represent a cross section of a three-dimensional 
crystal in which the dislocation is assumed to extend as a long line per- 
pendicular to the plane of the drawing and the whole linear dislocation is 
assumed to move as a unit. The energy required to form a dislocation 

Sci. Amsterdam, vol. 15, p. 205, 1935; see also (1. Masing, Z. Metaltkunde, vol. 31, 
p. 235, 1939. 

‘ E. Obowax, Z. Physik, vol. 89, p. 634, 1934. 

* M. PoLANYi, Z. Physik, vol. 89, p. 660, 1934. 

® G. I. Taylob, Proc. Roy. Soc. {London), vol. A145, p. 362, 1934. 

* The dislocation pictured in Fig. 1 is but one of several possible ones; others have 
been discussed by J. M. Burgers, Proc. Phys. Soc. (London), vol. 52, p. 23, 1940, and 
in references given in his article. 
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at a surface or at a flaw is about the same as that needed to form a lattice- 
point vacancy, an energy of the order of 1 electron volt (1.60 X 10-^* erg) 



e f g h 

Fio. 1.— Gonciation and inoveinent o{ a dislocation. In sketches a, b, c, and d a 
positive dislocation moves to the riglit; in e, f, g, and h a negative one moves to the left; 
the lesulting deformation is identical. (Taylor.) 


for a dislocation one atomic spacing in length. Tn the absence of other 
dislocations or of flaws it appears that a dislocation will move under the 
action of an almost infinitesimally small applied stress, unless it is 
required to change its length. But if a ^ 

dislocation is generated as a short nucleus A \ \ 

at a stress raiser and then grows in length / I 

as it enters a crystal, as postulated by A \ 

Seitz and Read^ and indicated in Fig. 2, ^ 2 3 4 / 

there will then be an activation energy \ 
required for extending the length of the \ 
dislocation as well as one for its formation. \J I 

Thermal fluctuations will aid both in \ / 1 

formation and movement, but stress \ \ j 

raisers will aid 'only in the formation; ap- Fio. 2.— Suggested mechanism 

plied stresses guide the movement and aucleation and growth of a 
, , dislocation. Starting as a nucleus 

extension OI the dislocation and supply the at l, it grows in successive stages 

free eiiergy required for the process. Read.) 

V-S^rain Hardening. — Each dislocation is surrounded by a stress field, 
which plays an important role in all dislocation theories. A succession 
* F. Seitz and T. A. Read, J. Applied Phys., vol. 12, pp. 100, 170, 470, 538, 1941. 
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of dislocations may be generated at a flaw and follow each other along a 
shp plane until they encounter some imperfection or boundary where 
they become stuck. The stress field that they set up at this point 
opposes the approach of additional dislocations and therefore hardens 
the metal. 

Another way in which the stress field operates, according to Taylor, 
is to build up a superlattice of dislocations, which acts to raise the 
critical shearing stress in the following way: Suppose there are parallel 
linear dislocations on parallel slip planes of a cry.stal. The stresses 
around them will be such that like dislocations repel each other and 
unlike ones attract. Therefore th4 dislocations tend to form a super- 
lattice in which there is a checkerboard ai’rangement of positives and 
negatives throughout the crystal. From elastic theory it is possible to 
compute the effect of one dislocation on another by the approximatis 
formula 

p = + ‘Ij^ 

a-* + 

where F* is the force acting in the slip direction (a.ssumcd to be the x 
direction) on a dislocation at the point xy, arising from a dislocation at 
the origin of coordinates when both dislocations extend in the z direction; 
A is a constant; the positive sign indicates repulsion of two like disloca- 
tions, and the negative sign is used if the dislocations arc unlike and 
attract. Summing up terms of this .sort for all neighboring dislocations 
in a superlattice of alternate layers of po.sitiv(* and negative dislocations, 
an approximate formula for the maximum force required to push the 
po.sitive lattice through the negative lattice! is* 

f = - 

^ b sinh {2'Ka/h) 

where a is the distance from a layer of positive dislocations to the adjoin- 
ing layer of negatives and 6 is the distance between dislocations on a given 
layer.* If this force is supplied by a shear stress applied externally, 
then 

F I — BXxy 

* Koehler has derived this formula by an approximate method that is equivalent 
to Taylor's. This approximation involves considering the force on one row of dis- 
locations produced by the two neighboring rows of dislocations. For a more detailed 
treatment see J. S. Koehler, Am. J. Phys., vol. 10, p. 275, 1942. 

* Another treatment of the problem, with a more general system of coordinates, 
has been published by W. F. Brown, Phya. Rev., vol. 60, p. 139, 1941, who pointed out 
that Taylor’s original formulas were incorrect — as had also been noted by J. M. 
Burgers, Proc. Roy. Acad. Sci. Amaterdam, vol. 42, p. 293, 1939. 
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where J5 is a coastant. Now if the block being deformed is of length L in 
the slip direction (the x direction) and h in the y and z directioas and if the 
passage of a dislocation across the block from one side to the other moves 
the top of the block through a distance X with respect to the bottom, then 
the movement of a dislocation 1/nth of the way across the block will 
move the top X/n with respect to the bottom. If we assume that all the 
dislocations entering the block are trapped within it, forming a checker- 
board pattern, then on the average each dislocation will have traveled 
halfway across the block and will have contributed a displacement of 
the top amounting to X/2; the total displacement will be this average 
multiplied by the total number of dislocations in the block, giving 

\Lh 

2a6’ 

which is a shear strain s amounting to 


XL 

* “ 2ab 

Taylor assumed that the dislocations were distributed so that a = h, for 
which the above equation gives 



Substituting in the previous equations gives a formula in which the 
resolved shear stress necessary to i)roducc plastic flow is proi)ortional to 
the scpiare root of the strain' 

2%A 

^\/XLcosh 27 r 

The value of L can be found by fitting the theoretical stress-strain curve 
to the experimental one. For aluminum at very low temperatures, 
L = 1,8 X lO"* cm., which is in agreement with the dimensions of mosaic 

^ Seitz and Read have pointed out that the parabolic stress-strain relation of 
Taylor ^s theory follows from the assumption that the dislocation spacings parallel 
and perpendicular to the slip plane remain in a fixed ratio during deformation. If, 
on the other hand, the spacing normal to the slip plane decreased more rapidly than 
the spacing parallel to the slip plane, the strain hardening would be more rapid than 
Taylor postulated; stress-strain curves of various shapes might be accounted for by 
a proper assumption as to the dislocation arrangement. If the dislocations were 
concentrated into bands of the same order of width as the slip bands (presumably in 
the range between 0.1 m and one atomic distance) with the bands spaped roughly 1 n 
apart, this also would alter some of the quantitative conclusions of Taylor's paper. 
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blocks as festimated from other methods.^ At room temperature Koehler 
concludes that L = 2.8 X 10~^ cm. in aluminum. ^ 

Taylor proposed that the dislocations originate in the boundary 
regions between the mosaic blocks and travel across a block to the 
opposite boundary, where they may be trapped by unfavorable stresses 
surrounding points of misfit. He suggested that a certain fraction 
succeeds in penetrating this barrier and that the fraction increases with 
increasing temperature, thermal agitation helping them through. Using 
Taylor’s values of L and the relations discussed above, the dimension a 
in cold-worked aluminum (a = 1.2) is computed to be 1.46 X 10~® cm. 
at — 185°C. and increases with temperature to 21.8 X 10“® cm. at 600°C. 

Slip Lines. — The passage of a single dislocation would not produce a 
visible slip line, but if a stress-raising flaw generated a whole succession 
of dislocations the total displacement produced could amount to as 
much as the observed displacement at a slip line. A set of flaws located 
near a single slip plane could give rise to a succession of dislocations of this 
sort, and the spacing between sli]) lines according to this view would cor- 
respond to the distribution of flaws where dislocations are generated. 

Another possible reason for the concentration of slip in narrow bands is 
the heat that is generated at a slip plane during plastic flow. Most of the 
energy to which a metal is subjected during cold work does not remain in 
the lattice but appears as heat, and the total amount would be sufficient 
to melt several percent of the total mass if it were concentrated. Accord- 
ingly, it has been postulated® that local melting occurs at slip bands 
during slip. This extreme view has been criticized on the basis that if the 
slip bands were 500A wide the time reciuired for thermal ecpiilibrium 
would be only of the order of 10“'" sec.* Others have post\ilated that, 
without actually melting any locality, the temperature wouhl nevertheless 
be sufficiently increased so that one dislocation would make othei's easier 
to start, etc., until a whole avalanche of dislocations moved across the 
crystal in a narrow band. It has been suggested that the jumps observed 
in the plastic extension of single crystals could be related to these heating 
effects accompanying the motion of dislocations. These jumps, accom- 
panied by audible clicks, have been observed in NaCl,t Al, a-brass,t and 
Zn,§ at low temperatures. 

‘ G. I. Taylor, Froc. Roy. Soc. {London) vol. A145, p. 362, 1934 (see also W. F. 
Brown, Phys. Rev., vol. 60, p. 139, 1941). 

® J. S. Koehler, Am. J. Phys., vol. 10, p. 275, 1942. 

’ A. W. Stepanow, Z. Physik, vol. 81, p. 560, 1933. 

* F. Seitz and T. A. Read, J. Applied Phys., vol. 12, pp. 100, 170, 470, 538, 1941. 

t Abram F. Jopf^, “The Physics of Crystals,” McGraw-Hill, New York, 1928. 

t M. Classen-Nekludowa, Z. Physik, vol. 55, p. 555, 1929. 

§ E. Schmid and M. A. Valouch, Z. Physik, vol. 75, p. 531, 1932. 
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Temperature Effects. — It has been calculated that stress concentra- 
tions unaided would be unable to form a dislocation unless they increased 
the average stress by a factor of about 1000 and that thermal fluctuations 
are chiefly responsible for the formation of dislocations. Thus physical 
tests at low temperatures reveal the behavior of a crystal when almost no 
new dislocations are being formed. It is surprising, then, to note that 
single crystals have been extended as much as 100 percent even at liquid 
air temperatures. Apparently this is made possible by the motion of the 
dislocations already present in the crystals when they are cooled. 

Once fully formed, dislocations probably diffuse readily at ordinary 
temperatures, and a superimposed stress field causes them to drift in one 
direction more than another, thus producing a macroscopic strain. They 
are presumed to diffuse even in the absence of applied stress. Since the 
clastic energy of the stress field around a dislocation is lower when it is 
near a surface,^ there is a continual diffusion out to the surface. This loss 
of dislocations through diffusion may constitute recovery. It is increased, 
just as atomic-interchange diffusion is, by increased temperature. 
While it seems necessary to postulate that the whole length of a disloca- 
tion moves as a unit during diffusion, this is probably not a serious diffi- 
culty for the theory, as one atom in a dislocation should be able to pull 
the others along with it to the next equilibrium position for some distance 
along the dislocation line. Recrystallization would be expected to reduce 
drastically the dislocation content of the metal and also to remove the 
dislocations left by cold work. 

Residual Energy from Cold Work. — Koehler* has computed the energy 
required to produce a dislocation in work-hardened metals. The energy 
required to produce an isolated dislocation in copper is found to be about 
3.16 electron volts per atomic distance along its length. If the dislocation 
is one of a regular two-dimensional superlattice, as assumed by Taylor, 
and if there are 10^* linos of dislocation per square centimeter normal to 
their length, as is indicated by certain magnetic measurements,® then the 
binding energy of a dislocation in the superlattice is 0.43 electron volt 
per atomic distance. The energy associated with a dislocation in worked 
metal is then the difference between these two values, and the total strain 
energy is 0.42 cal. per g. This is in satisfying agreement with Taylor 
and Quinney’s experimental value for copper, which is 0.5 cal. per g. 
Conversely, the measured values of strain energy can be used in a calcula- 
tion of the distance between dislocations. Computations yield spacings, 

1 P. Seitz and T. A. Read, J. Applied Phys., vol. 12, pp. 100, 170, 470, 538, 1941. 
J. S. Koehleb, Phys. Rev., vol. 60, p. 397, 1941. 

* J. S. Koehleb, Phys. Rev., vol. 59, p. 943(A), 1941; vol. 60, p. 397, 1941. 

* W. F. Brown, Jb., Phys. Rev., vol. 59, p. 528, 1941; vol. 60, p. 139, 1941. 
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a, that are nearly the same in several metals — approximately 30 atomic 
spacings, in agreement with the results of magnetic measurements. 

Peierls* has made an approkimate computation of the distribution of 
strain around a dislocation and has concluded that the strain is apprecia- 
ble only a very few atom distances from the center line of a dislocation. 
This result is consistent with the results of x-ray studies of cold-worked 
metals, for the x-ray results also require that the disturbance extend over 
regions much smaller than the dimensions of a mosaic block. 

Solid-solution- Hardening. — Since soluble impurities increase slip 
resistance more than insoluble ones, the hardening effect can be sought 
within the lattice rather than at the surface or on block boundaries. It 
can be ascribed to stresses centered around the dissolved atoms, which 
impede the movement of dislocations. A radially symmetrical tensile or 
compressive stress about the dissolved atom would be expected to 
vary with distance according to the formulas^ 

4G/o» -4(7/a» 

ffr = <T0 = 

where o-, is the stress in the radial direction and o-g is the stress in the 
tangential direction, G is the shear modulus (of the order of 10“ dynes 
per cc.), a is the atomic radius (about 1.5 X 10“*), and /is the relative 
difference in size of the solute and solvent atoms. 

This view is in accord with the fact that in a system exhibiting com- 
plete miscibility the maximum hardness is foiind near the 50 atomic 
percent composition. It also' accounts for the observation that hardening 
is proportional to the difference in size between solute and solvent atoms. 

Age Hardening. — Age hardening can be understood qiialitatively on 
the same basis as the solid-solution hardening discussed in the preceding 
section. The precipitate particles that form in a supersaturated matrix 
are too large or too small for the space they must occupy and consequently 
strain the matrix in their neighborhood. When a dislocation encounters 
a shearing stress unfavorable to its passage, as some of the stresses around 
these particles will be, the dislocation is stopped until a stress is applied 
that is capable of overcoming the local stress obstruction.* Some 

^ R. Peiebls, Proc. Phys. Soc. (London), vol. 52, p. 34, 1940. 

® F. Seitz and T. A. Read, J. Applied Phys., vol. 12, pp. 100, 170, 470, 1941 ; 
the formula is derived from an elastic-theory expression given, for example, in A. E. H. 
Love, “The Mathematical Theory of Elasticity,” p. 142, University Press, Cambridge, 
England, 1927. 

* The coherence between transition lattices and the matrix from which they 
precipitate and the accompanying stresses are discussed more fully in another chapter. 
N. F. Mott and F. R. N. Nabarro [Proc. Phys. Soc. (London), vol. 52, p. 86, 1940] have 
made some preliminary computations of these stresses, assuming spherical partfcles, 
and have concluded that when the particles have grown beyond a certain minimum 
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hindrance to the motion of dislocations would also be expected at matrix- 
precipitate interfaces; this would be somewhat like the increase in hard- 
ness that accompanies decreasing grain size in a polycrystalline aggregate. 

Internal Friction. — The term internal friction means the capacity of 
a solid to damp out elastic vibrations. If a bar is struck by a hammer, it 
will “ring” for a length of time that depends upon the magnitude of the 
internal friction; its vibrational energy will be dissipated quickly if 
the internal fi’iction is high and slowly if the internal friction is low. The 
magnitude of the internal friction can be determined by the decrease in 
vibrational energy per cycle in the specimen when vibrating freely and 
may be stated in terms of the decrement, which is the energy dissipated 
l)cr cycle divided by the total energy of vibration during the cycle. 
Several other indices of internal friction are also in common use.‘ 

There are several processes contributing to the total internal friction 
of metals. Some are found only in ferromagnetic materials and as they 
are concerned only with magnetic-elastic theory will be disregarded here. 
( )thers are the results of heat flowing back and forth from point to point 
in the specimen during stressing.^ The source of internal friction that is 
of interest in the present discussion is related to localized plastic flow in 
the crystal, for this may be interpreted in terms of the dislocation theory. 


size their effect is no longer dependent on the size of the particles. This implies that 
overagitig is a esult of relief of stress rather than growth beyond a critical dispersion. 

* 'Flic logarithmie decrement is often used. This is the natural logarithm of the 
ratio of the amplitude of vibration for two successive cycles: 


Logarithmic decrement = 


In 


A,’ 


Zener prefers the quantity 1/Q, which is equal to the logarithmic decrement divided 
by TT. It can be determined not only from the rate of decay of vibrations, but from 
the width of the “resonance curve” for forced vibrations — the curve of amplitude of 
vibration vs. the frequency of the driving force that induces the vibrations. 

® Portions of the metal that are subjected to elastic compression are raised in 
temperature while portions that are stretched are lowered in temperature. Heat will 
flow from the warmer to the cooler regions and will dissipate energy unless the vibra- 
tions are so rapid that this cannot occur (in which case the process is “adiabatic”) 
or so slow that equilibrium is maintained at all times (in which case the process is 
“isothermal”). Zener and his coworkers have analyzed several sources of these 
thermal currents and conclude that they arise from macroscopic internal stresses, 
from stress inhomogeneitics due to the variation of Young’s modulus from grain to 
grain in the differently orientated grains of an aggregate, and from local stresses at 
grain boundaries and at lattice imperfections resulting from cold work. A summary 
is given by C. Zener in Proc. Phys. Soc. (London), vol. 52, p. 152, 1940, and bibliog- 
raphies are given in recent papers. Cf. C. Zener, H. Clarke, and C. S. Smith, Trans. 
A.I.M.E., vol. 147, p. 90, 1942; C. Zener, D. van Winkle, and H. Nielsen, Trans. 
A.I.M.E., vol. 147, p. 98, 1942, 
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Read‘ has measured internal friction under conditions that should 
eliminate thermal currents and effects due to cold work, viz., in single 
crystals vibrating at a frequency of several thousand cycles per second 
at strain amplitudes below 10~®. His measurements on a single crystal 
of copper as grown from the melt and the same crystal after annealing 
are reproduced in Fig. 3, which shows a ver}”^ striking reduction in internal 
friction resulting from the annealing. Figure 3 is in accord with the idea 
that internal friction arises from pushing back and forth the dislocations 
that are present in the ’crystal, for if these dislocations are made to diffuse 
out of a crystal by annealing the internal friction of the crystal should 
then be lowered, as is found to be the case. It will be noted from Fig. 3 



0 0.4 08 12 16 20 24 28 5.2 36 


Strain Amplitude x 10® 

Fiu. 3. — liitoiiial fiiction of ttoppor ciystal ah propaictl (ui)ppr cun’^o) and after 

annealing 2 hr. at 500°r. {Read.) 

that internal fricition in the unannealod crystal incroa.sps with increasing 
amplitude. This is accounted for if one as.sumes, that some of the dis- 
locations are mobile when very low stresses arc applied but that otheis 
are trapped by residual .stresses in the cry.stal (such as the stresses around 
close-packed dislocations). The entrapped di.slocations require com- 
paratively large applied stresses to put them into motion and contribute 
to the internal friction only at the larger amplitudes. 

Internal friction is increased by applying small loads to a crystal. 
Figure 4 shows the effect of applying 60, 120 and 150 p.si. to a crystal of 
copper for 1 min. These loads caused no detectable permanent elonga- 
tion of the crystal, and yet they appear to be responsible for generating 
many new dislocations (aided, of course, by thermal vibrations of the 
atoms). 


* T. A. Read, Trans. A.I.M.E., vol. 143, p. 30, 1941. 
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Internal friction in zinc crystals differs from that in copper in ways 
that can be accounted for by noting that zinc, unlike copper, is self- 
annealing at room temperature. In “dislocation language,” the atomic 
mobility at room temperature permits dislocations already present in the 
crystal to diffuse out and lower the internal friction. Another interesting 
property of zinc is its single slip plane (the basal plane), which affords 
an excellent opportunity to test whether internal friction can actually be 

correlated with plastic flow on slip 
planes as the theory would impl 5 \ 
The results plotted in Fig. 5 show a 
very marked dependence of internal 
friction upon the angle between the 
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Fig. 4. Fig. 5. 

Fig. 4. — Internal friction of copper crystal increased by applying small stress for 1 
min. Curve A was obtained before stressing; curve B, after applying 60 lb. per sq. in.; 
curve C, after applying 120 lb. per sq. in.; and curve after applying 150 lb. per sq. in. 
{Read,) 

Fig. 5. — Variation of decrement with strain amplitude in zinc crystals the hexagonal 
axes of which make various angles with the axis of stress. {Read,) 


ba.sal plane and the axis of applied stress, increasing as this angle 
approaches the position for the maximum resolved shear stress (45°). 
Fig. 5 is therefore in qualitative agreement with the theory, 

Zener finds that the internal friction in an a-brass crystal (after 
thermal currents have been corrected for) depends upon temperature in 
the following way: 


Internal friction = Ae""''**’ 


where A is a term that is inversely proportional to the frequency of vibra- 
tion, R is the gas constant (1.986 cal. per mol), and // is a heat of activa- 
tion associated with the process, which has the value H = 33,000 cal. 
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per mol in 70-30 a-brass. This equation is also in accord with the 
concept that the fundamental mechanism for this type of internal friction 
is the motion of dislocations, an CA^ent occurring when the applied stress 
aided by thermal vibration overcomes the barriers to motion. Internal 
friction is less for stressing at high frequencies because the number of 
these events in the shorter time interval of one cycle is less than at low 
frequencies. 

In poly crystalline metals internal friction is increased by cold work 
and is reduced by annealing below the reciystallization temperature^ at 
temperatures that do not remove strain hardening or sharpen the diffu.s(5 
lines in x-ray diffraction patterns. This may be taken to mean that the 
dislocations that are mobile enough to cause the internal friction in strain- 
hardened material increase in number with strain hardening but are not 
the ones respomsible for the hardening or for the x-ray line broadening. 
Di.slocations that find themselves moving in relatively unstressc'd regions 
are perhaps the source of the internal friction, while those entrapped in 
the intense stress fields closely .surrounding other dislocations or surround- 
ing lattice imperfections are perhaps the source of the strain hardening. 

Creep. — A full interpretation of creep results in terms of dislocation 
theory would be welcome but has not yet been achieved. Nevertheless, 
the dislocation point of view is of considerable value in understanding 
many phases of the subject and merits a brief survey here. 

Creep is a term applied to flow at rates slower than slip. The funda- 
mental process of slip on crystallographic slip planes is ])robably respon- 
sible for the internal deformation of crystals during creep in spite of the 
fact that creep may occur without the formation of visible slip lines,-* 
the slip being spread over more planes with less movement on each than 
is the ca.se with slip at ordinary rates. At elevated temperatures this 
mechanism is supplemented by flow that appears to be concentrated at 
the crystal boundaries, producing the appearance of crystals ‘‘swimming” 
in their boundaries,® and if recrystallization is occurring it al.so contributes 
to the flow.® The discussion will I>e limited to conditions in which th(' 
latter two causes are believed to be inoperative. 

The rate of strain at constant load vs. time is normally a curve in 
which there is a preliminary stage, “primary creep,” in which the metal 
seems to be adjusting itself to the load, followed by a steady state, 

9 

1 R. H. Canfield, Trans, vol. 20, p. 549, 1932. F. F(3stkr and W. 

KOstrr, Z, Metallkunde, vol. 29, p. 116, 1937. J. T. Norton, Trans, A.I.M,E.y 
vol. 137, p. 49, 1940. A. W. Lawson, Fhys, Rev,j vol. 60, p. 330, 1941. C. Zener, 
H. Clarke, and C. S. Smith, Trans, A.I.M.^,, vol. 147, p. 90, 1942. 

* D. Hanson, Trans. A.I.M.E., vol. 133, p. 15, 1939. 

3H. F. Moore, B. B. Betty, and C. W. Dollins, Univ. Illinois, Bull. 272, 1935. 

* K. VON Hanffstengel and H. Hanemann, Z. Metallkunde, vol. 29, p. 50, 1937. 
A. A. Smith, Trans, A.I.M.E., vol. 143, p. 165, 1941. 
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“secondary creep,” in which the elongation is at a constant rate. These 
are illustrated in Fig. 6. If the stress is sufficiently high, the steady-state 
creep is followed by a third stage, which seems to be associated with the 
beginning of failure of the specimen (necking down). Extensive discus- 
sions of these stages and their characteristics will be found in reviews of 
creep by Hanson,* Kanter,^ Kauzmann,^ and others. 

A series of experiments on single crystals of tin has been made by 
Chalmers,'* which because of their apparent simplicity and fundamental 
significance make a good starting point for speciilation. Chalmers found 
that by using strain gauges reading to 10“'* cm. per cm. he could detect 
plastic flow at stresses less than 100 g. per sq. mm. In this range, creep 
produces a total extension that is practically independent of the stress 
and is limited to about 10 ®. The rate of strain for this so-called “micro- 


creep ” when the load is finst applied is proportional to the stress. As the 
load is increased, a stress is finally . 

leached at which a much more rapid -^Sre/Sfagep 

flow starts and a second mechanism of / 

flow becomes operative. / 

Microcreep appears to be cau.scd by creep-^^.^ 

the flow of dislocations already present ^ — 

in the metal. As those are limited in '§ 
number, only a definite amount of exten- ” i 
sion can result from their movement. 

The applied stresses are presumably Fio. o. — F ir^t, second, and third 
too low to generate more dislocations. stages of creep. 

Chalmers detected a very small residual creep at low stresses after 
microcreep had been exhausted that could be ascribed to the spontaneou.‘, 
generation of dislocations by thermal fluctuations; it was approximately 
independent of stress, as might be expected at these low stress levels. 

Following Seitz and Read, the initial rate of strain dS/dt in this range 
of stressing can be derived by assuming 


Pr/maryl 

\ creep f ' 


Time 

Fig. G. — First, second, and third 
stages of creep. 
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in which N is the density of dislocations cutting across a plane normal to 
their length, v is the mean velocity with which they move, and X is the slip 
distance associated with the passage of one dislocation, presumably one 

1 D. Hanson, Trans. A.I.M.E., vol. 133, p. 15, 1939. 

2 J. J. Kanter, Trans. A.S.M.j vol. 24, p. 870, 1936; Trans. A.l.M.E.y vol. 131, 
p. 385, 1938.^ 

» W. Kauzmann, Trans. A.I.M.E., vol. 143, p. 57, 1941. 

'‘Bruce Chalmers, Proc. Roy. Sac. {London)^ vol, A156, p. 427, 1936; J, Inst, 
MHalSj vol. 61, p. 103, 1937. 
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atomic spacing in the slip direction. The velocity v is the mean velocity 
with which the dislocations drift in the direction of the applied resolved 
shear stress as they wander about under the action of thermal fluctua- 
tions. Assuming that the potential barrier which must be surmounted 
to permit motion of dislocations is lowered in the direction of the resolved 
shear stress r by an amount —or and is raised in the opposite direction by 
an amount or, where a is a positive constant, the probability per unit time 
that a dislocation will jump in the forward direction is 

= 1- f ,— ( to — ar) /kT 

tl 


where h is the time required for the jump to be completed from one 
equilibrium position to the next after it has acquired the necessary 
activation energy (to — or). Similarly, the probability for a jump in the 
backward direction is 


The mean velocity with which a dislocation drifts in the forward direction 
is then 

V = X(p+ - p_) = ^ • sinh 

and by substitution in Eq. (1) this gives a rate of flow that is proportional 
to sinh (ar/kT). For small values of ar/kT, the equation for the rate of 
strain reduces to 


dt ’’’ likT 


p fo/ k T 


f 


which predicts that the rate should increase linearly with r, arid this is 
found be be so. 

The relation of microcreep to primaiy creep in polycrystalline metals 
is obscure. Microcreep is not recoverable, whei'eas primary creep is 
recovered when the load is removed. Moreover, microcreep was not 
observed in bicrystal specimens having a longitudinal boundary. Creep 
experiments on single crystals of iron,i a-brass,* zinc,® and cadmium* 
show preliminary stages in which the rate increases or decreases with 
time. Perhaps this is associated with alterations in the density of dis- 
locations toward the equilibrium value from an initial density which may 
be either higher or lower. 

‘ M. Gensameb and R. F. Mehl, Trans. A.I.M.E., vol. 131, p. 372, 1938. 

* H. Burohopp and C. Mathewson, Trans. A.I.M.E., vol. 143, p. 45, 1941. 

’ R. F. Miller, Trans. A.I.M.E., vol. 122, p. 176, 1936. 

* W. Boas and E. Schmid, Z. Physik, vol. 100, p. 463, 1936. 
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Turning now to steady-state » or secondary creep, which occurs at 
higher stresses, we find that the constant rate in this range of stresses can 
be explained by the generation of new dislocations through applied 
stresses acting with thermal vibrations. The steady state may be 
thought of as an equilibrium condition in which the rate of generation is 
equal to the rate of loss and in which the creep rate is governed not by the 
rate of movement of the dislocations but by their rate of formation. 

Steady-state creep varies with temperature, generally according to 
the relation^ 


-tt 

(it 


where A and e are constants charactoiistic of the metal. This relation 
can also be interpreted readily in terms of the generation of dislocations. 

Kauzmann holds that the length of dislocations is a key factor in 
explaining many facts of creep and plastic flow. He concludes from the 
temperature dependence of creep rates that the length of dislocations is 
strongly temperature dependent. He also ascribes the variation in hard- 
ness from one metal to another, the variation in hardness with grain size, 
and the increase in hardness with solid-solution formation to differences 
in the length of dislocations. 

Assuming that creep and internal friction are both evidences of dis- 
location behavior, it is pertinent to inquire to what extent they are 
correlated. Comparable data are meager and show poor correlation.*^ 
Seitz and Read conclude that the mechanisms responsible for microcreep 
and for internal friction at low stresses are different in an essential way 
that is undetermined at present. Possibly there is a characteristic differ- 
ence in length between the dislocations that move in internal friction and 
those responsible for creep. 

Summary. — The current, rapidly changing theory of dislocations may 
be summarized as follows: Thermal vibrations cause the generation of 
dislocations; they form chiefly at surfaces and at the boundaries of mosaic 
blocks and flaws, at places where the activation energy for their formation 
is lowered by a concentration of stress. Thermal fluctuations permit 

1 W. Boas and E. Schmid, Z, Physiky vol. 100, p. 463, 1935. Other expressions 
for the rate of creep in polycrystalline metals will be found in the summaries 
of Kanter and others (page 345). 

* At low stresses Read finds that internal friction in tin is sensitive to annealing, 
whereas Chalmers finds that microcreep in tin is not affected by the thermal history 
of the specimen. The linear dependence of microcreep rate on stress should corre- 
spond to internal friction that is independent of amplitude and has about 10““* of 
the magnitude of the internal friction actually observed by Read. Actually, Read 
found a rapid increase in decrement with amplitude. A similar discrepancy is 
apparent in comparing the creep rates observed by Miller (Trans, A,I.M,E.y vol. 122, 
p. 176, 1936) for single crystals of zinc with the internal-friction measurements of Read. 
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them to move readily through the lattice until they encounter stress 
barriei’s at imperfections or at other dislocations. As the density of 
dislocations increases, an increasing stress is required to move them 
against their mutual interaction; this accounts for strain hardening. 
Dislocations near the surface have a smaller energy than have interior 
ones, and so there is a tendency for them to drift to the surface and effect 
a recovery from strain hardening. It seems likely that dislocations form 
as short nuclei and gain in length as they move into the interior of the 
crystal, perhaps extending throughout only one mosaic block or perhaps 
running through many. Some evidence indicates that local heating 
accompanies this movement and generates an avalanche of dislocations 
close together. 

Internal friction for frequencies in the kilocycle range can be under- 
stood in terms of the generation and motion of dislocations; it decreases 
with annealing (and with self-annealing for zinc), and it increases with 
cold work, as if directly related to the number of dislocations present. 
Age hardening is ascribed to the hindrance of the passage of dislocations 
by stress fields surrounding precipitated particles. Solid-solution harden- 
ing may have a similar explanation, or possibly it results from shortening 
the average length of a dislocation. 

The residual energy in a severely cold-worked metal can be accounted 
for if about 10^^ dislocation lines cross 1 sq. cm., a number that is in agree- 
ment with determinations based on magnetic measurements. 

Microcreep in single crystals of tin may be attributed to the disloca- 
tions initially present; primary creep in polyciystalline metals probably 
reflects the approach to an equilibrium number of dislocations. In 
steady-state creep, dislocations are generated at a constant rate dur- 
ing loading. The relation between creep and internal friction is still 
ambiguous. 



CHAPTER XVII 

THE STRUCTURE. OF COLD-WORKED METAL 

The principal methods by which the structure of cold-worked metal is 
deduced are microscopic observations, studies of the alterations in 
mechanical and physical properties during deformation and annealing, 
and x-ray diffraction. Much can be inferred about the complexities of 
the structure from the microscopic and mechanical observations men- 
tioned in the preceding chapters and from the preferred orientations and 
directional properties outlined in the following chapter, but the most 
direct evidence is obtained by diffraction. This chapter is a review of 
x-ray diffraction investigations of cold-worked metal. Researches in this 
field have been numerous, and it may be of service to include references to 
several studies that have only transient value in the development of our 
understanding of the subject, along with the more significant ones. 

We shall first take up the Laue method and show that it reveals the 
range of orientation that exists within a small area. Other causes of 
streaks in Laue photographs will also be mentioned, and the fact empha- 
sized that internal stresses cannot be deduced from the photographs. 
The second portion of the treatment covers investigations of the widths 
of lines in Debye photographs. Line wddths are increased by internal 
stresses that are constant over distances of the order of thousands of 
angstroms, but not those that are distributed more locally. Unfortu- 
nately, lines are also widened by diffraction from small particles or small 
blocks of a mosaic lattice, and it is difficult to disentangle the two sources 
of widening. The intensities of lines are next discussed; intensities are 
decreased by local stresses, those vaiying over distances of a few ang- 
stroms. Thus the distortions that exist around imperfections and 
dislocations alter line intensities rather than line widths. It is now 
known that most of the energy left in a metal after cold work resides in 
these local stresses leather than in stresses distributed more uniformly. 
When a metal is annealed at or below the recrystallization temperature, 
the diffraction patterns undergo changes. Line widths are decreased, 
usually at the same time that the metal recovem from strain hardening. 
Softening and line sharpening are not always simultaneous,/ however, 
probably because dislocations and boundaries between grain “frag- 
ments ” contribute to strain hardening but not to line widths. When a 
metal is subjected to fatigue stressing, it may become cold-worked and 
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alter its diffraction pattern. But since cold work during fatigue may be 
either beneficial or damaging and may take place in varying degrees in 
different metals or at different spots on a given object, x-rays do not 
appear to provide a useful criterion of impending failure. 

ASTERISM 

The Optical Analogy for Asterism. — The well-known analogy pointed 
out by W. L. Bragg between diffraction of x-rays by atomic planes and 
the reflection of light by plane mirrors extends also to the diffraction by 
hent planes of atoms and the corresponding optical reflection from curved 



Fig. 1. — Asterism from bending a tliin crystal of ferrite cylindrically (molybdenum 

radiation, unfiltered). 

mirrors. It also applies to the reflection from crystal fragments arranged 
on a curved surface, corresponding to reflection from small mirrors 
arranged on a curved surface. 

The optical analogy thus provides a convenient way of interpreting 
Laue patterns of deformed metals. Visualizing the atomic planes as 
mirrors, one sees at once that the Laue spots from a perfect crystal should 
be sharp, their size determined by the size and divergence of the x-ray 
beam and the dimensions of the camera, whereas Laue spots from bent 
planes should be elongated. The direction and amount of the elongation 
would depend on the position of the axis of bending with respect to the 
x-ray beam and the film, and also on the range of orientation of the planes 
within the area struck by the beam. Figure 1 is a typical example of the 
phenomenon. The spots elongate chiefly in radial or nearly radial 
directions, giving rise to the appearance known as “asterism.” 
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It is also clear from the optical analogy that asterism could be pro- 
duced by a preferred orientation of small crystallites, as in Fig. 2. If the 
crystallites were sufficiently small or the beam insufficiently collimated, 
the individual reflections would overlap, and the asterism streaks would 
resemble those from a bent crystal; there is thus an uncertainty as to 
whether in any particular case asterism is caused by bending of crystals 
or by grouping of small crystallites, or by both. 



Fig. 2. — Pseudo asterism from preferred orientation in recrystallized rock salt. {S, 
Konohjewski and J. Mirer, Z, Krist., vol, 81, p. 69, 1932.) 

Interpretation of Asterism in Terms of Range of Orientation. — If a 

small crystal is placed in a beam of white radiation and rotated about 
an axis, the Laue spots will trace out curves on the film. When the axis 
of rotation coincides with the axis of the primary beam, these curves will 
simply be arcs of circles concentric with the primary beam, but with all 
other orientations of the axis of rotation the Laue spots will follow curves 
having a complex form expressed by equations of the fourth degree. A 
number of charts giving these curves for special arrangements of axis and 
film have been published, a very complete collection appearing in the 
“International Tables for Crystal Structure Determination.*” A more 
generally useful method is to plot the streaks on a stereogi’aphic projection. 

From the lengths of asterism streaks one can determine the range of 
orientation within that portion of the material that lies in the primary 
beam. In practice, there are certain limitations that often prevent a 
streak from developing to the full length required by this orientation 
range. These result from the fact that each streak (unless it is an arc of a 
circle concentric with the primary beam) is a spectrum of the primary 
x-rays; i.e., each part is formed by x-rays of different wavelength. For 

‘ ‘^Internationale Tabellen zur lUhstiininiinK von Kristallstriikturen,’^ vol. TI, 
p. 631, Borntriiger, Berlin, 1935. 
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a streak formed by the {hkl) plane the wavelength of the ray forming any 
portion is given by Bragg’s law nX = 2dhki sin B, and the streak must 
terminate abruptly at the short-wavelength limit of the spectrum (at B 
corresponding to Xmin), irrespective of any additional length that would 
have been permitted by the orientation range. On the long-wavelength 
end a streak may be prevented from developing to its true length by the 
lack of intensity in the long-wavelength components of the general 
radiation. The intensity distribution along a streak is the combined 
result of the distribution in orientation of the diffracting material, the 
wavelength-intensity distribiition of the primary beam, the efficiency 
of the photographic emulsion, and the al)sorption characteristics of the 
crystal.^ Abrupt changes in darkening will be found at X values corre- 
sponding to the silver K absorption limit (X = 0.485 A), the bromine K 
absorption limit (X = 0.9 18 A), and critical-absorption limits of the 
elements in the crystal; and lines of intense blackening in the streaks will 
be found where characteristic radiation from the target is reflected. In 
the Laue pattern of Fig. 1 these points are illustrated. The thin crystal 
of a-iron was uniformly bent into a cylinder and mounted with the 
cylindrical axis vertical, norrrial to the primary beam; there was an 
approximately uniform distribution of material thioughout the orienta- 
tion range. The Ka and lines from the molybdenum target as well 
as sharp edges at the silver and bromine absorption limits are \’isible on 
some of the striae. The factors just enumei’ated have led many investi- 
gators to use methods based on monochromatic rays in preference to the 
Laue method to determine the distribution in orientation of deformed 
crystals. 

The construction of a stereographic projection of a Laue spot or 
streak is very simple. If the projt'ction plane is taken normal to the 
incident beam and parallel to the photographic film, the rules for its 
construction are as follows;* 

1. The x-ray beam, the Laue spot, and its projection all lie in a plane. 
Therefore, the spot itself and the projection of the spot have the same 
angular position about the beam as an axis. 

2. The value of the Bragg angle B for a spot or portion of a streak is 
determined by the relation r = R tan 2B, where r is the distance from the 
spot to the center of the film, and B is the distance from crystal to film. 
The angle B can be read directly from a chart of concentric circles spaced 
according to thi^ relation. The spot is then plotted at a distance of B 
stereographic degrees measured inward from the outer circle of a stereo- 
graphic net. (A polar net is most convenient for this purpose; but the 
equator of a Wulff net may be used as a scale.) 

* Cf. p. 93 for a discusaion of these factors. 

* See Chap. IX, p. 154, for a more detailed discussion. 
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The streaks of Fig. 1 thus projected become the arcs of Fig. 3; these 
are shown superimposed on a stereographic net turned so that their 
differences in longitude can be read, giving the amount of rotation about 
the axis of the net. Many streaks are limited in length by the factors 
discussed above. If the projected striae cannot be made to coincide 
with the latitude circles on the net, a stereographic rotation of the arcs 
may be necessary in order to bring their axis of rotation into the plane of 
projection. The distribution of orientation may be shown, however, 
even if multiple axes operate, for the poles then are plotted as areas 
having definite shapes and sizes. Back-reflection Laue photographs 



Fig. 3. — Stereographic i3rojoction of principal streaks of Fig. 1. 


nvay also bo plotted stereographically to show the extent and type of 
orientation divergence; the elongation of spots on these photographs is 
not predominantly radial as it is in the forward-reflection arrangement. 

The predominantly radial direction of the streaks in forward-reflection 
Laue patterns is a direct consequence of the distorted angle relationships 
in the reflection projection. This will be understood if one considers the 
movement of a spot formed by reflection of a beam of light from a mirror 
that is rocked so that its normal moves within a small cone.^ If the 
semivertical angle of this cone is e, the angle of incidence of a beam on a 
reflecting plane will vary through an angle 2e, and the reflected beam 
through 4e (Fig. 4). This will elongate the reflected spot radially to a 

* W. L. Bragg, “The Crystalline State,” vol. I, General Survey, IMacmillan, New 
York, 1934. 
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length AeR, where R is the distance from crystal to film. If the reflecting 
plane rocks around the beam as an axis, however, the reflected spot will 
move around the central beam through an angle 2e. If the reflected 
beam is at an angle 26 from the direct beam and the spot is at a distance r 
from the image of the direct beam, its lateral movement will be approxi- 
mately 2er = 2e X 2dR. The ratio of major to minor axes of the 
elliptical spot will therefore be 4eR/4edR = \/6. In the range of 
reflection of white radiation from the planes of greatest spacing, with 6 
values roughly 5 to 10° (0.08 to 0.17 radian), the major axis is six to 
twelve times the minor axis. • 



FiCt. 4. — Illustrating the radial character of asterisni. 


Asterism and Internal Stresses. — The Lane method with its asterism 
streaks is definitely unsuited to the detection and measurement of internal 
stresses in metallurgical materials. The elastic distortions caused by 
internal stresses are negligible in comparison with the changes in orienta- 
tion that result from plastic flow and are submerged by the latter. 
Numerous experiments have shown that Laue patterns from stressed and 
unfitre.ssed material are similar: single crystals loaded in tension give Laue 
patterns identical with the unstressed crystals as long as the load does not 
exceed the ela.stic range, ^ and photograras of deformed metals before and 
after a stress-relieving anneal are the same, provided that no recrystal- 
lization has occurred. Karnop and Sachs’s** photograms of a stretched 

* Abram F. .loFpfi, “The Physics of Crystals,” McGraw-Hill, New York, 1928. 
H. L. Cox and I. Backhurst, Phil. Mag., vol. 7, p. 981, 1929. G. L. Clark and 
M. M. Beckwith, Tram. A.S.M., vol. 25, p. 1207, 1937. 

* R. Karnop and G. Sachs, Z. Phyaik, vol. 42, p. 283, 1927. G. Sachs, Plastische 
Verformung in “Handbuch der Experimental Physik,” vol. V, Akademische Verlags- 
gesellschaft m.b.H., Leipzig, 1930. 
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aluminum crystal before and after annealing for ^ hr. at 400®C. show the 
point clearly (Fig. 5). The patterns are practically identical in appear- 
ance and indicate that the lattice orientations were not perceptibly 
altered; yet any internal stresses that may have resulted from the 
deformation were relieved by the anneal. Observations on small- 
grained material loaded below the proportional limit are less conclusive, 
for there is always uncertainty as to whether an occasional grain has been 
plastically deformed. Under special circumstances purely elastic 
deformation can be made to distort a crystal sufficiently to produce 
asterism; it is possible with mica crystals and with metals in thin sheet 
form,^ where stresses introduced by bending remain small even with 
considerable curvature of the sheet. 

In plastically deformed material the minor degree of asterism from 
elastic distortion is submerged by the distortions accompanying plastic 














Fig. 5. Lane photographs of aluniinum crystai sliowing asterism. a, after 15 per cent 
elongation; 6, same crystal after J hr. stress-relieving anneal at 400°C. 


flow and cannot be separated from them. But even if it could be detected 
and separately identified, there would still be great difficulty in inter- 
preting it in terms of the magnitude of internal stresses, for this requires 
the use of bent-beam formulas and therefore the knowledge of the radius 
of curvature and the thickness of the elastically bent elements within the 
crystals. The difficulties appear to be insurmountable for polycrystalline 
metals. Attempts have been made to solve the problem in nonmetallic 
single crystals, but the divergent conclusions that have been reached 
indicate the complexities involved: Konobejewski and Mirer'* looked for 
a type of deviation of the Laue streaks from the directions corresponding 
to pure rotation, a deviation that could be attributed to elastically bent 
lamellae in plastically deformed sodium chloride; it was concluded that 
they were present. Seljakow* looked for evidence of elastic shear that 

1 G. L. Clark and W. M. Shafer, Trans. A.S.M., vol. 28, p. 853, 1940. 

* S. Konobejewski and I. Mirer, Z. Krist., vol. 81, p. 69, 1932. 

’ N. J. Seuakow, Z. Krist., vol. 83, p. 426, 1932. 
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would reduce the symmetry of crystals and found an effect he ascribed to 
this. Yamaguchi‘ considered that his Laue patterns of deformed alumi-* 
num single crystals indicated “local curvature” at the boundaries of slip 
planes; the curvature was believed to be in the nature of elastic bending, 
since there was little spottiness in the Laue streaks. ManteuffeP and 
Komar,® having seen cases of pronounced spottiness, concluded the oppo- 
site — that fragmentation, not elastic bending, was the mechanism. Other 
related experiments in asterism have been made, but the above serve to 
emphasize the unsuitability of the method for internal-stress investigations. 

Asterism accompanying a transformation of phase is illustrated in 
Fig. 6. This is a transmission photogram of a piece of steel that was 

originally a single grain of aus- 
tenite ; on cooling it has decomposed 
into ferrite grains with many ori- 
entations. The range of orienta- 
tions has also been increased by the 
strains accompanying the trans- 
formation and possibly also by 
strains from thermal gradients that 
existed during cooling from the 
austenitic range. 

Crossed -grating Theory for 
Cold-worked Metals. — Asterism 
has been interpreted as the result of 
relaxation of the third Laue condi- 

Fio. 6.- Asterism in ca.st hypoeytectoid leaving Only a two dimen- 

{Steel, originally a single austenite gram (Mo . ^ 

radiation, transmission pattern). sional cross-gratmg interference 

pattern/ This point of view is 
important in electron-diffraction work^ and in some phases of x-ray 
work, but it is probably not important in considering cold-worked 
metals. As Bragg points out, the cross-grating pattern will appear with 
x-rays only if the crystal is thinner than two or three atom layers, because 
only then will the few atoms in each row parallel to the beam scatter in 
phase and act as one point of a cross grating. Thus cross-grating effects 

^ K. Yamaguchi, Sci. Papers Inst. Phys. Chem, Research {Tokyo)^ vol. 11, pp. 151, 
223, 1929. 

* I. Manteuffel, Z. Physikj vol. 70, p. 109, 1931. 

3 A. P. Komar, Physik. Z. Sowjetunionj vol. 9, p. 413, 1936. 

^ W. Linnik, Nature^ vol. 123, p. 604, 1929. W. L. Bragg, Nature, vol. 124, 
p. 125, 1929. W. Berg, Z. KrisL, vol. 83, p. 318, 1932; vol. 89, p. 587, 1934. W. H. 
Zachariasen, Phys. Rev., vol. 53, p. 844, 1938. 

^ W. L. Bragg and F. Kirchner, Nature, vol. 127, p. 738, 1931. (1. P. Thomson 

and W. Cochrane, Theory and Practice of Electron Diffraction,** Macmillan & 
Company, Ltd., London, 1939. 
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would be expected only with plate-shaped crystallites which are extremely 
thin in the direction of the beam and are several hundred angstroms in 
diameter or with a lattice in which there is some lack of peiiodicity in one' 
dimension. There has as yet been no proof that this condition exists in 
cold-worked metals. However, any crystal thinner than about lOOA will 
act as a two-dimensional grating for electrons. Consequently, an aggre- 
gate of equiaxed crystals each less than lOOA. on a side will yield cross- 
grating electron diffraction patterns. Cross-grating diffraction may be 
distinguished from asterism arising from a range of orientation by 
analyzing the directions of the streaks or by preparing certain photo- 
graphs with monochromatic radiation. 

Asterism from Thermal Vibra- 
tion. — It has recently been demon- 
strated,' that a variety of asterism 
can be observed with undeformed 
crystals, as shown in Fig. 7. While 
this somewhat resembles the effect 
to be expected from either a crossed 
grating or from a preferred orienta- 
tion, it actually arises from thermal 
agitation.^ When the heat motion of 
the atoms of the lattice is analyzed as 
elastic waves of various frequencies 

and amplitudes,* it turns out that « 

*11 1 Ti j Fio. 7. — 1 her rnal asterism 111 a Laue 

renectlOIlS arc possible wnen i:>ragg S pliotograph of a single crystal of alum- 

law is not fulfilled. In terms of the 1”“"?' x-ray beam along [100] with 
, , . . . , , , . [001] vertical, 

reciprocal-lattice concept the recip- 
rocal lattice points are each surrounded by a “cloud" in reciprocal 
space, and reflection occurs whenever the reflection sphere touches one 
of these clouds. This asterism from thermal elastic vibrations can 
usually be seen only on overexposed Laue films at room temperature, but 
it becomes increasingly prominent as the temperature is raised. It is 
superimposed upon the normal spot pattern and consists of streaks that 
are always radial, as shown in Fig. 7. When monochromatic rays are 
used, diffuse maxima similar to Laue spots are seen. 

1 A. P. R. Wadlttnd, Phys. Rev., vol. 53, p. 843, 1938. G. D. Preston, Proc. Roy. 
Soc. {London), vol. A172, p. 116, 1939; Nature, vol. 147, p. 467, 1941. 

* G. D. Preston, Proc. Roy. Soc. (London), vol. A172, p. 116, 1939; Nature, vol. 147, 
p. 467, 1941. 

® M. Born and T. v. KArmXn, Physik. Z., vol. 13, p. 297, 1912; vol. 14, pp. 15, 65, 
1913. H. rAX:6N, Ann. Physik, vol. 54, p. 615, 1917; Z. Physik, vol. 17, p. 266, 1923. 
W. H. Zachariasen, Phys. Rev., vol. 57, p. 597, 1940; vol. 59, p. 860, 1941. W. H. 
Zachariasen and S. Siegel, Phys. Rev., vol. 57, p. 795, 1940. J. Weigle and 
Charles S. Smith, Phys. Rev., vol. 61, p. 23, 1942. 
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A variety of explanations has been advanced for the manner in which 
the thermal vibrations give rise to the streaks and monochromatic 
maxima, but both the position and intensity distribution of the maxima 
confirm the theory that elastic thermal waves are responsible.^ These 
small-amplitude waves have such low frequencies compared with x-rays 
that they can be considered as “frozen-in” periodic disturbances, and 
they can be represented as additional terms in the Fourier series repre- 
senting the distribution of matter in the crystal. 

Asterism from Structural Irregularity. — Hqndricks^ has shown that 
a.sterism in crystals of mica arises from a lack of periodicity normal to 
the cleavage plane. The streaks, which are most clearly seen on Weissen- 
berg photographs, follow zone lines; they are therefore not radial in 
ordinary Laue photographs, as they would be if they were of thermal 
origin (c/. previous section, page 357). A related phenomenon is reported 
by Bradley, Bragg, and Sykes,* who observed somewhat similar effects 
from submicroscopic lamellar arrangements of phases in Fe-Cu-Ni alloys 
after cooling at certain rates. Thomson and Cochrane* have suggested 
this explanation — a destruction of regular lattice periodicity normal to a 
set of planes — for some anomalous effects in electron diffraction patterns 
from hexagonal clo.se-packed metals that are transforming to their face- 
centered cubic modification. 

Carbon black can give two-dimen.sional diffraction. It is a material 
built of individual layers that are parallel and equidistant, but the 
distribution of particles with regard to translation pai-allel to the layers 
and rotation about the normal to the layers is completely random. 
The general theory has been worked out by Warren.® If the coordinate 
axes are chosen so that the crystal axes in the layer are a and h and the axis 
normal to the layer is c, there will be sharp reflections of the type (OOZ) 
and diffuse two-dimensional diffraction of type {hk)] reflections of type 
{hkl) will be absent. The size of the two-dimensional layer in the plane 
of. the layer, L, can be determined from the breadth of the two-dimen- 
sional reflection at half-maximum intensity, B, by the relation 

T = 1-84X 

^ B cos 9 

1 S. Siegel and W. H. Zachabiasen, Phys. Rev., vol. 57, p. 795, 1940. S. Siegel, 
Phys. Rev,, vol. 59, p. 371, 1941. R. Q. Gbego and N. S. Gingbich, Phys. Rev., 
vol. 59, p. 619, 1941. W. H. Zachabiasbn, Phys. Rev., vol. 59, p. 207, 1941. 

* S. B. Hendbicks, Phys. Rev., vol. 57, p. 448, 1940. 

’ A. J. Bbadley, W. L. Bbagg, and C. S. Sykes, Researches into the Structure 
of Alloys, J. Iron Steel Inst., vol. 141, No. 1, p. 63, 1940. 

‘G. P. Thomson and W. Cochbane, “Theory and Practice of Klectron Diffrac- 
tion,” p. 135, Macmillan, New York, 1939. 

*B. E. Wabben, Phys. Rev., vol. 59, p. 693, 1941. 
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In a powder diffraction pattern of a substance of this type, when L is 
small there is a displacement of the peak intensity of the two-dimensional 
reflections by the amount 


A (sin 6) 


0.16X 

L 


Thus if the two-dimensional character of the reflection were not realized 
and the pattern were analyzed in the ordinary way, it is likely that 
erroneous conclusions would be drawn. 

Local Curvature. — Homogeneous rotation of the lattice in a single 
crystal during either compression or tension is unusual. The constraints 
imposed by the grips of the testing machine or by the friction of the 
specimen on the compression plates cause bending of the glide layers 
in the lattice, the so-called “bend gliding.”^ In polycrystalline material 
the interference of neighboring grains having differently oriented slip 
systems gives rise to much of this bend gliding.- It is possible, however, 
to deform a single crystal so as to mini- 
mize all such bending moments.® This 
has been done in both temsion and com- 
pression. If, for example, carefully pre- 
pared single crystals are squeezed between 
polished and greased compression plates, 
the slip planes rotate toward a position iiiustratuiK local 

l)arallel to the plane of the compression 

plate; it would then be expected that the lattice would rotate homoge- 
neously. Yet a considerable range of orientation is found in a crystal 
deformed in this way,® as is shown by asterism in Laue photograms and 
by reflections of monochromatic rays. 

The inhomogeneous character of deformed single crystals led Taylor, 
Yamaguchi, and Burgers to postulate distortions of a local character, 
“local curvature,” arising from disturbances at the slipping surfaces and 
consisting of rotation of portions of the lattice about an axis lying in the 
glide plane and perpendicular to the glide direction, as shown in Fig. 8. 
The rotation is the same, in both direction and sense, as would be experi- 
enced by detached portions of the lattice acting as rollers lying between 
the slipping surfaces and amounts to as much as 10, 20, or even 50° with 
severe deformation. 

Another method of obtaining homogeneous deformation consists in 
pulling a long single crystal specimen in tension. In the center portion 

1 H. Mark, M. Polanyi, and E. Schmio, Z. Physik, vol. 12, pp. 58, 78, 111, 1922. 

* F. Wevbr and W. E. Schmid, Mitt. Kaiser Wilhelm Inst. Eisenforsch. Diisseldorf, 
vol. 11, p. 109, 1929. 

* G. I. Taylor and W. S. Farren, Proc. Roy, Soc. (London), vol. Alll, p. 629, 
1926; vol. A116, p. 16, 1927. 
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of the specimen at sufficient distances from the grips there should be no 
bending moments or bendgliding. The presence of asterism in photo- 
grams of this region has also been interpreted in terms of local curvature. * 

Direcfion of shear 


B 

# 


Fig. 9. — Burgers’s suggested mechanism for producing local curvature. 

There is a spread in orientation that increases appro.ximately linearly 
nith increasing deformation, as in compression. 

Various suggestions have been made to account for these local rota- 
tions. Burgers,, for example, has sug- 
gested that dislocations or slip 
movements approach each other, reach- 
ing the points A' and B' and creating 
local curvature in the region abed in 
the manner indicated in Fig. 9.^ 

.It cannot be safely concluded at the 
present time that the local curvatures 
postulated by Taylor, Yamaguchi, and 
Burgers actually exist. Most of the 
experimental evidence for them would 
be equally well explained by macro- 
scopic variations in orientation, and it 
is questionable whether the latter have 
been eliminated in their experiments. 
In fact, a series of recent stqdies® has 
shown that it is the rule, rather than the 
exception, for different portions of the crystal to rotate in different 

» K. Yamaguchi, Sci. Papers Inst. Phys. Chern. Research (Tokyo), vol. 11, p. 223, 
1929. 

* J. M. Burgers, Proc. Phys. Soc. (London), vol. 52, p. 23, 1940. 

»C. S. Barrett, Trans. A.I.M.E., vol. 135, p. 296, 1939. C. S. Barrett and 
L. H. Levenson, Trans. A.I.M.E., vol. 135, p. 327, 1939; vol. 137, p. 112, 1940. 



Fig. 10. — Laue photograph show- 
ing asterism from deformation bands 
in a single crystal of aluminum com- 
pressed 28 per cent. 
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directions, forming deformation bands of differing orientation (see page 
305). These bands are found even when great care is taken to provide 
homogeneous compression. They produce asterism much like that 
attributed to local distortion, as illustrated in Fig. 10. 

Tests of the Local-curvature Theory. — When an aluminum crystal 
is compressed in such a way as to -avoid deformation bands, there is 
a spread in orientation of the order of ±10°, but when plotted in a 
stcreographic projection the directions of rotation docs not coincide with 


Crysfa/ 




Fia. 11. — Berg’s two anangeineiits for studying the fine structure of Laue spots. 
Points on crystal surface 1, 2, 3, a, 6, c reflect to corresponding points on film, 1', 2', 3', 
a\ c\ 


the predictions of the local-curvature theory.^ Komar and Mochalov”'* 
have criticized the theory also on the basis of their results on magnesium 
crystals etched to various thicknesses; these indicated macroscopic 
rather than microscopic rotations. 

The theory derives support, however, from the x-ray experiments of 
Berg,* who shows that Laue spots made by reflection from the surface of 
deformed rock salt have a fine structure. When a crystal is arranged as 

* C. S. Babhett, Trana. A.I.M.E., vol. 137, p. 128, 1940. 

* A. Komab and M. Mochalov, Physik. Z. Sowjetunion, vol. 9, p. 613, 1936. 

® W. Bebo, Z. Kriat., vol. 89, p. 286, 1984. 
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in Fig. 11, each point in a Lane spot is made by rays from a single spot 
on the crystal face, provided that the crystal has a uniform orientation. 
If, however, there is local rotation at a slip plane, this transfer the 



Fig. 12. — X-ray camera in which film and specimen are mounted on an oscillating carriage. 

Characteristic radiation is used. 

reflected x-rays from one strip of the image to another, leaving an 
unexposed line through the image. Berg observes such lines, and the 
directions of rotation required to explain them are in accord with the 
local-curvature theory. 

Inhomogeneous Distortion in Polycrystalline Aggregates. — In the 
deformation of grains of an aggregate it is difficult to separate the various 



0% ;i% 6% 10% 

Fig. 13. — Photographs of polycrystalline iron after increasing amounts of elongation in 
tension. Made with camera of Fig. 12 (FeXa (110) reflections). 

factors causing spreading orientations in the grains, which produce 
asterism in Laue photograms. It is obvious that slip cannot proceed far 
Avithout encountering interference from neighboring grains; severe bend- 



THE STRUCTURE OF COLD-WORKED METAL 


3B3 


ing and warping of the lattice then ensue; deformation bands form in 
many grains, and local curvature may also contribute to the inhomo- 
geneity. Inasmuch as the average grain deforms by slip on several slip 
systems and is itself surrounded by several grains slipping in various 
ways, the average grain undergoes complex distortion. That this occurs 
can be shown clearly by plotting pole figures or by using an oscillating- 
film technique,^ as illustrated in Fig. 12. In this camera the film and 
specimen are attached to the same carriage and rotate together; this 
permits the spreading of a Laue spot in all directions without altering 
the wavelength of the reflected beam. Figure 13 illustrates the results 
obtained in this camera and shows the gradually increasing complex 
spreading of spots from polycrystalline .iron strained increasing 
amounts in tension. 

The alterations in Laue photographs accompanying deformation are 
as follows: As deformation increases, there is first an elongation of spots 
chiefly in the radial direction, then an increase in the number of striae and 
a decrease in their sharpness, leading to an almost uniform blackening of 
Debye rings, and finally a grouping of the striae into intense spots, 
indicating a preferred orientation of steadily increasing perfection. 

DIFFRACTION-LINE WIDTHS AND INTENSITIES 

When stresses are distributed uniformly throughout macroscopic 
regions in a metal, they alter the interplanar distances in a homogeneous 
fashion and cause the reflected lines of a Debye pattern to shift without 
widening or loss of intensity. From an analysis of the shift a direct 
determination of the principal stresses is possible, as is discussed in 
Chap. XIV (page 267). 

On the other hand, when stresses are distributed microscopically and 
vary from grain to grain or from region to region within one grain or even 
from point to point within a single region, the analysis of the strain 
becomes more uncertain. A complete analysis of this distribution is 
much to be desired for a better understanding of the conditions within 
metals after elastic and plastic deformation, and much effort has been 
directed to this end, but the complexities are great, and the available 
data meager. Although the general outlines of the subject are becoming 
clear, our knowledge at present is mainly qualitative. 

For purposes of analysis it is convenient to consider a metal crystal 
as a mosaic of small regions within which the lattice is effectively perfect, 
a concept originally employed by C. G. Darwin in his analysis of x-ray 
diffraction. Each mosaic “block,” or “domain,” is considered to act 
as a coherent three-dimensional grating in diffracting the x-rays, with 
adjacent blocks out of registry enough to destroy this coherent diffrac- 
* 0. S. Barrett, Metals & Alloys, vol. 8, p. 13, 1937. 



364 


STRUCTURE OF METALS 


tion and to cause each one to diffract independently. On the ba,sis 
of this concept it is necessary to consider the following factors influencing 
diffraction: variation of lattice constants in different blocks, displace- 
ments of atoms within each block from the ideal positions, the size of 
the blocks, and other factors yielding effects similar to any of these, such 
as variations in composition. 

Lattice Constants Varsdng from Block to Block. — The simplest model 
of a cold-worked metal is one in which the coherent blocks are strained 
homogeneously so that interplanar distances vary from block to block 
but are constant within each one. The domains are also assumed to be 
large enough so that no “particle-size widening” occurs; i.e., their 
minimum dimension must exceed about 10~® cm. Each block according 
to this model will diffract independently at an angle corresponding to its 
state of strain. A diffracted line from the metal as a whole will then be 
the sum of the many individual components which deviate slightly 
from one another; the line thus will be abnormally wide. 

A number of investigator have used this picture of the cause of line 
widening in cold-worked metals and have calculated from meastiniments 
of line widths the internal energ}'- left in the metal. This has been com- 
pared with the calorimetrically measured values, which arc in the neigh- 
borhood of 1 cal. per g. From calorimetric measurements, Taylor and 
Quinney^ found 0.5 cal. per g. in cold-worked copper, 1.2 in iron, 0.78 in 
nickel, and 1.1 in aluminum; Farren and Taylor* found 0.38 cal. per g. 
in copper and 0.33 in aluminum after .stretching; Ro.scnhain and Stott* 
found 0.23 cal. per g. in cold-worked aluminum. 

Caglioti and Sachs^ estimated the internal energy in copper after cold 
work using the expression i(.la/a)*(l/X) kg.-mm. per cu. mm., where 
X is the compre.ssibility (0.74 X 10“^ sq. mm. per kg. for copper), and 
(Ao/o) is the fractional change in lattice constant con-esponding to the 
widening observed; the values obtained were only one-thousandth of 
the measured values of Farren and Taylor and of Taylor and Quinney. 
A .similar re.sult was found by Boas,* who assumed a stress distribution 
in the metal such that the energy would be f (Aa/o)*(l/A) and obtained 
for copper, nickel, and gold residual strain energies of the order of 10~* 
cal. per g. after rolling and drawing, again about one-thousandth of the 
measured values. 

1 G. I. Taylor and II. Quinney, Proc. Roy, Soc. {London), vol. A143, p. 307, 1934. 
H. Quinney and G. 1. Taylor, Proc, Roy, Soc, {London), vol. A163, p. 157, 1937. 

2 W. S. Farren and G. I. Taylor, Proc, Roy, Soc, {London), vol. A107, p. 422, 
1925. 

3 W. Rosenhain and V. H. Stoti’, Proc, Roy, Soc, {London), vol. A140, p. 9, 1933, 

^ V. Caglioti and G. Sachs, Z, Physik, vol. 74, p. 647, 1932. 

5 W. Boas, Z, Krist,, vol. 96, p. 214, 1937. 
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Later investigators attempted a more precise specification of the 
distribution curve for the strains. Haworth' set up an empirical expres- 
sion which gave the distribution of intensity in the lines from the annealed 
specimen, and from the difference between the lines from the cold-worked 
and annealed samples derived a distribution curve for interplanar spacing, 
Ad/d, reproduced in Fig. 14, and from this derived the mean square strain 
i^d/d)l. 

Stibitz® has calculated the internal energy V stored in a metal by 
residual stress, in terms of the moan sejuare strains,* and Haworth, using 
Stibitz’s formula, obtained V = 0.065 cal. per g. for permalloy (70 



Fici. 14. — Frequency curve of strain Ad/d in hard-i oiled peimalloy. {Haworth.) 

))orccnt nickel, 30 percent iron) cold-rolled 96 percent. Brindley and 
Ridley, * assuming a Gaussian distribution of {/Ad/d) and fixing the single 
adjustable paramo tcj- of this distribution so as to agree with the ratio 
of the peak intensity to the total energy of the diffracted lines, concluded 

1 F. E. Haworth, Phys. Eev., vol. 52, p. 613, 1937. 

2 G. R. Stibitz, Phys. Rev., vol. 49, p. 862, 1936 (abstract); Phys. Rev.j vol. 52, 
p. 619, 1937. 

3 Assuming a statistical random distribution of the directions of the principal 

stresses, Ox, ffy, o-z, and assuming that, for the average values, == o-J = (t* = and 
(Tjc(Ty = fTy(Tz = = 0, the expression for the internal energy 

y = 

becomes 

V =: 

^ 2E 

which, with the value for (Ad/d)lyj may be written 

2(1 4“ 21^*) \ d / av 

where E is Young's modulus and v is Poisson's ratio. 

^ G. W. Brindlky and P. Ridley, Proc. Phys. Soc. {London), vol. 51, p. 432, 1939, 
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that V = 0.0169 cal. per g. for copper after cold work by filing, 0.034 
for nickel, and 0.0834 for rhodium. They employed Stibitz’s formula 
for the calculation. 

Thus, while different investigators have arrived at the mean square 
value of the residual strains in different ways and have calculjtted the 
internal strain energy from this value with different- mathematical expres- 
sions, all are in agreement that line widths interpreted in terms of varia- 
tions of stresses from block to block can account for only an insignificant 
fraction of the maximum values found calorimetrically. 

It must be concluded, therefore, that the principal part of the residual 
energy is in the form of distortions that are uniform over volumes too 
small to cause broadening of the diffraction lines. 

Atomic Displacements within a Block. — It is possible that diffraction 
lines from cold-worked metals are widened by some sort of regular 
or irregular displacements of atoms from ideal lattice positions within 
the domains. Thus, even if there were no variation in the average spac- 
ing among different domains, there might be strains of a more local dis- 
tribution. In this class would be found many types of defects that have 
been discussed in connection with crystalline imperfections (Versetzung, 
Locker stellen, and “dislocations”). Here, also, belong the random dis- 
placements of thermal agitation and the strains around the dislocations 
that are currently believed to account for plastic flow in crystals. Cal- 
culations indicate that displacements within a block may alter either 
the width or the intensity of reflected lines, depending on the distribution 
of the displacements throughout the volume of the region. « 

Dehlinger^ made the ad hoc as.sumption that the displacements of 
the atoms vary periodically like the errors in a ruled grating. Assuming 
a sinusoidal variation of displacements, he predicted diffraction “ghosts” 
analogous to those obtained with an imperfect optical grating. If the 
periods of these displacements ia the crystal were long, these ghosts 
would lie close to the normal lines, and blend with them. On the other 
hand, if the distortions were distributed with a short period in the crystal 
— a few interatomic distances — the ghosts would fall some distance 
from the normal diffraction lines and contribute to the background of 
the pattern. Boas^ has applied Fourier analysis to the problem, treating 
distortions of a more general type, and his work has been neatly correlated 
by Brill and Renninger,® though the mathematics has been criticized 
in some particulars by Dehlinger and Kochendorfer.^ Long-period 

* U. Dehunobk, Z. KriaU, vol. 65, p. 615, 1927. 

* W. Boas, Z. Krist., vol. 97, p. 354, 1937. 

*R. Brill and M. Renninoer, “Ergebnisse. der technischo Rontgenkunde,” 
vol. VI, p. 141, Akademische Verlagsgesellschaft m.b.H., Leipzig, 1938. 

‘U. Dehlinger and A. Kochend6rfer, Z. Krist., vol. 101, p. 134, 1939. 
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components in the disturbances, which would produce ghosts close to 
the normal lines and widen them, would not reduce the total diffracted 
energy (the “integrated intensity” of the lines), since the fenergy in 
the ghost lines would appear to belong to the principal lines. Short- 
period distortions, corresponding to the higher terms of a Fourier analysis 
of the atom displacements, would produce ghosts distributed through the 
interval between the'principal lines; these would be lost in the background 
and would merely effect a transfer of intensity from the principal line 
to the background. This type of displacement approaches the type 
caused by thermal agitation as the number of periods increases. 

Atomic displacements within individual domains due to any cause, 
according to these theories, should cause predominantly either a widening 
or a reduction of line intensity, depending upon whether they are spread 
out or localized. When highly localized they resemble somewhat the 
thermal displacements of atoms and have been appropriately called 
“frozen heat motion.”^ 

Measurements of Line Broadening. — According to Ludwik and 
Schcu- there is no increase in line width when tensile loads are applied 
that are less than the elastic limit of the material. If this observation 
could be given full weight, it would indicate that polycrystalline grains 
were equally and uniformly strained by the elastic load, but this seems 
unlikely in view of the anisotropy of Young’s modulus. It is more 
probable that widening is present but is too small to be easily observed. 

The manner in which line width increases with plastic deformation 
has received extensive study.® Most observers find that plastic deforma- 
tion widens the diffraction lines up to a limiting value that is essentially 
unchanged by further deformation of the same type. A typical curve, 
showing the usual leveling off at the limiting value, is reproduced in 
Fig. 15. It has been suggested that a definite limit of widening exists 
that is characteristic of the material,® but if a limiting value does exist 
it must certainly depend on the conditions of loading, the temperature of 
deformation, and the previous thermal and mechanical history of the 
specimen,® and it cannot be an invariant characteristic of a metal or 
alloy. liudwik and Scheu,® in fact, have shown that line width at 
fracture depends upon the type of loading and heat-treatment and that 
the width at a brittle fracture is less than at a ductile fracture; others 

> G. W. Bkindley, Proc. Phys. Soc. (London), vol. 52, p. 117, 1940. 

* P. Ludwik and L. Schbu, Metallwirtschaft, vol. 13, pp. 257, 429, 1934. 

’ For an earlier review of the subject see C. S. Barrett, Metals <fc Alloys, vol. 5, pp. 
131, 154, 170, 196, 224, 1934. 

* H. J. Gough and W. A. Wood, Proc, Roy. Soc. (London), vol. A154, p. 510, 1936; 
summarized in lecture to Royal Aeronautical Society, Apr. 20, 1936, and in Metal 
Progress, vol. 30, p. 91, 1936. 

* C. S. Babbett, Metals & Alloys, vol. 8, p. 13, 1937. 
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have shown a difference in maximum width from different kinds of 
deformation. ‘ 

Wood* has proposed that, for electrodeposited metals, the effects 
of particle-size and lattice-distortion widening can be separated. Assum- 
ing that lattice-distortion widening cannot surpass the limit found in 
cold work by rolling, he ascribes all widening in excess of this to the 
particle-size effect of small grains in the electrodeposit. Conversely, 
if cold-working a deposit leads to an increased widening equivalent in 
amount to the lattice-distortion limit, he concludes that the original 
deposit is free from distortion. He obtained evidence of both types of 
broadening with various nickel and chromium deposits. 



Fig. 15 . — Breadtii at lialf-rninimum intensity of the refleeterl Ka doublet for i)ermHlloy 
reduced various amounts by cold rolling. {Haworth.) 

.Wood'* contends that cold rolling cannot fragment metal grains below 
about 10“^ cm. (lOOOA) or that, if smaller fragment sizes arc reached, 
they immediately recrystallize into regions of cm. or larger. How- 
ever, his data for cold-rolled nickel actually would rcfiuire a particle size 
of about 3 X cm. if particle size were the sole cause of widening;* 
comparable figures for cold-worked brass and tungsten obtained by 
Stickley® with monochromatic radiation are 10”® cm. 

Wood® set the lower limit for the particle size (the size if this were th(^ 
only cause 6l widening) in copper, silver, and nickel at about 1 X 10’“® 

^ F. E. Hawortii, Phys. Rev., vol. 52, pp. 613-620, 1937. U. Dehlingkr and A. 
Kochkndorfer, Z. Metallkunde, vol. 31, p. 231, 1939. 

2 W. A. Wood, Phil. Mag., vol. 15, p. 553, 1933; vol. 20, p. 964, 1935. 

2 W. A. Wood, Proc. Phys. Soc. {London), vol. 52, p. 110, 1940. 

' 4 W. A. Wood, Phil. Mag., vol, 20, p. 964, 1935. 

® E. E. Stickley, Doctoral dissertation. University of Pittsburgh, 1942; abstracted 
in Univ. Pittsburgh Bull., vol. 39, No. 2, Jan. 10, 1943. 
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cm., in iron and molybdenum at about three times this amount, and in 
aluminum at 10”'* cm. (no appreciable widening) and concluded that 
it goes through cyclic changes during progressive passes through the 
rolls.* Brindley and Ridley* obtained line widths from filed rhodium 
that would indicate a crystallite size of 10”® cm. if it were the only cause 
of the widening, but the line width.s did not vary with 6 and X as they 
should if particle size were the cause. Furthermore, there would be 
almost no primary extinction if the particles were small enough to explain 
the entire broadening; yet there is considerable extinction, and an esti- 
mate of crystallite size in rhodium from the extinction gives 6.5 X 10“® 



tan 9 

Fiu. 1(5.- \Vi(ltli.s of reflections from filed powder."? of copper, nickel, and rhodium as 
fill! ot ions of tun 0. {Brindley and Ridley.) 

cm. The line broadening with filed copper and nickel is less than with 
rhodium (Fig. 16); so here, also, crystallites must be at least 10”® cm. 
and may be much larger. 

It must be remembered, however, that a large range of crystallite 
sizes is to be expected in a deformed grain. The crystallites smaller 
than 10”® cm. would contribute very diffuse reflections that might be 
submerged in the background of the lines and might effectively decrease 
the line intensity. The following experiment is important in this con- 
nection, for it suggests that deformation of the utmost severity can reduce 
all crystallites to a uniformly small size in some metals. 

* He also reports that fatigue stressing is much less likely to cause grairi fragmen- 
tation than static stressing of the same intensity and that single crystals stressed in 
fatigue in such a way that only one set of slip lines form show much less x-ray evidence 
of fragmentation than those in which duplex slip occurs. 

® G. W. Brindley and P. Ridley, Proc. Phys. Soc. {London), vol. 50, p. 501, 193& 
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Bridgman^ has shown that severe shearing under tremendous pressure 
can widen diffraction lines beyond the amounts possible by rolling. He 
finds that in copper the lattice can be fragmented to such a degree that 
only a single diffuse Debye line can be seen. He estimates the grain 
diameter to be lOA or less — practically amorphous. The lower melting 
metals like bismuth, while producing widened x-ray lines, retain a grain 
size large enough to give recognizable patterns, presumably because the 
rate of recrystallization overtakes the rate of fragmentation in these 
metals. Permalloy when deformed in the Bridgman apparatus gives 
wider lines than when rolled but does not reach — or at any rate does not 
retain — the amorphous state. ^ 

An ^ unsymmetrical widening of lines, which corresponds to a shift 
in the mean lattice constant, has been observed in rolled metals.^ Sineus 
small particle size can lead only to symmetrical broadening, the asjan- 
metry of lines has been suggested as a criterion of lattice distortion. 
However, asymmetry or line shifting can be accounted for merely by 
assuming an average stress different from zero in the portion of the metal 
contributing to the diffraction pattern, by assuming that the residual 
stresses have a macroscopic distribution. This type of stress is to be 
expected in forming processes in which the flow is inhomogeneous.^ 

In a recent study of the subject Dehlinger and Kochendorfer^ under- 
took a separation of particle-size widening ancT internal-stress widening 
by considering how the two effects varied with the angle of diffraction. 
The relation of Scherrer and von Laue for particle size was assumed, 

h = 0 - 9 ^^ 

L cos 

in which the width h in radians is related to the camera radius R, the 
wavelength X, the crystal size L, and the Bragg angle 0. 

The variation of widening with angle when caused by valuations of 
lattice constant from region to region was determined by taking the 

1 P. W. Bridgman, /. Allied Phys,, vol. 8, p. 328, 1937. 

2 F. E. Haworth, Phys. Rev,, vol. 52, p. 613, 1937. 

® W. A. Wood, Phil, Mag, vol. 18, p. 495, 1934; Proc, Phys, Soc, {London), vol. 52, 
p. 110, 1940. 

^ Some instances of preferential widening of certain lines have been reported, but 
the meaning of this phenomenon is obscure (see, for example, W. A. Wood, Nature, 
vol. 129, p. 760, 1932, for widening from cold work; and O. Dahl, E. Holm, and G. 
Masing, Z, Metallkunde, vol. 20, p. 431, 1928, for preferential widening of certain lines 
during age hardening). An amount of widening that varies continuously with angle 
is to be expected, however (see the discussion of Dehlinger and Kochendorfer's papers 
in the preceding section). 

® U. Dehlinger and A. Kochendorper, Z, KrisL, vol. 101, p. 134, 1939; Z, 
Metallkunde, vol. 31, p. 231, 1939. A. Kochendorper, Z, Krist., vol. 101, 149, 1939. 
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logarithmic derivative of Bragg’s law n\ = 2d sin d* 

8d cos 6 

-r = - — a- 

a sin 9 

Since the line width S in radians is given by >S/2 = 2R 56 and assuming 
Sd/d = 5a/ a, 

S = 47? — tan 6. 
a 

Therefore the line widening caused by strains should be proportional to 
tan 6, and the widening from particle size should be proportional to 
X sec 6. Dehlinger and Kochendorfer used this difference in angle 
dependence to make an estimate of the strain in cold-rolled copper as a 
function of the amount of rolling. The results, reproduced in Fig. 17, 
cannot be considered as showing 
more than qualitative trends, be- 
cause of the assumptions involved in 
the calculations, but they seem to 
indicate a value for the strain 5a/a 
that rises rapidly to a limiting value 
in the early stages of rolling. The 
cross in Fig. 17 is the value obtained 
from a broken surface of a tensile 
specimen. 

Stickley^ has conducted related 
experiments on brass and tungsten, 
seeking to differentiate strain widen- 
ing from particle-size widening by 
plotting measured line widths against tan 6, as in Fig. 16, and against 
X sec 6 and by noting which plot most nearly approaches a straight line 
through the origin. The experiments were conducted using a curved 
crystal monochromator, a focusing camera, and careful corrections for 
overlapping Ka doublet lines and for slit width. Lines having indices 
/lOO were found to be wider than those having indices hhh when a brass 
sample was used, indicating anisotropy in the grains of brass. If the 
same average stress is assumed to be acting in the two directions [100] 
and [111] in the grains, and if the widening is caused by these stresses, 
the known anisotropy of Young’s modulus in brass would account for this 
result. Anisotropic effects of this type are absent in tungsten, which is 
isotropic, and the tan 6 plot (not the X sec 6 plot) approximates a straight 
line through the origin, in accordance with the strain hypothesis. How- 

1 E. E, Stickley, Doctor^s dissertation, University of Pittshiiif^h, 1942; Charles 
S. Smith and E. E. Stickley, Phys, Rev,, vol. 64, p. 191, 1943. 



Fig. 17. — Line widening in copper, 
caused by cold rolling. Cross is value at 
broken surface of tensile specimen. 
{Dehlinger and Kochenddrfer.) 
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ever, Stickley adds, “It is not concluded, and indeed it can probably 
never be concluded, that particle size broadening is absent.” 

Intensities of Diffraction Lines from Cold-worked Metals. — The 
atomic scattering factor / decreases when a metal is strained by cold 
work. All reflections decrease in intensity, the higher order lines decreas- 
ing more than the lower orders. This was observed by Hengstenberg and 
Mark^ some years ago, and recently Brindley and his collaborators have 
made a series of studies of the effect** in an attempt to determine the 
internal latent energy of cold work. 

It is convenient to compare® the / factors from cold-worked metals 
with the/ values from the same metals at elevated temperatures, making 



Fio. 18. — Scattering power of filed and of stiiiin-free chemically prepared powders of 
rhodium, copper, and nickel. Ratio (//tir<j//fkfm)is s(iuaro-root-of-intensity ratio. Curves 
are calculated values assuming randomly displaced atoms. Extinction coirections were 
applied only for rhodium. {Brindley and Spears,) 

the assumption that in each case there are the same sorts of displacements 
of atoms from the positions of the undistorted lattice. In thermal 
agitation the displacements reduce the scattering power by a factor 
and this factor has also been employed with cold work, 

where few is the scattering factor for the cold-worked metal, / for the 
strain-free metal at the same temperature, and 



as for thermal agitation, being the mean square displacement of 
atoms from positions on the strain-free lattice. 

^ H. Hengstenberg and H. Mark, Z, Physik, vol. 61, p. 435, 1930; Z, Elektro- 
chem.j vol. 37, p. 524, 1931. 

* G. W. Brindley and F. W. Spiers, Phil. Mag.j vol. 20, pp. 882, 893; 1935. G. 
W. Brindley and P. Ridley, Proc. Phys. Soc. {London)^ vol. 50, p. 501, 1938; vol. 51, 
p. 432, 193^. G. W. Brindley, Proc. Phys. Soc. (London) j vol. 52, p. 117, 1940. 

3 G. W. Brindley and F. W. Spiers, Phil. Mag.j vol. 20, pp. 882, 893; 1935. 
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Brindley and Spiers, ^ using this equation and the measured intensities 
of reflections from filed and from strain-free powders plotted in Fig. 18, 
obtained the values \/u^ = O.OSSA and O.lOdA for filed nickel and 
copper, respectively, and 0.090A for a Cu-Be alloy of 47 atomic percent 
beryllium, and found the variation of/ vs. (sin e)./X in reasonable agreement 
with the above expressions. The cklculated curves are drawn as full lines 
in Fig. 18. 

Boas* calculated the latent energy content equivalent to this amount 
of average atomic displacement and obtained 7.4 cal. per g. for copper, 
6.4 cal. per g. for nickel, and 3.5 cal. per g. from his mea.surements on 
gold. Haworth,* using the same displacements in a different formula, 
obtained 3.0 cal. per g. for copper and 3.7 cal. per g. for nickel. 



Fig. 19. — Effect of extinction and di&tortion on ratio of / for filed powdei to / for ideal 
powder free fiom extinction and distortion, (a) Extinction alone, (h) extinction with small 
distortion, (c) extinction with larger distortion, (d) distortion alone, (c) distortion with 
small extinction, (/) distortion with larger extinction. {Brindley and Ridley.) 

These values are larger than Taylor and Quinney^s measured values^ 
of the latent energy for cold-worked metals (0.5 to 1.2 cal. per g.) but 
are of the same order of magnitude (not an entirely different order of 
magnitude as in the case of line broadening) . 

Boas^ suggests that, if atoms are displaced from true lattice points 
in groups instead of being displaced in a random fashion, smaller latent 
energies will be obtained; this emphasizes the fact that the results in 
this field are considerably dependent on the assumptions made (c/. Brill 
and Renninger^s comments,^ mentioned in a preceding section, page 366, 
on the role of ghosts in widening or in reducing the intensity of lines, 

1 G. W. Brindley and F. W. Spiers, FhiL Mag., vol. 20, pp. 882, 893; 1935. 

2 W. Boas, Z. KrisL, vol. 96, p. 214, 1937. 

® F. E. Hawortti, Phys. Rev., vol. 52, p. 613, 1937. 

^ G. I. Taylor and H. Quinney, Proc. Roy. Soc. {London), vol. A143, p. 307, 1934. 
H. Quinney and G. I. Taylor, vol. A163, p. 157, 1937. 

® R. Brill ahd M. Renninger, “Ergebnisse der technischc Rontgenkimde,^^ 
vol. VI, p. 141, Akademische Verlagsgescllschaft, m.b.H. Leipzig, 1938. 
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according to their proximity to the principal lines). Extinction is another 
variable that must be taken into account in interpreting the measure- 
ments, since it may be altered by cold work. Brindley and Ridley* 
point out that extinction plays the principal role at the small values 
of (sin d)/X, while distortion predominates at the large values, as indi- 
cated in Fig. 19. Thus the two effects should be separable, but the 
correction introduces additional complexity in the analysis. For cold- 
worked rhodium the extinction effect seems to predominate (c/. Figs. 
18 and 19) and corresponds to a crystallite size of about 6 X 10~® 
cm.* 


An interesting series of experiments by Fricke and his coworkers ^ 



Fig. 20. — Recovery of cold- worked 70-30 
brass with 1-hr. anneals. (Cold work was by 
forging to reduction of 86 to 90 percent.) 
{WHson and Thomassen.) 


has a close connection with this 
problem: the energy content (heat 
of solution) of oxides (for example, 
ZnO, BeO, FejOs) increases when 
they are prepared by chemical 
reduction at lower and lower tem- 
peratures, and coincident with 
this increa.se in energy of the oxide 
powders is a greater loss in inten- 
sity of x-ray reflection. There is 
thus a direct correlation between 
the energy and the intensities of 
the lines. A .similar correlation 
was found for iron reduced at 
different temperatures;® the excess 
energy of copper reduced at low 
temperatures over that reduced 
at high temperatures was 3.1 kcal. 
per gram atom by calorimetric 
measurement and 3.24 by x-ray 


determination, while for ii-on the figures obtained were 1.4 and 1.43, 


respectively. 


The results in this field may be summarized by .saying that the internal 


disturbances in cold-worked grains appear to be highly localized, extend- 


* G. W. Bbindley and P. Ridley, Proc. Phys. Soc. (London), vol. 51, p. 432, 1939. 

* When lattice distortion is calculated from reflected intensities, it increases 
through the series Rh, Ni, Cu (from the hardest to the softest), but line widths increase 
in the reverse order, paralleling hardness (Fig. 16). 

•R. Fricke and P. Ackeemann, Z. anorg. allgem. Chem., vol. 214, p. 177, 1933; 
Z. Elektrochem., vol. 40, p. 630, 1934. R. Fricke and J. LOcke, Z. phyaik. Chem., 
vol. B23, p. 329, 1933; R. Fricke and K. Meybino, Z. anorg. allgem. Chem., vol. 230, 
p. 366, 1937; R. Fricke, Z. Elektrochem., vol. 44, p. 291, 1938. 

’ R. Fricke, 0. Lohrmann, and W. Wolf, Z. phyaik. Chem,, vol. B37, p. 60, 1937. 
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ing principally over regions of the order of 10“^ or 1Q~® cm. rather than 
throughout a mosaic block 10“* cm. in diameter. They are thus similar 
to the distortions that are believed to surround the dislocations in the 


lattice; these are discussed in Chap. XVI. 

Recovery of Line Sharpness during Annealing. — Diffraction lines 
from cold-worked metals return to normal sharpness during annealing. 
The sharpening results from the process of recovery, which may or may 
not proceed concurrently with recrystallization (formation and growth of 


visible strain-free grains). 

Practical applications of line- 
width photographs have been made 
to detect incomplete or uneven 
stress-relief annealing. However, 
the test must be used with caution, 
for the surface layers of an object 
are frequently the most severely 
cold-worked and consequently re- 
crystallize at temperatures lower 
than the bulk of the material. 

As a rule, line width and hard- 
ness follow parallel curves during 
annealing,* just as they do during 
progressively increasing degrees of 
cold work,® but in the reverse direc- 
tion. Wilson and Thomassen’s* 
comprehensive study of line widths 
vs. annealing times and tempera- 
tures showed that copper, nickel, 
various a-brasses, and several steels 
all lost their hardness simultane- 
ously with their line broadening. 
Examples from this investigation 
are reproduced in Figs. 20 and 21. 



Annealing Temp,Deg.C. 


Fig. 21. — Recovery of cold- worked nickel 
with l-hr. anneals (forged 75 percent). 
{Wilson and Thomassen,) 


Recovery of line sharpness begins in brass at temperatures below 


the recrystallization range^ although it is not completed before the sharp 


diffraction spots from recrystallized grains appear in photographs. The 


1 W. A. Wood, Phil. Mag., vol. 19, p. 219, 1935 (a-brass). J. E. Wilson and L. 
Thomassen, Tram. A.S.M,, vol. 22, p. 769, 1934. 

2 W. A. Wood, Phil. Mag., vol. 19, p, 219, 1935 (a-brass); Proc. Phys. Soc. (Lon- 
don), vol. 44, p. 67, 1932 (constantan). * 

3 J. E. Wilson and L. Thomassen, Tram. A.S.M., vol. 22, p. 769, 1934. 

^ J. E. Wilson and L. Thomassen, Tram. A.S.M., vol. 22, p. 769, 1934. J. T. 
Norton, Tram. A.I.M.E., vol. 137, p. 49, 1940. 
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same is trae of nickeP and iron.^ In tungsten tlie lines sharpen at 
temperatures of 600 to 1500°C. (depending on the puiity) while recrys- 
tallization begins at a higher temperature (800 to 2000°C.) — sometimes 
as much as 1000°C. above the recovery temperature.® 

Tammann'* found that in some instances different phy.sical properties 
recovered at different temperatures. An example is given in Fig. 22.* 
Electrical resistance recovers at much lower temperatures than hardness 
and line width in iron and also in nickel, and yet in copper the cuiwes arc 
parallel. 

The relative effects of time and temperature on line sharpening are 
seen in Fig. 23. There appears to be a closcj relation among hardnc'ss, 
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Fio. 22. — Kecovery of cold-worked iron. 


line width, and the tendency toward season cracking in brass (as indicated 
by the widely used mercurous nitrate test). It is also of interest that 
Wilson and Thomassen found maximum creep resistance in the same 
alloys that required the highest temperatures for line sharpening. 

We have seen that in many cases the recovery of line sharpness is 
simultaneous with the recovery of hardness and the loss of the tendency 
to season-crack, and one is tempted to jump to the conclusion that the 
microscopic internal stress('s that arc presumably responsible fon these 

1 J. E. Wilson and L. Thomassen, Trans. A.S.M., vol. 22, p. 769, 1934. 

® F. Wever and B. Pfarr, Mitt. Kaiser-Wilhelm Inst. Eisenforsch. Dusseldorf, 
vol. 16, p. 137, 1933. F. Wever, Stahl u. Eisen, vol. 53, p. 497, 1933. 

* A. E. VAN Arkel and W. G. Burgers, Z. Physik, vol. 48, p. 690, 1928. For other 
references see C. S. Barrett, Metals & Alloys^ vol. 5, pp. 131, 154, 170, 196, 224, 1934. 

^For a bibliography of Tammann’s extensive research on this subject, see ^‘Die 
Heraeus-Vacuiimschmclze,^' pp. 86-108, Hanan, 1933. 
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effects and for the Bauschinger effect are the sole cause of strain harden- 
ing. However, other considerations make this conclusion unsafe. Hard- 
ness is increased when grain size is reduced, and it seems certain that the 
distortion and “fragmentation” of grains during cold work has the effect 
of reducing the effective grain size — i.e., the size of the regions through 
which slip progresses without encountering a boundary that acts as 
a barrier. It has also been pointed out that highly localized stresses 
which do not affect line wi<lth may nevertheless hinder plastic flow. 
Dislocations have a local- stress field of this type. It appears, then, 
that several factors contribute to strain hardening and not all these 
produce line widening. In this way we may account for the observa- 



Fig. 23. — Uchitive offocts of time and tompeiature of anneal for recoveiy of line sharpness 
in (50-40, 70-30, and 85-15 brass and in copper. {Wihon and Thomassen.) 

tion^ that in tungsten it is possible to bring about a complete recovery 
of line sharpness without appreciably reducing the tensile strength of 
the metal. Since the intensities of lines relative to the background 
are capable of revealing distortions more local in character than the 
distortions that widen lines, we might anticipate a somewhat better 
correlation of strain hardening with intensities than with line widths. 
It is uilcertain whether any x-ray indication can be had of the contribu- 
tion of internal boundaries to the hardness. However, we might antici- 
pate that increasing amounts of disorganized boundary material would 
reduce the line intensities rather than widen the lines, unless the bound- 
aries are so numerous that particle-size widening occurs. 

X-ray Studies of Fatigue. — A reliable means of forestalling breakage 
of machines and structures from fatigue under repeated stresses would 
l>e of immense importance to engineers and metallurgists. For many 
years there has been a search for some nondestructive test that would 
reveal the extent of damage caused by repeated stresses and thus predict 

* F. VON GOlbb and G. Sachs, Z. Metallktinde, vol. 19, p. 410, 1927. 
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whether or not the stresses will lead to fracture. Since x-ray methods 
have been most effective in revealing the internal structure of metals 
it is natural that they have been investigated hopefully for this purpose, 
and numerous tests have been reported, both here and abroad. It seems 
to the author that these methods must be regarded at present as unreliable 
for practical use; yet papers continue to appear expressing a favorable 
attitude toward the x-ray methods. 

The publications of Gough and Wood,^ for example, imply that 
progressive damage can be identified by x-ray diffraction patterns. 
Gough concludes that patterns will remain unchanged during stressing — 
or will change only at the first application of the load and will not alter 
their character after this — if stresses are within the safe range, whereas 
patterns will change progressively if stresses are employed that are 
unsafe and that will eventually cause fracture. Some experimenters 
have drawn similar conclusions^ while others find no such correlation,® 
and it may be some years before there is full agreement on the exact 
value of the x-ray method in the fatigue field. 

Results of tests conducted in cooperation with the Fatigue Committee 
of the A.S.T.M.^ indicated that changes in x-ray diffraction patterns 
reveal cold work from fatigue, not damage. Cold work may occur 
in the safe range of stress as well as in the unsafe and may, in fact, be 
beneficial; so a test that reveals cold work obviously does not afford a 
direct diagnosis of ultimate failure from fatigue. The point is illustrated 
for 2S-0 aluminum by Fig. 24, where spots that are sharp in the unstressed 
material (Fig. 24o) are seen to be extensively blurred by 605 million 
cycles in the safe range of stresses (Fig. 246). 

Gough has concluded that unsafe stressing can be detected by noticing 
whether diffraction spots continue to change as stressing continues. This 
cannot be accepted as a safe principle, for too many experiments indicate 
that cold work in the safe range may continue for millions of cycles. 
Kommers, for example, has reported® experiments in which cold work at 
stresses below the endurance limit must have continued for 15 million 
cycles or more, since there was an increase in the endurance limit through- 

1 H. J. Gough and W. A. Wood, A New Attack upon the Problem of Fatigue of 
Metals, Using X-ray Methods of Precision, Proc. Roy. Soc. {London), vol. A 154, 
pp. 510-539, 1936; summarized in lecture to Royal Aeronautical Society, Apr. 20, 
1936, by Gough and Wood, and in Metal Progress, vol. 30, p. 91, July, 1936. 

*E. B. Martin, Arch. tOsenhiUtenw ., vol. 10, p. 415, 1937. F. Wever and H. 
MOller, Naturwissenschaften, vol. 25, p. 449, 1937. 

* C. S. Barrett, Metals & Alloys, vol. 8, p. 13, January, 1937; Metal Progress, vol. 
32, p. 677, 1937; Trans. A.S.M., vol. 25, p. 1115, 1937. J. A. Kies and G. W. 
Quick, N.A.C.A. Kept. 659, 1939. 

* C. S. Barrett, Metals & Alloys, vol. 8, p. 13, January, 1937. 

® J. B. Kommers, Proc, A.S>TM., vol. 30, pt. 2, p. 368, 1930. 
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out this period. A number of investigators have studied also the tem- 
perature of fatigue specimens during stressing and have found healing, 
which is evidence for plastic flow; this is very marked at the beginning 
of the stressing and continues in lesser degree for many thousands of 
cycles. X-ray experiments of Wever and Moller indicate that flow may 
occur irregularly, with a sudden local deformation appearing after some 
millions of cycles of stressing during which flow is negligible. Spencer 
and Marshall* find that in 17S-T aluminum there is rarely any change 
in the sharpness of diffracted spots until the very last stages of fatigue; 



Fig. 24. — Spot sharpness in 2S-0 aluminum after specimen had withstood 505,000,000 
cycles in fatigue stressing. Made with camera of Fig. 12. (a) Unstressed area, (6) area 

stressed at 4000 psi. (below the endurance limit). 

in fact, they usually find blurring of spots only in specimens that have 
already been broken, where the distortion could have occurred at the 
time of breaking. Their results, therefore, seem not at variance with the 
conclusions of Kies and Quick^ and of the author® that the progress 
of fatigue damage does not correlate with blurring of spots. 

Apparently the amount of blurring in x-ray patterns cannot serve 
to indicate whether a specimen is being stressed above or below the fatigue 
limit. For some metals and for some types of stressing there is very 
little alteration of the pattern caused by stressing below the endurance 

* R. G. Spencer and J. W. Marshall, J. Applied Phys., vol. 12, p. 191, 1941. 

* J. A. Kies and G. W. Quick, N.A.C.A. Rept. 659, 1939. 

* C. S. Barrett, Trans. A.S'.M., vol. 25, p. 1115, 1937; Metals & Alloys, vol. 8, 
p. 13, January, 1937; Metal Progress, vol. 32, p. 677, 1937. 
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limit, even with the most prolonged tests, and yet other specimens will 
show drastic changes. Above the fatigue limit, stressing may or may not 
blur the diffraction spots prior to fracture; in fact, different areas on a 
specimen at the same stress level may show different behavior. This 
situation must be expected if x-ray patterns reveal cold work, for it is 
generally recognized that pronounced cold work sometimes occurs below 
the endurance limit, while under other conditions fatigue fracture may 
occur with little or no plastic flow. Nor is the amount of plastic flow 
necessarily uniform over the surface of the metal; those spots where 
cracks are eventually to occur are doubtless the most highly deformed 
spots on the surface and probably yield quite different diffraction patterns 
froip neighboring areas where there is less flow. Unfortxinately, in 
most of the practical cases and in many laboratory experiments the exact 
place where a crack is about to foi’m is unknown, and perhaps only a few 
grains are so damaged that they start cracks. The experimenter there- 
fore lacks information that is vital in the interpretation of his patterns, 
for he does not know whether his x-ray beam has happened to fall on a 
spot of maximum distortion or not. 

In general, there is no a.ssurance that a dangerous state of stressing 
will be detected^or that W'hat appears dangerous is actually so. If any 
circumstances exist in which x-ray tests can be relied upon in practice, 
they can be discovered only by exhaustive laboratory tests using mate- 
rials, stress distributions, and number of cycles that will actually be 
encountered.! At the pre.sent time, no conditions have been found for 
which x-ray tests or any other nondestructive test^ has proved a reliable 
l)redictor of fatigue failure. 

* The use of brittle lacquers, such as Stress Coat, is sometimes useful in locating 
the portions of an object where a fatigue crack is most likely to start. 

* “Prevention of the Failure of Metals under Repeated Stress,” Battellc .^^emorial 
Institute Staff, Wiley, New York, 1941. 
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PREFERRED ORIENTATIONS RESULTING FROM COLD WORK 

When a polycrystalline metal is plastically deformed, the lattice 
orientation in individual grains is altered toward a preferred orientation 
in which certain lattice directions are aligned with the principal directions 
of flow in the metal. The progress of reorientation is gradual; it is 
usually noticed on x-ray films only after the cross section of the metal has 
been reduced by a third or a half but is not completed until the metal 
has received reductions of 90 percent or more. The nature of the pre- 
ferred orientation, or “deformation texture,” that is finally reached and 
the manner in which it is reached are characteristic of the metal and of 
the nature of the flow (the magnitude of the three principal strains). 

Much attention has been given to the subject because of its relation 
to the properties of commercial products. A fine-grained metal in which 
the grains are oriented at random will possess identical properties in all 
directions (provided that there are no elongated inclusions, segregations, 
or boundaries), but a metal with a preferred orientation of grains will 
have directional properties, “anisotropy,” which may be troublesome, as, 
for example, in the deep drawing of sheet material. Orientations that 
are generated by the forming process arc not returned to a random state 
by the recrystallization and grain growth accompanying subsequent 
annealing, as a ride, but are altered to new orientations known as “recrys- 
tallization textures,” which are treated in the following chapter. It is 
usually necessary to maintain careful control of both rolling and annealing 
operations in order to produce a sheet that flows uniformly in all directions 
during subsequent deep drawing. Preferred orientations are also of 
prime importance in the manufacture of steel for electrical instruments, 
for magnetic anisotropy may be very desirable in some applications and a 
serious disadvantage in others. Anisotropy is discussed in Chap. XXI. 

The first part of this chapter summarizes the deformation textures 
produced by wire drawing, swaging, extrusion, and compression — i.e., 
by uniaxial strains — and discusses the theories that have been advanced 
to account for them. The second part deals with the textures produced 
by rolling and related forming processes. 

The texture of a wire is frequently ^scribed as a “fiber texture” 
because it resembles the arrangement in natural fibrous materials. In 
the ideal case it consists simply of orientations having a definite crj'^stallo- 
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graphic direction parallel to the wire axis. The texture is symmetrical 
around the wire axis, which is known as the “fiber axis.” Deviations 
from an ideal texture arc common and may have the nature of (1) a 
scatter about the ideal position or a random orientation superimposed 
upon the id(‘al texture; (2) a “double fiber texture,” in which two differ- 
ent crystal directions are found in the axial position; and (3) a structure 
in which surface layem are disturbed by friction or other external factors. 

Textures of Polycrystalline Wires. — In face-centered cubic (f.c.c.) 
metals the wire texture is usually a double fiber texture with [111] and 
[100] parallel to the axis; i.e., the crystallites have either [111] or [100] 
parallel to the axis of the wire and have random orientations around 
the axis. The percentages of crystals in these two positions differ 
from metal to metal, as shown by the measurements of Scihmid and 
Wassermann,* summarized in Table XXI. Lead resembk's aluminum, 


Tabi.k XXI 



Percentage of crystals 

Metal 

With [tool parallel to 

With fill] parallel to 


the wire axis 

the wire axis 

Alumintim j 

0 1 

100 

Copper 1 

10 

! ' 60 

Gold 1 

50 

50 

Silver 

75 

25 


with a single [11 Ij texture,- while nickel has a double texture re.senil)ling 
copper.^ Brass containing more than 10 i>ercent zinc resembles silver, 
as does also bronze containing 5 percent tin and copper containing 30 
percent silver.'* 

Body-centered cubic (b.c.c.) metals have a simple [110] texture. 
This was discovered for iron by Ettish, Polanyi, and Weissenberg* 
and has been confirmed many times. There ai)pear to be no minor 
components in this texture, and it is not altered by elements in solid 
solution, such as vanadium and silicon.® Tungsten and molybdenum 
also are known to have a simple [110] texture.® 

' E. Schmid and G. Wasskrmann, Z. Phyitik, vol. 42, p. 779, 1927. 

* W. Hofmann, Z. Metallkunde, vol. 29, p. 266, 1937. 

’ M. Ettisoh, M. Polanyi, and K. Wkissknbkko, Z. Phymk, vol. 7, ]). 181, 1921 , 
Z. phystk. Chem., vol. A99, p. 332, 1921. 

‘G. V. Golkr and G. Sachs, Z. Phyaik, vol. 41, pp. 873, 889, 1927. 

‘ C. S. Barrett and L. H. Levenson, Tram. A.I.M.E , vol. 135, p. 327, 1939. 

‘M. Ettisch, M. Polanyi, ancLK. Weissenbero, Z. Phystk, vol. 7, p. 181, 1921; 
Z. physik. Chem., vol. A99, p. 332,^921. H. C. Burger, Phyaik.‘Z., vol. 23, p. 14, 
1922. Z. Jeffries, Tram. A.I.M.E., vol. 70, p. 303, 1924. H. B. DbVore and W. 
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Hexagonal metals have wire textures iliat are less easily interpreted. 
Magnesium wire was first thought to have all directions in the basal 
plane parallel to the wire axis (owing to a scatter from the ideal orienta- 
tion).^ However, later work on drawn and on extruded Dowmetal 
(magnesium alloyed with aluminum, manganese, and zinc) indicates 
that only one s('t of directions in the basal plane has this position, ^ viz., 
the direction [210], in win' that has been formed at low temi^eratures. * 
At a working temperature of 450®C. the fiber axis shifts to [110]. TIk^ 
temperature at which the slip mechanism changes to (101) planes and 
[LIO] clos(i-packed directions is 225° and does not correlaU^ with this 
change in t(ixture or explain it. Morel 1 and Hanawalt suggest that 
duplex slip in [1 10] directions seems recpiired to explain th(' low-tempera- 
ture texture, while single slip suffices to explain the high-tcunperatuni 
texture. Zinc wires have the hexagonal axis about 70° from the 
wire axis with uniform distribution about the wuv axis. This texture' 
is obtaiiK'd only after severe drawing; smaller nuluctions give a texture' 
in which the hexagonal axis lies along the wire Zirconium has a tex- 
ture' like magnesium, with the [210] direction in the' basal plane parallel te) 
the wire axis and with close-packed rows e)f atoms 30° te) the axis.** 

Twinning is responsible for i)re)ducing those hexagonal te'xtures in 
whieffi the basal plane is not paralle'l to the wire axis. Studie's of single 
(‘rystals have shown that twinning becomes frequent, particularly in 
zine*, whe'ii the basal plane rotate's into a position nearly paralled to the' 
wire' axis, aiiel as a result the basal planer is suelelenly reenie'iite'el to a 
position far reme)ved fre)m the original (a shift e)f 85°55' in zinc). 

Extruded rods usually have the same textures as elrawn wires. This 
is true of magnesium^ anel cubic metals** but is not true of zinc. Extruele'el 
rods of alloyeel zinc (10% Al, 2.0% Cu, 0.03% Mg) have a texture with 

P. Davey, Phys. Rev.j vol 31, p 100, 1928. \V. (J. Hxtkgers, Z Physikj vol 58, p. 11, 
1929. T. Fujiwaka and Y. Seiki, Hiroshima J. Sci , vol. 6, p. 307, 1936 (rf Mil. 
AhsiractSj vol. 3, p 664, 1936). T Ftjjiwara, Proc World Eng. Congr., TokyOj pt 4, 
vol. 36, p. 171, 1931. H. V. BuitOER, Physica, vol. 1, p. 214, 1921. 

^ E. ScKMiD and CJ Wassermann, Naturwissenscha/terif vol. 17, p. 312, 1929. 

2L G. Morei-l and J. 1). Hanawalt, J. Applied Phys., vol. 3, p 161, 1932. 

^ This din'ction is e3xpressed in the thm'-indice's system and is eipiivalent to flOlO] 
in the* four-indices notation. The indices mean a di{»onal axis of type* 11, a dir(*ction 
midway hetweeii two closc-packc'd rows of atoms in the basal plane. The closer 
packed rows are diieetions of the form [110] == [100] = |2Tl01. 

^ W. G. Burgers, J. D. Fast, and F. M. Jacobs, Z. MetalLkunde, vol. 29, p. 410, 
1937. 

®L. G. Morell and J. D. Hanawalt, /. Applied Phys , vol. 3, p. 101, 1932. F. 
ScHiEBOLi) and G. Siebel, Z. Physik, vol. 69, p. 458, 1931. 

® W Hofmann, Naturwissenschaften, vol. 24, p. 507, 1936; Z M etallkunde, vol. 29, 
p. 266, 1937. G. Wassermann, Z. Metallkunde, vol. 30, Vortrage der Hauptverslg., 
p. 53, 1938. 
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the basal plane parallel to the axis of extrusion; extruded pure zine has 
basal ])lanes in both the parallel and perpeiidicidar positions.' Drawing 
through a die, after extrusion, alters this texture by twinning and rotation 
until the normal drawing texture is obtained, with reductions of 50 pei- 
e(;nt or more. 

Wires formed by rolling and by swaging have the same textures at 
their centers as those formed by drawing thi-ough a die.^ The outer 
layers, however, with almost any type of forming operation, contain 
orientations not found in the cemter," The seattc'r about the mean 
oriemtation is greatest in the outer lajx'is and (h'creases as successive 
layers are etched away, iiie metal at the cenior of a thin wire has a 
larger scatter than that at the centcT of a thick one. Schmid and 
Wassermann have shown that in hard-drawn coj)i)(>r wire the; fibc'i- axis 
is inclined to the axis of tin; wire in these out('r laycirs in llu' manner 



Fig. 1. — Zonal toxtnie of drawn wnos of cnhic inotaK. Ariow's sliow tlnoctions of filx*! 

axes. {Schmid and Wassn man/i.) 


indicated by the arrows in Fig. 1. The directions of the arrows in tin; 
different concentric zones of this figure indicate tin* directions of the 
fiber axes of the cry.stallit<*s (the [111] and [100] directions in co])per, for 
instance). The angle of inclination reaches 8 to 10° in some cubic nu'tals. 
Th(! length of the arrows indi(;ates the sharpness of flu; oriimtation in 
each zone. Their conical arrangement has h'd some; to use tlu* t(Mju 
“conical fiber texture.” This zonal structure originates in tlu' conical 
(or irnigular) flow' of medal in the; forming i)roc(;ss and is thc'reforc* altered 
to some extent by varial)les in the forming process such as unidin'ct ional 
vs. forward-and-backward drawing, die design, drawing vs. rolling, idc. ‘ 

^ F. WoLBANK, Z. Mctallkundej vol. 31, p. 219, 1939. 

2 J, T. Norton^ and U. JO. HiLiadu, Trans vol. 99, p. 190, 1932. O. v. 

Varoha and G. Wassermann, Z. Metallkundvy vol. 25, p. 310, 1933, J "Fiiewlis, 
Thil. Afag.j vol. 10, p. 953, 1930. C. S. Barrett and L. JI. Levenson, Trans. A.J - 
vol. 135, p. 327, 1939, 

•* E. Sc’HMiD and G. Wassermann, Z, MHallkundPj vol. 19, p. 325, 1927; Z. Phystk, 
vol. 42, p. 779, 1927. B. W. Drier and G T. Mody, Trans. A l.M vol. 89, p 140, 
1930. W. A. Wood, Phil. Mag., vol. 11, p. GIO, 1931. G. Greenwood, Z. Knst.j 
vol. 78, p. 242, 1931; vol. 72, p. 309, 1929. 

^ E. SoiiMiD and G. Wassermann, Z M etaUkundv^ vol. 19, p. 325, 1927. T. 
Fujiwara, Mem. Coll. Sci.^ Kyoto Imp. Univ , vol. A 15, p. 35, 1932. G. Wasser- 
mann, “Texturen metallischer Workstoffc,'' Sprinj 5 <T, Berlin, 1939; Z. Meiallkande^ 
vol. 30, Vortrage der Hauptvvrslg., p. 53, 1938 
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With hexagonal metals, also, there is a zonal structun^ Magnesium 
and zirconium wijes, for instance, have the hexagonal axis 90® from th(' 
wire axis only in the core; in the outer zones this angle is about 75®.^ 

Textures of Eutectic Wires. — When the two phase's of a binary 
eutectic are both defoinied about eepially by the wire-drawing operation, 
('ach phase tak(\s up the texture it would exhibit in a singh'-phase wire. 
This is the case in Ag-Chi (72 per cent Ag) and C'd-Zn (83 percent Cd).- 
On tlui other hand, if one phase is practical!}" und('formed during drawing 
it disturbs the flow in the other and distorts the texture, or it may even 
produce a random one, as in Al-Si alloys (12 percent sili(‘on).'^ 

Compression Textures.— Face-centered cubic metals after uniaxial 
(compression hav(' a filx'r texture that is most simply described as [llO] 
texture, z.e., a fac(i diagonal is j)arallel to the axis of com])r(\ssion and 
normal to the plane of compn'ssion.^ Tlowevc'r, this dc'seriplion is only 
a first approximation lo a rath(‘r complex oriemtation; in the case of 
aluminum, half th(‘ (crystallite's are more than 10® from this orientation, 
jcgardh'ss of the amount of compivssion.'’ Alth(xigh there is a mark('d 
(*on(*etitration near this [IIOJ oric'utation, all possible' ori(*ntations are 
found except those having [111] within about 20® of the (‘ompri'ssion 
axis. Crystallites in any oik' of these secondary oric'iit-ations are h'ss 
nunu'rous than thoscc near the [110] position, and only a very small 
number are found with [100] within 15° of tlu' compression axis. The 
]‘ange of ori('ntations found ccan Ix' i)resented best on a unit triangle 
of a standard stereographic ])rojecti(>n, as in Fig. 2. Each point on this 
plot shows the orientation of the compression axis in an ai ea about 1 mm. 
in diametc'r on an iniu'r surface of a com])r{'ssion block. The orientations 
w('r(‘ determiiK'd by an optical gonionu'ter with a ccunpression of 84 
p('rcent. TIk' distribution (h'termiiK'd by x-rays after “compi'ession 
rolling’^— rolling with many i)ass('s, each pass in a diff('rent direction — 
is shown in Fig. 3 and illustrati's again the absemx' of orientations around 
[111], the nc'ar abs('n(c(c around [100], the concentration around [110], and 
the sprc'ad from [110] to [311]. It is concludc'd that the wide scatter 

^ K Sf'HMii) and (1. Wasmormanx, XaiurwisaenfichaftrUy vol. 17, p. 312, 1929. W. 
(1. JhiROKHs and F M Jacobs, MOalhvutschafly vol. 11, p. 285, 1935. E, Scuiebold 
and (i. 8iebel, Z Physiky vol. 59, p 458, 1931. 

2(J Wassehmanx, ‘^To\turc*n inetalliscdicT W(‘rkstolT(c,’' p. 71, Springer, Berlin, 
1939. 

J']. Sc'jiMii) and (1. Wasseumvnx, Z. tcch. Physik, vol. 9, p. 106, 1928. 

^ A Ono, Mem. Coll. Eng. Kyushu Imp. Univ.y vol. 3, p. 105, 1925. (1. Sachs and 

E Sc’iiiEHoLi), Z. Ver. deut. Jng y vol. 69, pp. 1557, 1601, 1925; Naturwissenschaftciiy 
vol. 13, p. 964, 1925. F Wevkh, Z. tech. Phystk, vol 8, p 404, 1927 (1. I. Taylor, 

Tians Faraday Soe , vol 21, ]). 121, 1928. W. G. Burcuors and P. C. Loltwerse, Z. 
Physiky vol. 67, p 605, 1931. 

•’ (\ iS. Barrett and L. H. Levensox, Trans. A.LM.E , vol. 137, p 112, 1940. 
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would exist with any amount of reduction, for it was found after 99.9 
percent reduction nearly as in Fig. 3. 



Fi(i. 2. 3 

Fi(i. 2. — Oiicntatioiib on inner faces of aliiniiiiiini l)lo(*kh aftoi 81 poicont mnipi es.sion. 
Optical determination, tlie orientations of the compiesbion axis of landonily clio.scn aicas, 
about 1 mm. m diameter, are indicated by small circles in the standard steieogiaphic piojoc- 
tion triangle bounded by the directions | [001], A [1 1 1], and I [01 1]. Note absence around 
[100] and [111] and wide, unsymmetneal scatter around [llOj. 

Fk 4 . 8 — Orientations in aluminum compiessed 98 percent by compiession i oiling. 
Shaded aieas on the projection indicate concentrations of oiientations, deduced fiom x-iay 
line intensities (iS, stiong; il/, medium; TF, weak). Copper and nickel give similai plots. 


The compression textures of nickel and copper -are almost identical 
with the texture .shown in Fig. 3, according to exporimcuifs by F. L. 

I.ayland and the author,* but the tex- 
ture of 70-30 bi'a.ss is different, as 
shown in Fig. 1. No (uystallites of 
a-bra.ss have [100] diri'ctions nc'ar tin; 
axis of compression, while a fair num- 
ber have [111] in this region; the con- 
centration around the [110] ]>o.sition is 
still predominant, and th(! range from 
[110] to [311] still persists.- 

Body-centered cubic metals have 
not be('n extensively invc.stigated for 
compre.ssion t(‘xtures. Iron has a dou- 
ble liber texture, with [111] and [100] 
parallel to the axis of compression. 
The weaker [100] component of this 
texture was not observed by some exi)erirn(!nters but is now wxill 
('stablished (see Fig. 5, in which the .spot at the top cent(>r is 

‘ K. L. Laylanu, unpublished senior thesis at Carnegie Institute of Technology, 
1941. 

* Unpublished results by the author. 



Fiu. 4. — Orit?ntations in 70-30 
brass oompicssed 97 percent by com- 
pression rolling (x-ray results). 
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caused by this component).^ Experiments of J. ,1. lleger and ihe 
author* show that an Fe-Si alloy containing 4.6 percent silicon also has 
the double texture. 

The hexagonal metal magnesium has a compression texture with the 
hexagonal axis parallel to the axis of compression.® The magnesium 
alloy Dowmetal has the same orientation after forging, although modi- 
fications can be produced.® 

Theories of Tension and Compression Textures. — It is not possible 
to account for the textures of polycrystalline metals by assuming that 
each grain rotates in the way a single crystal does. Not merely one or 
two, but several, sets of slip planes are active in each grain, because the 
grains are required to fit together without voids after the deformation. 
The more successful theories of 
deformation textures have differed 
chiefly in the number of slip sys- 
tems that are assumed to operate. 

Boas and Schmid® proposed that 
the three most highly .stressed slip 
systems are active and the defor- 
mation texture is composed of ori- 
entations which are stable under 
the action of slip of this kind. 

'Phat is, the rotations due to slip 
on these systems cancel one another 
when the stable position is reached. 

Uoas and Schmid were able in this 
way to account for both the [100] 
and the [111] components of the 
tension texture arid for the [110] 
compression texture of f.c.c. metals. 

When applied to b.c.c. metals Boas and Schmid’s theory predicts a 
[111] compression texture when (110) planes are the only slijj planes, 
and a double texture, [111] + [100], when additional slip planes of the 
type (112) are as.sumed. The same double texture would be expected 
on the basis of this theory if the slip systems are [110] -f [112] -{- [123].* 


'k 



Fig. 5. — Diffraction pattern for iron 
after compression. X-ray beam directed at 
14® to compressed sheet to show reflection 
from (100) planes lying in compression 
plane, which give spot at top center. Other 
prominent spots arc from [lllj texture. 


1 A. Ono, Mevi, Coll. Eng., Kyushu Imp. Univ., vol. 3, p. 267, 1025. C. S. 
Barrett, Trans. A.I.M.E., vol. 135, p. 296, 1939. 

* J. J. Heger, unpublished senior thesis, Carnegie Institute of Technology, 1941. 
^S. Tsubot, Mem. Coll. Sci., Kyoto Imp. Univ., yol. All, p. 375, 1928. 

^L. G. Morkf.e and J. D. Hanawalt, J. Applied Phys, vol. 3, p. 161, 1932. T. 
Norton, ^^Syniposiiini on Radiography and X-ray Diffraction,” p. 302, A.S.T.M., 
Philadelphia, Pa., 1936. 

^ W. Boas and E. Schmid, Z. tech. Physik, vol. 12, p. 71, 1931. 

* C, S. Barrett, Trans. A.I.AI.E., vol. 135, p. 296, 1939, 
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The tension texture is predicted to be [110]. The theory is thus in satis- 
factory agreement with the principal textures that are observed but does 
not agree with some of the minor textures, i or example, the compression 
texture of an Fe-Si alloy (4.6 percent silicon), in which slip is found to 
be only on (110) planes, has [111] + [100] textures while only [111] is 
predicted.^ Face-centered cubic metals have many crystallites in minor 
orientations not accounted for by the theory. Pickus and Mathewson** 
suggested that three or more slip systems operate leading to end positions 
in which the functioning slip directions are symmetrically disposed about 
the direction of flow so that the lattice rotations cancel one another and 
the resolved shear stresses are equal on each plane. The probability 
of occurrence of each of the end positions is assumed to be proportional to 
the cosine of the angle between the direction of flow and the activ(' slip 
directions — a factor suggested in order to take account of the component, 
of the movement on sli]) planes that is effective in producing the requircnl 
flow. It has been suggested that a minimum of two slip systems con- 
tributes to the dynamic ('(piilibrium of deformation textures,^ that all 
systems do,^ and that an indefinite number do,^ but theories along thes(i 
lines have not been fullj" developed. 

G. I, Taylor has worked out a theory of deformation textures that has 
a more rigorous basis than any ])revious oik'.® To permit any desired 
change of shape — such as will let grains (it together after deformation 
and will produce the same change of shape in th(i grains as in tluj aggre- 
gate as a whole — there must be at least live' slip systems operating.^ 
The principle of least work^^ governs the choice of systems that must 
operate. This princi})le states that the minimam number will function 
which can produce the recpiircd change in shape. This number is five, 
excej)t for special orientations. Furthermore, that group of five will 
be chosen for which the total w^ork of deformation will b(' less than for 
any other group. Taylor computed the work that would be n^iuired 
on every group of five slip systems that could be ehosem from the 12 
possible systems in aluminum. Then' arc 792 groups to l)e computed 
or ruled out by symmetry considc'rations of one kind or another, and 
Taylor considered all of these for ea(*h of 44 different oricnitations of 
aluminum single crystals. Having comjjutcd what groups of systems 
would operate at each orientation, he predicted in what direction the 

^ J. J. Heger, unpublishc'd senior thesi.s, Carnegie Institute of Teehnology, 1941. 

2 M. R. Pickus and C. II. Matuew’son, J. Inst, Metals, vol. 5, p. 555, 1938. 

® F. Wkveb, Trans. A.l.M.E., voJ. 93, p. 51, 1931. 

M. PoLANYi, Z. Physik, vol 17, p. 42, 1923. 

® C. S. Barrett, Trans. A. I M.E., vol 135, p. 296, 1939. 

® G. I. Taylor, J. Inst. Metals, vol. 62, p. 307, 1938; Stephen Timoshenko 60th 
Anniversary Volume,” p. 218, Macmillan, New York, 1938 

^ R. V. Mlses, Z. angew. Math. Mech., vol. 8, p. 161, 1928 
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5 15 

Fig. G. — Taylor\s calculjited lotatioius 
(if crystal axes in grains of a face-('entered 
cubic polycrystalline aggregate during 
cotnpression of 2.37 i^ercont. 


lattice would rotate. Some ambiguity arose when two groups gave 
the same minimum values of total work; a grain having an orientation 
in which this occurs will have a tendency to rotate in two or more direc- 
tions. Taylor remarked that in this case the direction of rotation can 
be a result of any combination of 
the two groups and thus can be any 
direction within a considerable range. 

Taylor's computed rotations for 
grains of f.c.c. metals during com- 
pression are plotted in Fig. 6.^ 'I'he 
rotation of the axis of compression 
is indicated by vectors originating 
at the orientation considered and 
extending in the direction of the 
calculated rotation. The length of 
the arrows corresponds to the rota- 
tion that should accompany a com- 
pression of 2.37 percent. Double 
arrows indicate equally favored sets 
of five slip systems; any direction that lies betw(x>n them could equally 
well occur. The predicted rotations of Taylor have bc^eii testcuP in indi- 
vidual grains of aluminum with an optical goniometer; the results are 

plotted in Fig. 7. In this figure the 
tails of the arrows are the initial ori- 
entations, the dots on the arrov s an^ 
the orientations after 11 percent com- 
pression, and the heads of tlu^ arrows 
those after 31 percent compression. 
When Figs. 6 and 7 are compared, it 
is found that about half the grains 
rotate as predicted by the theory, 
about a third do not, and thej rest are 
uncertain. 

It is possible to explain the dis- 
crepancies between Figs. 6 and 7 by 
considering that thcTc are nonuniform 
constraints on all sides of each grain 
affecting its strain and resulting in 
an irregular strain throughout the 
material. That this occurs cannot be questioned, for it is the origin 

^ This figure is derived from tlie published chart that applies to tension, which is 
reproduced in Fig. 9. 

2 C. S. Bakrett and L. IT. Levenson, Tmns. A.I.M.E., vol. 137, p. 112, 1940. 



Fig. 7. — Observed rotations of crys- 
tal axes in grains of aluminum during 
cfimpressioM. Arrows connect initial 
orientations with those after 11 percent 
(dots) and 31 percent (arrow heads) 
compression. 
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of the “orange-peel” surface sometimes encountered in deep-drawing 
operations, and it can readily be seen if a pair of polycrystalline blocks 

are placed together and compressed. 
Aft(;r deformation the inner sur- 
faces are roughened (1 ig. 8), clearl v 
showing that each grain deforms 
in a manner influenced by the flow 
of its neighbors and not in the 
simple homogeneous manner that 
can be computed from the change 
of shape of the blocks. Conse- 
quently the rotation in an individ- 
ual grain is not solely a function 
of the orientation of the grain. 
The theoretical predictions, on the 
other hand, were based on the. assumption that every grain changes 
its shape exactly as docs the whole. If one considei's Fig. 6 as 



Fi(i. 9. — Taylor’s calculated rotations for face-centered cubic polycrystalline grains 
during elongation of 2.37 percent. . 6 and 0 are angles of the specimen axes from [010] and 
[100] respectively. 

merely indicating th(^ general trends of lattice rotations, it is seen 
that the trends are downward and to the right, in (jualitative agrtfc- 



Fig. S. — Polycrystalline blocks of alumi- 
num with coarse grains compressed 22 per- 
cent. llurnpled surface.s show inhomoge- 
neity of the deformation. 
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ment with the observed rotations. This accounts for the observed com- 
pression texture, [110]. Furthermore, if one notes the regions in which 
the direction of rotation is uncertain, it will be seen that these correspond 
to the lower intensity regions of the pole figure (Fig. 3). 

The corresponding plot for tensional deformation is reproduced in 
Fig. 9. The airows here arc the reverse of those for the compression case, 
and their trend predicts a tension texture with [111] and [100] components, 
in agreement with experimental data. 

Unfortunately, Taylor’s mathematical solution of deformation tex- 
tures is highly complex and unwichly. To apply it to iron, which has 
slip on 48 slip systems, it would be necessary to consider all ways of 
choosing 5 from the 48, and there are no less than 1,712,304 ways of 
doing this. Even if considerations of symmetry and geometiy should 



(a) . (6) (c) 

Fig. 10. — Models of orientations assumed by grains of iron after compression, viewed 
from a point on the axis of compression, (a) [100] texture, (6) [111] texture, (c) deforma- 
tion bands, [100] and [111]. 

reduce the number of calculations that must be made to less than one- 
thirtieth of this number, as the f.c.c. problem, the problem is still pro- 
hibitive in its rigorous form.^ Neither Taylor's theory nor the ones that 
preceded it predicted deformation bands and the role they play in defor- 
mation textures. No theory has yet been advanced to account for the 
variation in tension textures with the different f.c.c. metals. 

Deformation Bands in the Compression of Iron. — A micrographic 
and x-ray study of the structure of iron after compression has shown how 
the individual grains contribute to the preferred orientations of the 
aggregate.* The rotation of a grain is conditioned by its original orienta- 
tion as follows; If it initially has [100] nearly parallel to the axis of com- 
pression, it will seek the [100] position and retain it. If it initially has 

* A vector plot can bo made of tho resolved shear stresses on each system and of 
the rotation direction that each would cause if acting alone (C. S. Barrett, Tram. 
A.I.M.E., vol. 135, p. 296, 1939), but this does not assist in applying the principle of 
least work. 

*C. S. Barrett, Tram. A.I.M.E., vol. 135. p. 296. 1939. 
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[111] near the axis of compression, it will seek and retain the [111] posi- 
tion. But if the initial orientation is I’cmoved from either of these two 
stable positions, the grain will subdivide into deformation bands and 
alternate bjinds will rotate to the [111] and [100] positions. 


Fig. 11. Fig. 12. 

. Fia. 11. — Model of polycrystalline iron after compression. 

Fig. 12. — Projection showing relative prominence of [100] texture (white segments of 
circles) and [111] texture (black segments) after compression, as a function of initial ori- 
entation of iron crystals. 

These three types of behavior are illustrated byanodels of compressed 
grains in which the orientations of unit cells are represented by blocks, 
Fig. 10. The structure of the aggregate, similarly illustrated in Fig. 11, 


Fig. 13. — llotation of a crystal of iron during successive stages of compression up to 72 

percent. 

is merely the sum of grains of all types. The contribution of a grain 
to each of the two final positions can be judged from its initial orientation 
and is indicated in Fig. 12, where the initial position of the compression 
axis for a number of crystals is plotted in a unit stercographic triangle 
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and the white and black segments of the circles show the relative promi- 
nence of the [100] and [111] components found after compression. X-ray 
measurements showing the rotation of the alternate bands in a crystal 
are plotted in Fig. 13, where the circular regions indicate the positions 
of the compression axis after various compressive deformations up to 
72 per cent reduction in thickness, at which point the final texture was 
reached. 

Deformation Bands in the Compression of Aluminum. — Individual 
grains of aluminum appear to undergo a more haphazard distortion during 
compression than do grains of iron.^ Typical grains contain a spread in 
orientatiomas high as 10° after a 10 percent reduction in thickness. This 




Fiq. 14. Large-grained aluminum compressed 44 percent, etched to reveal deforma- 

tion bands and inhomogeneous orientations. XI. 

Fig. 15. — DependeiKje of banding tendency, during compression, on initial orientation 
of graiins of aluminum. (O) grains forming bands; (O) no bands; (C) uncertain, irregular 
orientations. 


is increased to a maximum of about 30° after 30 percent reduction and a 
maximum of about 50° after 60 percent reduction. The spread in 
orientation is usually much greater than the average rotation of the mate- 
rial in the grain and is of a random nature that follows no simple rules; 
grains of identical orientation rotate and spread indifferent directions, pre- 
sumably owing to perturbations in the direction of flow caused by neigh- 
boring grains.^ As will be noted in Fig. 14, deformation bands are 
especially prominent in grains of certain orientations. The orientation 
dependence of the banding tendency is plotted in Fig. 15, where filled and 
partly filled circles indicate the initial orientations of grains which subse- 
quently formed bands or irrcgidaritics in orientation and open circles 
indicate the initial orientations of those which did not. Frequently the 


‘C. S. BAHRF/rr, Trans. A.I.M.E., vol. 135, p. 296, 1939. 

*C. S. Barrett and L. H. Levenson, Tram. A.I.M.E., vol. 137, p. 112, 1940. 
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boundaries of the bands are initially along cube planes, but with further 
deformation they become curved. 



Fig. 16. — Transverse section of Fig. 17. — Diffraction pattern f)f a 

elongated iron crystal showing curved crystal similar to Fig. 16. X-ray beam 
deformation bands. • parallel to axis of elongation. 

The compression texture of aluminum is not a set of stable orientations 
retained by crystallites when once reached by them ; instead, it is a large 

range of orientations within which the frag- 
ments are constantly moving during defor- 
mation. It seems to represent merely a 
statistical equilibrium between a tendency 
to rotate away from [111] and [100] directions 
toward [110] and an opposing tendency to- 
ward randomness. 

Deformation Bands in the Elongation of 
Iron. — During drawing, swaging, or elongat- 
ing in tension individual grains of iron also 
take up increasingly wide ranges of orienta- 
tion. ‘ The spread is usually greatest in the 
azimuthal direction around the wire. De- 
formation bands form on crystallographic 
planes of the form [100] and [111] in the 
early stages of deformation, and the subse- 
quent curving of these bands, their inter- 
penetration, and the lattice rotation within 
them contribute to the scatter in orientation 
and sometimes produce a complete [110] 
fiber texture in a single grain. Figure 16 is a 
l)hotomicrograph of a single crystal deformed to simulate the deforma- 
1 C. S. ]5AKm;ri’ and 1^. H. Lbvknson, Tram. A.I.M.E., vol. 13.5, p. 327, 1939. 



Fig. 18. — Model of deforma- 
tion band in a crystal of iron 
drawn into a wire. 
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lion of a grain in an aggregate during elongation. It exhibits marked 
bands. Figure 17 is the x-ray pattern for such a crystal, with the 
x-ray beam parallel to the axis of elongation, showing a large range of 
orientations around the axis. Wire forming processes force the defor- 
mation bands to swing into positions more and more closely parallel to the 
axis of the wire as the length of the wire increases and its diameter 
decreases. Such a structure may be represented by the model photo- 
graphed in Fig. 18. ‘ 

Textures produced in wires by recrystallization after cold drawing are 
discussed in the following chapter, together with other recrystallization 
textures. 

ROLLING TEXTURES 

It was recognized by the early x-ray investigators of cold-rolled metal 
that i)referred orientations must be specified in terms not only of the crys- 
tallographic directions parallel to the direction of rolling but also of the 
crystallograj)hic planes parallel to the plane of the rolh'd sheet. ^ The 
orientations found in greatest frequency can be readily described by 
choosing one or two ideal orientations, but the details of the scatter about 
these ideal orientations can be specified only by listing a considerable 
number of less prominent orientations somewhat arbitrarily chosen. A 
less artifi(nal description is possible by constructing a map of the orienta- 
tion distribution — a pole figure (c/. Chap. IX). It has seemed advisable', 
therefore, to present much of the data of this chapter in the form of pole 
figures. 

Face-centered Cubic Rolling Textures. — The principal orientation for 
all cold-rolled f.c.c. metals is one in which a plane of the form {110} is 
parallel to the rolling plane and a direction of the form < 112 > is parallel 
to the rolling direction, which may be written (11())||R.P. [112]|[R.D. or 
simply (110)[112]. Metals having this principal texture arc Cu,* Al,t 
Ni,t Pt,§ All, l|andAg,^[ aswellasface-cciitercd alloys of Cu-Zn,**Cu-vSn,^l 

1 II. Mark and K. Weissknbjorg, Z, Physik, vol. 14, p. 328, 1923; vol. 16, p. 314, 
1923. 

* G. Tammann, J, Inst. Metals j vol. 44, p. 29, 1930. E. Schmid and F. Staffkl- 
n vcH, Schweiz. Arch, angew. IFiss. Tech., vol. 1, p. 221, 1935. W. Iwkronowa and G. 
kScudanow, Tech. Phys. U.JS.S R , vol 1, p. 64, 1934. 

t E. A. OwKX and G. D. Prkston, Proc. Phys. Sac. {London), vol. 38, p. 132, 1925. 
G. V. Vargha and G. Wassermann, Metallwirtschaft, vol. 12, p. 511, 1933. 

t E. Sc'HMiD and F. Staffelbach, Schweiz. Arch, angew. IFm. Tech., vol. 1, p. 221, 
1935. 8. T. Konobejewski, Z. Physik, vol. 39, p. 415, 1926. 

§ S. Tanaka, Mem. Coll. Sci. Kyoto Imp. Univ. (A), vol. 8, p. 319, 1925; vol. 9, 
p. 197, 1925. 

II G. Tammann, J. Inst. Metals, vol. 44, p. 29, 1930. 

H F. v. Goler and G. Sa(^hs, Z. Physik, vol. 41, p. 873, 1927; vol. 56, p. 477, 1929. 

F. V. Goler and G. Sachs, Z. Physik, vol. 41, p. 873, 1927; vol. 56, p. 477, 1929. 

IwERONOWA and G, Schdanow, Tech. Phys IJ.S.S R , vol, 1, p. 64, 1934, A. Bass 
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Au-Ag,* Fe-Ni,t Cu-Ni (40 percent nickel, constantan),* and dilute lead 
alloys (for example, 0.26 percent calcium).! The only exception seems 
to be rolled lead,§ which probably recrystallizes during rolling and thus is 
not cold-rolled. 

To describe the other orientations also present in many of these metals 
the indices (112)[111] are generally used;^ so the rolled textures of 
aluminum, copper, gold, nickel, and the f.c.c. alloys of th*e Fe-Ni system 
can be listed as (110)[112] plus (112)[llT]. The second of these two 
orientations is weak in silver* and is absent in a-brass containing 5 i)er- 
cent or more of zinc according to some investigators^ but is present 
according to others.® 

In addition to the two principal orientations listed above, traces of the 
orientation (100)[001] have been found in Fe-Ni (35.6 percent nickel),' 
in 70-30 brass, ^ and in copper;® weak orientations of the tyj^e (1 10)[001J 
have been noted in copper,® as well as an orientation near (124) [533] or 
(236)[533]. The indices (125)[533] have also been used for aluminum, 
copper, gold, and nickel,® and the indices ( 135) [2 1 1 ] for copper. * 1 1 must b(! 

pointed out that different observers will list different ideal orientations f(jr 
textures that are fundamentally the same. This is the principal argument 
in favor of the use of pole figures to describe the experimental data. 
Even pole figures, as usually produced, are not free from subjective errors 
and are somewhat influenced by the nature of the radiation u.sed (for 
example, white vs. characteristic), absorption effects, exposure time's, etc. 
But they prcvsent a more complete and unbiased description of the texture* 
than any other method in common use. 

The pole figures for (111), (100), and (110) poles in rolled aluminum, as 
plotted by Goler and Sachs,* are given in Fig. 19. Pole tigi:res for rolled 
copper and brass accoi’ding to Iweronowa and Schdanow® are reproduced 


and R. Glockbk, Z. Metallkunde, vol. 20 p, 179, 1928. R. M. Bbick, Trans. A /.- 
M.E., vol. 137, p. 193, 1940. 

* F". v. Golkr and G. Sachs, Z. Physik, vol. 41, p. 873, 1927; vol. 56, p. 477, 1929. 
t G. Sachs and J. Sphktnak, Metals Tech., Tech. Pub. 1143, January, 1940. W. 

G. Bukgebs and J. L. Snoek, Z. Metallkunde, vol. 27, p. 158, 1935. 
f H. Hirst, J. Inst. Metals, vol. 66, p. 39, 1940. 

§ W. Hoffmann, Z. Metallkunde, vol. 29, p. 266, 1937. 

* G. Sachs and J. Spbetnak, Metals Tech., Tech. Pub. 1143, January, 1940. 

® W. IwEBONowA and G. Schdanow, Tech. Phys. U.S.S.R., vol. 1, p. 64, 193 1. 

® 0. Dahl and F. Pawlek, Z. Metallkunde, vol. 28, p. 266, 1936. F. Pawlek, Z. 
Metallkunde, vol. 27, p. 160, 1935. R. M. Brick and M. A. Williamson, Trans. 
A.I.M.E., vol. 143, p. 84, 1941. 

^ R. M. Bbick and M. A. Williamson, Trans. A.I.M.E., vol. 143, p. 84, 1941. 

® O. Dahl and F. Pawlek, Z. Metallkunde, vol. 28, p. 266, 1936. F. Pawlek, 
Z. M etallkunde, vol. 27, p. 160, 1935. 

^ C. S. Barrett and F. W. Stbauman, Trans. A.I.M.E., vol. 147, p. 57, 1942. 
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in Figs. 20 to 22. Schmid and Staffelbach’s pole figtires’ for copper and 
nickel differ from Fig. 20 only in a few details. Brick’s results- on 70-30 
brass rolled to a reduction of 99 percent and v. Goler and Sachs’s pole 
figures for 85-15 brass rolled 98.8 percent agree in most respects with 
Figs. 21 and 22.® Hirst’s results for rolled lead containing 0.26 percent 
calcium are similar to Fig. 20 but are not entirely similar to those 
obtained by Hoffmann® for lead plus 2 percent antimony. 

In Fig. 23 arc plotted several ideal textures falling within the intense 
areas of these pole figures. Brick concludes that a considerable part of 
the metal in rolled brass has (110) in the rolling plane and a spread of 
oiientation from [113] to [117] in the rolling direction. From an analysis 
of I'olled single crystals it appears that this entire spread from [113] to 
[117], together with “complementary orientations” symmetrical with 
th('se in the planes of symmetry of the rolling process, can be generated 
in a single brass crystal; identical results have been obtained with a cop- 
per crystal® having the initial orientation (110)[001J. Large ranges of 
oriemtation are, in fact, generated in most copper crystals dtxring rolling,® 
and so it is probable that most of the ideal orientations of Fig. 23 are 
not truly stable — with the exception of (110)[112], which remains a 
pseudo-single ciystal even after 97.6 percent reduction.® 

The presence of the /3 phase in 62-38 brass makes no detectable 
difference in the texture of the a phase, but merely takes up its typical 
b.c.c. texture independently of the a phase. The background intensity, 
corresponding to unoriented crystallites, iiuin^ases with the percentage 
of zinc.’’ 

A degree of correlation exists between rolling textures and the simple 
elongation and compression t(!xtures, as if the rolling process could be 
considered as the superposition of elongation in the rolling direction and 
compression normal to the rolling plane.® While the fundamental 
significance of this correlation may be problematical, it affords an inter- 
esting basis for comparing textures of f.c.c. materials. Thus the wire 
textures of silver and brass should resemble each other and differ from that 
of aluminum, which has no crystallites with [100] in the wire axis. This is 
in agreement Avith the observations on rolled textures. Similarly, the 

1 E. Schmid and F, Staffklbach, Schweiz, Arch, angew, lEiss. Tech , vol. 1, pp. 221^ 
1935. 

2 R. M. Brick, Trans, vol. 137, p. 193, 1940. 

3 For additional data on copper alloys see the recent results of Brick, Alartin, and 
Angler reviewed on p. 430. 

^ W, Hoffmann, Z, MetallkumJcj vol. 29, p. 266, 1937. 

® C. S. Barrktt and F. W. Steadman, Trans. A.I.M.E.^ vol. 147, p. 57, 1942. 

® H. C. Vacher, J. Research Natl. Bur, Standards, vol. 26, p 385, 1941. 

7 W. Iweronowa and G. Schdanow, 'Tech, Phys. U.S.S.R., vol. 1, p. 64, 1934. 

8F. Wever, Trans, A.LM.E,yo\, 93, p. 51, 1931. 



c, Dodecahedral planes, (110). c (110). 

Fig. 19. — Pole figures for rolled alunii- Fig. 20. — Pole figures for rolled copper, 

nuin, for 99.6 percent reduction in thick- for a reduction of 97.7 percent. {Iwero- 
ness, (v, Odler and Sacha.) nowa and Schdanow ) 









c (110). 

Fio. 21. — Pole figures for rolled brass 
(95 % Cu, 5 % Zn) for a reduction of 97.7 
percent. {Iweronowa and Schdanow,) 


c (110). 

Fio. 22. — Pole figures for a phase in 
rolled brass of 62 % Cu, 38 % Zn (similar 
texture found in 80-20 brass). (Iwero" 
nowa and Schdanow.) 






a (111). 
RD 



h (100) 
PD 



c (110). 

Fig. 23. — Pole figures^ for ideal orientations of face-ceriteied cubic textures (compaic 
with Figs. 19 to 22). Orientations indicated as follows: Q (110)[112], A (112)[111J, 
O (236) [5331), X (110) [001], • (100) [001]. 
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compression texture of brass contains a [HI] component that is missing 
from copper, and the corresponding differences will be noted in Figs. 20a 
and 22a at the center of the pole figures for the rolled material. 

Surface Textures in Face-centered Cubic Metals. — Rolled sheets and 
foils less than about 1 mm. in thickness are homogeneous in texture 
throughout their thickness,* but thicker ones are likely to have a texture 
on the surface which differs from that in the interior. (This is analogous 
to the condition in drawn wires of small and of large diameter.’*) 

Vargha and Wassermann obtained the texture of Fig. 24 on the surface 
of an aluminum sheet 5 mm. in thickness. This orientation extended to a 

FD 


TO 


Fig. 24. (100) i^ole figure for the outoi layers of i oiled aluininiim of 5 mm. thickness. 

Crosses give ideal (100)1011] position. (Vargha and Wassermann.) 

depth of about 1.2 mm. and then gave way to an inner texture similar to 
that of Fig. 19. The surface orientation centers around the position 
(100)[011], as will be seen from the position of the crosses in Fig. 24. 
When several sheets of metal are rolled together, the inhomogeneity in 
texture is different for the outer and inner sheets of the pack.^ There docs 
not appear to be an explanation of the surface texture in terms of inclined 
flow of the sort that seems to account for the zonal texture of wires. ^ 
Straight and reversed rolling do not produce different textures, at least in 
copper strip,® but since the nature of flow at the surface is dependent upon 
roll diameter and reduction per pass it seems probable that surface tex- 
tures are influenced by these variables. 

1 E. Schmid and F. Staffelbach, Schwetz. Arch, angew. TFiss. Tech.^ vol. 1, p. 221, 
1935. W. G. Burgers and F. L. Snoek, Z. Metallkunde, vol. 27, p. 158, 1935. F. 
Pawlek, Z. Metallkundcy vol. 27, p. 160, 1935, 

*G. Vargha and G. Wassermann, Metallwntschaft, vol. 12, p. 511, 1933. 

3S. T. Konobejewski, Z. Physik, vol. 43, p. 741, 1927. 

* G. Wassermann, ^^Texturen metallischer Werkstoffe,^’ Springer, Berlin, 1939. 

® H. V. Anderson and G. L. Kehl, Metals tfc Alloys^ vol. 8, p. 73, 1937. 
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Deformation Bands in Rolled Face-centered Cubic Metals* — Tho 

optical goniometer shows the role of deformation bands in developing the 
rolling texture.^ After high i*ediictions each band has a mean orienta- 
tion within the more intense regions of the polycrystalline pole figure. 
In many instances, the bands within a single grain are oriented sym- 
metrically with respect to the rolling and normal directions of the sheet 
(i.e., their orientations are mirror images of each other in the plane of the 
sheet or in the rolling direction-normal direction plane). T^us the 
development of ‘'complementary'’ orientations in the sheet frequently 
occurs within individual grains as well as in the aggregate as a whole. 

In photomicrographs of sections normal to the transverse direction, it 
has been noted that the deformation bands in the early stages of rolling- 
lie at various angles to the surface and as rolling progresses are flattened 
into thin lamellae parallel to the surface, as a consequence of the elonga- 
tion and thinning of the grains. 

The microstructure of rolled copper and brass is complex, and doubt- 
less it would be an oversimplification to say that all the markings are 
deformation bands of some simple type. However, Brick^ notes that 
pronounced strain markings accompan}^ the development of complemen- 
tary orientations in a single crystal of brass. It is known also that 
macroscopic deformation bands in large-grained copper are often of 
complementary orientations,^ X-ray experimentsandieat(5 that deforma- 
tion bands, not deformation twins, constitute the principal mechanism of 
fragmentation by w-hich complementary orientations are produced in the 
grains of cubic metals,'* but the i)ossibility that microscopic or sub- 
microscopic twins exist cannot be dismissed. 

Body-centered Cubic Rolling Textures. — The numerous determina- 
tions of the texture of cold-rolled iron and steel have been in satisfactory 
agreement as to the principal features of the texture (with the exception 
of a few conclusions that apparently have been based on insufficient data). 
The texture is chiefly one in which [110] directions of the grains lie along 
the direction of rolling — with a deviation of a few degrees — and (001) 
planes lie in the plane of the rolled sheet, with a deviation from this 
position chiefly about the rolling direction as an axis.® 

1 C. S. Barrett and F. W. Steadman, Trans. AJ.M.E., vol. 147, p 57, 1942. 

2 R. M. Brick, Imrans. A.I.M.E.^ vol 137, p. 193, 1940. 

* C S. Barrett and F. W. Steadman, Metals Tech., vol. 9, Tech. Pub. 1430, 
February, 1942. H. C. Vacher, J. Research Nall. Bur, Standards, vol. 26, p. 385, 

1941. 

* C. S. Barrett and F. W. Steadman, Metals Tech., Tech. Pub. 1430, February, 

1942. 

Jeffries, Trans. A.I.M.E., vol. 70, p. 303, 1924. S. T. Konobejewski, Z. 
Physik, vol. 39, p. 415, 1926. F. Wbver, Mitt. Kaiser-Wtlhelm Inst. Eisenforsch., 
Dusseldorf, vol. 5, p. 69, 1924; Z. Physik, vol. 28, p. 69, 1924; Trans. A.I.M.M.E., vol. 
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Orientations are found that are rotated about the rolling direction, 
[110], various amounts up to 45 or 55° each way from the ideal (001) 
position^ — usually about 50° in mild steel.*'* The range of this deviation 
is a function of the percentage of total reduction. * Post^ reported that 
it decreases with increasing reduction, but apparently he studic^d only 
the surface material, which Gensamer and MehP found to be somewhat 
differently oriented from the material in the inside of the sheet. McLach- 
Ian and Davey® found that the deviation also decreases with increasing 
percentage of total reduction for the material in the interior of the sh(*et 
and is independent of the reduction j)er pass. 

The deviation about the cross dire(;tion as an axis (the direction in 
the plane of rolling 90° to the rolling direction) varies^ under different 
conditions from about 20 to 6°, decreases with increasing percentage 
reduction,'^ and in the surface layers decreases with increasing roll 
diameter.^ Kxact comparison among the results of different observers is 
meaningless, for th(i crystallites decrc^ase in numlx'r with increasing 
deviation from the ideal orientation,^ and th(^ limit that is observed 
depends greatly upon the x-ray techniipie, e.gf., length of exposure, use 
of white or characteristic radiation, reflex. tion of the beam from the 
surface or transmission through the sheet, and grain size of the 
material. 


93, p. 51, 1931. G. Kurdjumow and G. Sachs, Z Phystk, vol. 62, p. 592, 1930. 
Gknsamkr and R. F. IVIrhl, Trans. A. I Af.E., voL 120, p. 277, 1936. B. Post, 
Tians. A.S.M.j vol. 24, p. 679, 1936. U. M Bozorth, Phys. Hev.j vol. 50, p. 1076, 

1936. 

^ F. Wever, Mitt. KaisevAV ilhelm Inst. Em^nforsch. Dusseldotf^ vol. 5, p 69, 1924; 
Z. Physik, vol. 28, p. 69, 1924; Trans. A I.M.E , vol. 93, p. 51, 1931. G. Kurojumow 
and G. Sachs, Z. Physik^ vol. 62, p. 592, 1930. R. M. Bozorth, Phys. Rev.j vol. 50, 
p. 1076, 1936. 

2 G. Kurdjumow and G. Sachs, Z. Physik^ vol. 62, p. 592, 1930. M. Gensamkr 
and R. F. Mehj., Trans. A.I.M.E., vol. 120, p. 277, 1936. C. B. Post, Trans. A.S.M , 
vol. 24, p. 679, 1936. 

C. B. Post, Trans. A.S.M.y vol, 24, p. 679, 1936. D. L. McLachlan and W. P. 
Davey, Trans. A.S.M. ^ vol. 25, p. 1084, 1937. 

K). B. Post, Trans. A.S.M vol. 24, p. 679, 1936. 

^ M. Gensamer and R. F. Mehl, Trans. A.I.M.E.^ vol. 120, p. 277, 1936. 

L. McLachlan and W. R Davey, Trans. A.S.M.y vol. 25, p. 1081, 

1937. 

’ F. Wever, Mitt. Kaiser-Wtlhelm Inst. Eisenforsch. Dusseldorfy vol. 5, p. 69, 1924; 
Z. Physik, vol. 28, p. 69, 1924; Trans. A.I.M.E., vol. 93, p. 51, 1931. G. Kurdzumow 
and G. Sachs, Z. Physik, vol. 62, p. 592, 1930. M. Gensamer and R. F. Mehl, 
Trans. A.I.M.E., vol. 120, p. 277, 1936. C. B, Post, Trans. A.S.M., vol. 24, p. 679, 
1936. R. M. Bozorth, Phys. Rev., vol. 50, p. 1076, 1936. D. L. McLachlan and 
W. P. Davey, Trans. A.S.M., vol. 25, p. 1084, 1937. 

8D. L. McLachlan and W. P. Davey, Trans. A.S..M., vol. 25, p. 1084, 1937. 
R. M. Bozorth, Trans. A.S..M., vol. 23, p. 1107, 1935, 
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Typical pole figures for rolled iron are reproduced in Fig. 25, after 
Kurdjumow and Sachs.* The reduction was 98.5 percent from an initial 
thickness before cold rolling of aliout 0.8 mm. Certain of the less promi- 
nent orientations wore described by Kurdjumow and Sachs with the ideal 




a ( 110 ) h ( 100 ). 

Fiti. 25. — Pole hguie.s fot iioii i educed 98.5 percent by cold rolling. Ideal orientations 
indujated a& follows [J (100)[()11], 0 (112)[lioj, A {111)[U2|. (Kurdjumow and Sachs,) 


RD. s RD 



a (110). h (100). 

Fio. 20 — Pole figures for iron-.sihcon alloy (4.0 % Si) cold-rolled 96 percent. 


orientations (112)[lT0] and (111)[112], which are indicated in Fig. 25. 
Gensamer and MehP obtained a pole figure in mild steel (0.05 percent 
carbon) rolled 99 percent that was slightly sharper than that of Fig. 25 
but was otherwi.se similar. 

' G. Kurdjumow and G. Sachs, E. Physik, vol. 62, p. 592, 1930. 

* M. Gensamer and R. F. Mbhu, Tram. A.I.M.E., vol. 120, p. 277, 1936. 
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Pole figures for ferrite containing 4.6 percent silicon are practically 
identical with those for pure iron, as will be seen from Fig. 26, and the 
same is true of an alloy with a lower silicon content.^ Nickel in solid 
solution in ferrite, judging by experiments of McLachlan and Davey,* 
seems to decrease merely the intensity of those ori- 
entations having (111) in the plane of the sheet (the 
orientations of the compression texture); the prin- 
cipal orientations, however, are similar to those in 
iron. 

A moi’c complete understanding of the rolling 
texture was obtained from a study of single crystals 
deformed to simulate the deformation of individual 
grains of an aggregate.® Depending on the initial 
orientation of both the normal and the rolling direc- 
tions, certain crystals maintained a reasonably .sharp 
single orientation during rolling; others rotated into 




Fio. 27. Fig. 28. 

Fig. 27. — (100) pole figure for rolled iron with various ideal orientations shown as 
follows: (ia0)[011J; B, (115)[110J; C, (113)1110]); D, (112)[U0J; E, (111)[1101; F, 

(111)[112]. Heavy full lines represent a continuous set containing A to i>. Dashed circle 
is a second continuous Iset containing E and F. 

Fig. 28. — Model illustrating various ideal orientations stable in rolled iron. Header is 
looking at rolling plane, with rolling direction vertical. Orientations are lettered to cor- 
respond to Fig. 27. ^ . 


two or more such orientations, and some fragmented into a texture that 
resembled the polycrystalline texti>re. Rotation of crystals and frag- 

1 C. S. Barrett, G. Ansel, and R. F. Mehl, 7'rans, A.LM E.^ vol. 125, p. 516, 
1937. 

* D. L. McLachlan and W. P. Davey, Trans, A.S,M,y vol. 25, p. 1084, 1937, 

5 C. S. Barrett and L. H. Levenson, Trans. A.LM.E., vol. 145, p. 281, 1941. 
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merits occurred such that the final orientations of the crystals were within 
the shaded areas of the polycrystalline pole figure, w^hich, of course, must 
represent the sum of the end positions sought by the individual grains. 

In Fig. 27, which is a typical pole figure for (100) planes of ferrite, the 
rolling texture can be interpreted as the sum of the ideal positions A to 
FA A model illustr-ating each of these or'icntations is shown in Fig. 28. 
The single-crystal studies show that these ideal positions have no special 
significance since the intermediate positions arc equally numerous after 
rolling. It seems better, therefore, to sa}^ that ther’e arc two continuous 
sets of end positions: (1) a set including the orientations C, and Z), 

having the [HO] direction parallel to the rolling direction and the (001) 
plane at any angle up to 45 or 55° from the rolling plane; and (2) a set 
including the orientations E and F, having the (111) plane in the plane 
of the sheet and all possible i)ositions of the rolling direction in this plane. 
The spread in orientation of a crystal that rotates into the first set is 
chiefly a spread about the rolling direction as an axis, while the spread 
for the second set is chiefly about the normal to the rolling plane. 

The principal orientations in cold-rolled molybdenum are similar to 
those in iron, centering in the position (100)[011]. Jeffries-* showed 
that the [Oil] directions deviated some 10° and the (100) about 13° 
from the ideal position, and Fujiwara** found a similar spread. Patterns 
made by Ransley and Rooksby^ on molybdenum reduced 88 percent by 
straight rolling show a spread about the rolling direction as an axis that is 
of the same order as the spread with iron. Thus, in the absence of a 
complete pole-figure study of molybdenum, it may be assumed that the 
orientations are substantially the same as those in iron. 

Theories of the Rolling Textures.- - The flow' of metal during I’olling is 
such as to lengthen the rolled sheet at the expense of its thickness, leaving 
the w'idth unchnnged. If the sheet w'ere apprecialfly w’idened, the flow 
would be eejui valent to a superposil ion of tJongation in th(^ direction of 
rolling and comi)]ession in the direction normal to the sheet. This 
approximation to the flow is the basis for Wever\s suggestion that cold- 
rolling textures are the superposition of tension and compression textures.^ 
Let us see how this theory compares with th(i observed rolling texture of 
iron described in the prec(xling section. The first set of end positions, 
which corresponds to the tension texture, is composed of grains whose 
chief spread is around the tension axis, just like the grains in a drawn 

^ C. S. Barrett, G. Ansel, and li. F. Mehl, Tram, A.I,M,E,j vol. 125, p. 516, 
1937. 

®Z. Jeffries, Tram, A,LM,E,j vol. 70, p. 303, 1924. 

®T. Fujiwara, Proc, World Eng, Congr, Tokyoj 1929, vol. 36, p. 179, 1931. 

^ C. E. Ransley and H. P. Rooksby, J, Inst. Metals^ vol. 62, p. 205, 1938. 

® F. Wever, Mitt. Kaiser Wilhelm I mi. Eisenforsch. Diisseldorf, vol. 5, p. 69, 
1924; Z. Phystkj vol. 28, p 69, 1924; Traris. A.I.M.E.j vol. 93, p. 51, 1931. 
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wire/ while the second set, corresponding to the compression texture, has 
large spreads around the compression axis, like the [111] component of the 
true compression texture.* Yet, as has been pointed out by Gensamer 
and Mehl,* the theory fails to explain why the complete tension texture 
does not appear; there is no material with [110] in the rolling direction 
having (001) at an angle to the rolling plane between 55 and 90®. Fur- 
thermore, only one orientation of the minor constituent of the compression 
texture* is present, viz., (100)[011]. In fact, there are only two end 
positions consistent with the requirements of both tension and compres- 
sion, viz., A and E of Fig. 28. 

The three “ideal” orientations used by Kurdjumow and Sachs to 
de.scribe the texture, (100)[011], (I12)[ll0], and (111)[112], have been 
found to be end orientations of single crystals, but the rest of the poh? 
figure is not adequately explained as a spread about these three orienta- 
tions alone, for thei’e are, in fact, two continuous sets. 

No theory has been worked out to date that will predict these end 
positions of the rolling texture on rigorous grounds. The complexity 
of the slij} mechanism in iron mak(*s Taylor’s method^ extremc'ly labo- 
rious; it has not yet been applied to any rolling texttire. Boas and 
Schmid cxtend(;d their thciory of tension and compression textures 
(pag(' 387) to rolling textures by assuming that only those slip .systems 
operate in rolling which lead to a thinning of the .sheet. This excludes any 
slip s}^stem having a .slip dir(*ction in the rolling plane or a slip plane! 
perpendicular to thc! rolling plane. With these excludenl, the three most 
highly stre.ssed slip systems should rotate! the giains of f.c.c. metals into 
the texture (110)[112]. This is the piincipal ideal te.xture of most face'- 
centered cubic metals. 

The thee)ry advanced by Pickus anel Mathewson (page 388) when 
applieel to cold-rolleel f.c.c. medals gives the fedlowing list of stable! 
orientations in the order of decreasing frequency of their occurrence, with 
the me).st prominent first; (110)[Tl2], (l()0)[001], (110)[001], (112)[llT], 
(010)[101], (l()l)[101]. The list is in satisfying agreemient with the kleal 
textures that have been listed by various experimenters. 

The Layer Structure of Rolled Steel. — Preferred orientations in rolled 
sheets are not always homogeneous throughout the thickness. Gensamer 
and MehP found that the .surface layers in a sheet of mild steel reduced 
85 percent by cold rolling had tlu! texture of Fig. 29a, whereas the interior 
had the texture of Fig. 296. After a reduction of 99 percent, however, the 

> C. S. Barrktt and L. H. Lkvenson, Trans. A.I.M.E., vol. 13.5, p. 327, 1939. 

* C. S. Barreto, Trans. A.I.M.E., vol. 135, p. 296, 1939. 

* M. Gensamer and R. F. Mehl, Trans. A.I.M.E., vol. 120, p. 277, 1936. 

^G. I. Taylor, J. Inst. Metals, vol. 62, p. 307, 1938; “Stephen Tinio.shenko, OOtli 
Anniversary Volume,” p. 218, Macmillan, New York, 1938. 
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layer effect was probably much less, for the over-all texture closely resem- 
bled that of Fig. 25. 

The layer structure and its change with the degree of reduction may 
account, in part, for early obH('rvations^ that the rolling texture changed 
in type; during the rolling proces.s. P'or example, an x-ray beam directed 
normal to the sh(!et would give a pattern in which the inner Debye ring 
would have six maxima if the texture in the sheet were that of Fig. 296, 
but only four maxima if it were that of Fig. 29a. • (This can be seen if one 
notes the number of places in which the reflc'ction circle would cut the 
heavily shaded regions of the polo figures.) Consequently, what is 
m<!i ely a modification of the texture might appear, on the basis of a single 
x-iay pattern, to be a fundamental change in the texture. 



Fig, 29.— (110) polo figtiroh for layers in a slieet of inihl stool redurod 85 poroont by 
cold lolling (a) outside layoi of sheet, (5) inside of sheet (oiitei layeis etched off). (Crvnm'- 
mtT and MehL) 


The origin of the surface texture i.s uncertain, but two possible 
explanations might be mentioned. (1) As is believed to be true in the 
zonal texture of wires, the flow of metal at the surface is different from 
the flow at the center; for e.xamplc, the otiter layers may shear over the 
inner ones. (2) The texture of the outside of the shced may be produced 
by partial reciystallization of the outer layers, possibly caused by 
temperatures momentarily exceeding the recrystallization temperature 
of the severely worked metal. 

Variables Affecting the Texture of Steel. — Preferred orientations 
develop gradually when a sheet is given increasing reductions. When 
x-ray patterns are made with the beam perpendicular to the sheet, the 
preferred orientation maxima on Debye rings first appear at reductions 

• W. A. Sisson, Metals <?• Alloys, vol. 4, p. 193, 1933. G. Tammann and A. 
[lioiNKSL, Arch Etsenhullenw., vol. 1, p. 663, 1928. 
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in the neighborhood of 30 to 60 percent. The first traces can be detected 
more easily with fine-grained sheets and by the use of an integrating 
camera that shifts the specimen under the beam during the exposure. 
The texture can be detected at earlier stages if the reflection circle is made 
to pass through the most intense maxima of the pole figure. Sisson^ 
noted the beginnings of the texture with 10 to 30 percent rediictions 
when the beam was directed along the transverse direction of the sheet 
(normal to the rolling direction and parallel to the plane of the sheet). 
Goss^ gives 6 to 15 percent for this figure with commercial mild steel, but 
the effect of his small reduction may have been only to smear out the 



I'lG. 30. — Pattern for rolled .steel with iiiteii.so spot (top eentei ) from (110) planes normal 
to rolling direction (beam 80° from rolling direction, 10° from normal direction). 

individual spots so as to render visible a texture present befor(> rolling — a 
device that has been used as a substitute for an integrating camera.^* 
Since more crystallites have their (110) planes normal to the rolling direc- 
tion than in any other position, it follows that the most sensitive way to 
pick up faint orientations is to reflect from these. This may be done by 
directing the x-ray beam at an angle B to the sheet normal and along the 
plane containing the normal and the rolling direction, where 0, the Bragg 
angle for the radiation used, is about 7° for the usual white radiation or 
10® for molybdenum Ka radiation. This position puts the reflection 
circle through the rolling direction and yields the type of pattern shown 
in Fig. 30. Slightly better sensitivity should be obtained with the beam 
parallel to the plane of the sheet and 6 from the transverse direction, 
although this is less convenient. 

' ^\^ A. Sisson, Metals & Alloys j vol. 4, p. 193, 1933. 

2 X. P. Goss, Metals A AlloySy vol. 7, p. 131, 1936; Tram. A.S.M.^ vol. 23, p. 511, 
1935. 

G. Sachs and J. Spkktnak, Metals Tech,^ Tech, Pub, 1143, January, 1940. 
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Sisson studied the effect of several variables on the texture of rolled 
steel and concluded that the nature and degree of preferred orientation 
are independent of roll diameter (at least from 1^ to 24 in.), reduction 
per pass (tested from 10 to 80 percent), and rolling speed (tested at 70 
and 800 ft. per min.). Unidirectional rolling did not differ from reversed 
passes through the rolls. The application of tension to the strip as it 
passes through the rolls of a Steckel mill is without effect on the establish- 
ment or final degree of preferred orientation^ (unless perhaps it lowers the 
relative amount of unoriented background materiaP), but smaller roll 
diameters give greater ranges of scattering about the transverse direction, 
according to Post.^ Drawing' sheets through a rectangular die gives 
textures equivalent to rolling a sheet the same amount® and again 
emphasizes the general principle that the direction of flow of the metal 
is the controlling factor in producing textures, rather than the details 
of the forming process. 

The effect of increasing carbon content on the texture of steel is to 
increase the amount of randomiu'ss. ‘ This arises from the fact that 
eementite is harder than ferrite. Be<‘ause it deforms less, it forces the 
plastic ferrite to flow in irregular directions. 

The degree to which preferred orientation has developed serves as a 
rough measure of the amount of reduction that has been given a strip, 
provided that this has been considerable. (Sisson reynarks that the length 
of the arcs are related to the amount of reduction.®) This does not apply 
to reductions of some 15 percent or less, but in this range it is possible to 
distinguish between different amounts of cold work by noting to what 
extent the individual <liffraction spots are blurred and by judging how 
clearly one can see the J3ebyc rings. Commercial sttel shecd of ordinary 
grain .size changes progressively from a spotty pattern into a ring pattern 
with reductions between 5 and 30 percent,® the exact appc'arance at any 
stage depending on the initial grain size, sjjecimen thickness, and camera 
design. Some blurring can b(; seen after the small amounts of cohl work 
involved in roller leveling. 

Hexagonal Close-packed Rolling Textures. — Rolling shoidd tend to 
rotate the slip plane of hexagonal clo.se-packcd (h.c.p.) metals into the 
plane of the rolled sheet, and in accord with this tendency the predomi- 
nating texture is one in which the basal plane, which is the slip plane, lies 

* C. B. Post, Tram. A.S.M., vol. 24, p. 679, 1936. A, Hayks and R. 8. Burns, 
Tram. A.M.S., vol. 25, p. 129, 1937. 

* C. B, Post, Tram. A.S.M., vol. 24, p. 679, 1936. . 

® J. T. Norton and R. E. Hiller, Tram. A.I.M.E., vol. 99, p. 190, 1932. 

‘George L. Clark, “Applied X-rays,” pp. 632, 577, McGraw-Hill, New York, 
1940. 

‘ W. A. Sisson, Metals & Alloys, vol. 4, p. 193, 1933. 

* George L. Clark, “Applied X-rays,” p. 574, McGraw-Hill, New York, 1940. 
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in or near the rolling plane, although modifications are found, as discussed 
below. This simple texture is most pronounced in metals with an axial 
ratio near that for the close packing of spheres (c/a = 1.633), as in mag- 
nesium,* zirconium,* and hexagonal cobalt,® with c/a = 1.624, 1.589, and 
1.624, respectively. Schmid and Wassermann* found nearly equal 
scattering in all directions from this position with magnesium, but 
Caglioti and Sachs,® as well as Bakarian,* found some directionality to the 
scatter, as indicated in Fig. 31a. The central shaded areas contain about 
98 percent of the total mateiial.® There is a tendency for the [100] 
direction to align with the rolling direction, as might be exi)ected from the 
fact that this is the slip direction. This effect is to be seen in Fig. 315, 



a, Basal i>lane, (0001). 6, Pyramidal planes, (1011). 

Fkj. 81. — Pole figuit‘.s for magnesium foil cold-rolled 97.5 percent. {Caglioti and Sacha,) 


which is the })ole figure for the pyramidal faces, but since a relatively 
small scatter will destroy this directionality in the basal plane it is not 
always found. J^urgers and Jacobs's pole figures for zirconium are 
similar to these in most respects, but the principal deviation from the 
mean position is toward the transverse direction, rather than toward the 
rolling direction as in magnesium. 

Zinc and cadmium (with axial ratios c/a = 1.856 and 1.885, respec- 
tively) have rolling textures in which there is little material having 

1 E. Schmid and G. Wasskrmann, Metallwirtschiftj vol. 9, p. 698, 1930. E. 
ScHiEBOLD and G. Siebel, Z, Phystky vol, 69, p. 458, 1931. V. Caglioti and G. 
Sachs, Metallwirischafty vol, 11, p, 1, 1932. J. C. McDonald, Phys, Rev,, vol. 52, 
p. 886, 1937. P. W. Bakahian, Metals, Tech,, Tech, Pub, 1355, August, 1941. 

* W. G. Burgers and F. M. Jacobs, Metallwirischafty vol. 14, p. 285, 1935. 

^ G. Wassermann, Metallwirtschafty vol. 11, p. 61, 1932. 

^E. Schmid and G, Wassermann, Metallwirischafty vol. 9, p. 698, 1930. 

® V. Caglioti and G. Sachs, Metallwirtschafty vol. 11, p. 1, 1932. 

* P. W. Bavarian, Metals Tech,, Tech, Pub, 1365, August, 1941, 
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the basal plane in the plane of the sheet. The hexagonal axis is found 
most frequently inclined 20 to 25° toward the rolling direction/ as shown 
in Fig. 32 for rolled zinc. 

Another modification of this type of texture was found by Fidlor and 
Edmunds^ in a zinc alloy containing 1 percent copper and 0.01 perccmt 



Fig. 33.— Pole figure for basal piano of a zinc .alloy (1 % Cu, 0.01 % Mg). Rolling cliroction 
at center of plot. (Fuller and Edmunds.) 


magnesium, Fig* 33. (In. this pole figure the rolling direction appears 
at the center of the plot rather than the top.) A zinc alloy containing 
10 percent aluminum and 0.3 percent copper gave similar results.® The 

1 V. Caglioti and G. Sachs, Afctallwirtschaflf vol. 11, p. 1, 1932. M. A. Valouch, 
MetaUwirtschaft, vol. 11, p. 165, 1632. 

* M. L. Fullek and G. Edmunds, Tram. A.I.M.E., vol. Ill, p. 146, 1934. 

’ E. Schmid, Z. Metallkurule, vol. 31, p. 125, 1939. F. Wolbank, Z. Melallkundr, 
vol. 31, p. 249, 1939. 
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orientations in the legion A are developed by slip rotation; the region 
between A and ND, into which slip should also rotate crystals, is unpopu- 
lated. This is attributed to the action of twinning, w’hich would carry 
the crystals out of this region into the equatorial zone between B and 
TD. Twinning into the area B of this zone is believed to be most frequent 
because this gives a reorientation conforming to the external change in 
dimensions of the strip during rolling. There can be no question that 
twinning is common during the rolling of zinc,* and the explanation of 
both the wire textui'e and the rolling texture on this basis is adecpiate; the 
dimensional changes are such as to tend to relieve the applied stresses. 



ES3 6i4 
ZZ] 23 
IZZ 42 

Fni .'34. — Basal-pliiiio polo hKino for irillod ttiaKiio.siuin oontaiiiiiiK O 20 perooiit oiilnurii. 
Lomond ut loft poioontiigo of giaiiifc> having orientations in the various shaded regions. 

{liakarian.) 

Ill oxtiTidtHl rods o{ zinc the axis of i)ressiire is longitudinal and the effect 
of twinning would bo to oppose this flow'; accordingly, twdnning is said 
to be abstuit.- Owing to the different axial ratio, twinning on (102) in 
magnesium leads to a lengthening in the direction of the hexagonal axis 
of the ]mrent crystal. It would therefore oppose the flow in rolling and 
wire drawing and is not observed after these operations. However, it 
can be induced in sheets of rolled magnesium by bending the sheets.® 

Twinning on (101) planes instead of the usual (102) has been observed 
in magnesium^ and may possibly account for the peculiar effect of calcium 

1 C. II. Mathewson and A. J. Phillips, Trans, vol. 74, p. 143, 1927; 

vol. 78, p. 44,5, 1928. 

2 G. Wassehmann, '‘Texturen motallischer Werkstoffe,^' Springer, Berlin, 1939. 

3 J. 1). Han A WALT, paper presented before the A.S.T.M. meeting in Detroit, 
Mieh., June, 193.5. 

^ E. Schmid, Z. Elektrochein,, vol. 37, p. 447, 1931. 
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on the pole figure of rolled magnesium.' The addition of 0.20 percent 
oalcium to 99.98 percent magnesium breaks the central area into two 
maxima, Fig. 34. (This is one of the first pole figures that gives the per- 
centage of material in each area.) A commercial alloy of 2.0 percent 
manganese and 0.15 percent calci»im has a similar pole figure. The true 
cau.se of this double maximum will not be known iintil the effect of com- 
position on twinning planes and slip planes is determined. 

The rolling texture of magnesium and its alloys can be altered by 
changing the composition of the metal and the rolling technique, as shown 
by Hanawalt.** Under some conditions it is possible to produce a sheet 


NO 



Fig. 35. Basal-piano pnic hguio fni suifaoc orientation of rolled zinc alloy (1 % Cu, 
0.01 % M>?). Kollin^ clirootion at oentoi of plot. Oiientations havin^ic maximum shear 
stress for basal-piano slip aio indicatorl by A and B for bending m two difTorent directions 
in the sheet. {Fvllcr and Edmunds ) 

with almost random orientations, a condition favorable to formability. 
Rolling variables also alter the texture of rolled zinc and its alloys. There 
is a marked layer structure,* and the .surface layers play an important role 
in determining the bending qualities of the sheet.* A typical pole figure 
of the .surface material showing poor bending properties is shown in Fig. 
35 (the rolling direction is at the center). When the texture of Fig. 35 
extends to a depth of 0.0005 in. or more, strips cut in any direction in the 
sheet tend to fracture easily on a bend test; it is believed that this is 
related to the lack of material oriented so as to have the maximum 
resolved shear stre.ss on the slip plane. The dashed circles A and B 

‘ P. W. Bakakian, Tram. A.T.M.E., vol. 147, p. 266, 1942. 

^ ^‘Symposium on Radiography and X-ray Diffraction/* A.S.T.M., Philadelphia, 
1936. 

^ E. Schmid and (i Wasskrman, Z. M etallkunde, vol. 23, p. 87, 1931. G. Edmunds 
and M. L. Fullkr, Trins vol. 99, p. 175, 1932. 

^G. Edmunds and M. L. Fuller, Trans* A*LM*E,i vol. 99, p. 175, 1932. 
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in the figure, which represent poles 45° to the axis of tension during bend- 
ing and thus indicate planes of high shear stress, will be seen to avoid the 
dense areas of the pole figure. 

Cross Rolling. — Important practical results are obtained by rolling a 
sheet in two directions 90° to each other, and various patents are con- 
cerned with the process. It will be remembered that b.c.c. metals have a 
rolling texture, after straight rolling, in which the cube plane is parallel 
to the surface and the face diagonal is in the direction of rolling, (100)[01 1], 
with [OlT] in the cross direction, and that the scattering is almost 
entirely about the rolling direction. This scatter is remarkably reduced 
by rolling in the cross direction, leaving the orientation (100)[011] as the 
only important component of the texture.^ The transverse direction 
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a (111). h (KlOj. 

Fici. 36. — Polo figuio foi cross-rolled face-centcied cubir* iion-nickel alloy. {Wasaermann.) 


in the sheet thus becomes similar to the longitudinal direction. The rela- 
tive range of scatter around each of the two rolling directions (w^hich are 
each [1 10] directions) is governed by the relative reductions by each kind 
of rolling. When only one change of rolling direction is used, the one 
used last has a somewhat greater influence on the texture if the per- 
centage is more than three-fourths that of the fii’st rolling, in which case 
the predominating range of scatter has the second rolling direction as 
the axis of scatter. ^ The highly preferred orientation produced by cross 
rolling molybdenum sheet causes marked brittloiu^ss along the cube 
planes, which stand 45® to the rolling direction. ^ 

1 C. J. Smithklls and C. E. Ranslby, /. Inst. Metals, vol. 60, p. 172, 1937. C. E. 
RANSLEYand H. P. Rooksby, J. Inst. Metals, vol. 62, p. 205, 1938. G. Wassermann, 
Z. Metallkunde, vol. 30, Sonderheft Vortrftge Hauptverslg , p. 53, 1938. 

2G. Wassermann, Z. Metallkunde, vol. 30, Sonderheft Vortrage Hauptverslg., 
p. 53, 1938. 

3 C. K. Ranslky an<l H. P. Rooksby, J. Fnsl. Metals, vol 62, p. 205, 1938. 
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With f.c.c. metals, cross rolling is sometimes used commercially to 
reduce the directional dependence of thp mechanical properties. Von 
Goler and Sachs^ found the texture of cross-rolled copper more complex 
than the sum of two straight-jolling textures. Wassermann- obtained 
the texture of Fig. 36 by cross rolling face-centered cubic F(‘-Ni sheet. 
The orientations in this texture are (a) (110) paralh'l to the sheet and 
[112] 10° from each rolling direction, as indicated by cros.ses in the figure, 
and (6) (100)[001], indicated by small circles. Th(> amount of .strain 
hardening is less than with e(iual reductions in straight rolling, th(i 
recry.stallization temperature is low(‘r, and both deformation and r(“crys- 
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Fig. 37. — (110) polo figiiro foi mild stool rolled 85 porooiit at 7S0°C' Maxima in dotted 
areas uncoi tain {(/rnsamn' and Vukrnainr,) 

tallization texturt's are diffpreiit from tliosc oncountorod during straiglit 
rolling.^ 

Hot Rolling. — Hot-rolled stool is not froo from pn^ft'rrod oriental ions 
in some cases, the texture is nearly the same as in cold-rolhid stool. An 
example is seen in Fig. 37, the (110) pole figure for low-carbon sto(‘l 
reduced 85 percent by rolling at 780®C.® Since the texture is unlikt' the 
recrystallization texture for steel, it is probable that recrystallization did 
not occur to any considerable extent, unless a different recrystallization 
texture occurs under these conditions. Rolling thci same material near 
910° produces a more nearly random texture; here the transformation 
from 7 to a also contributes to randomness. 

^ F. V. Goler and G. Sachs, Z. Physik, vol. 41, p. 889, 1927. 

*G. Wassermann, “Texturen mctallischer WerkstolTe,'^ Springer, Berlin, 1939. 

M. Brick and M. A. Williamson, Trans. vol. 143, p 84, 1941. 

* K. J. Sixtus, Physics j vol. 6, p. 105, 1935. N. P. Goss, Trans. A S df vol. 24, 
p. 967, 1936; Metals AlloySy vol. 7, p. 131, 1936. M. Gensamer and P. Vuk- 
manic, Trans. A.I.M.E. vol. 125, p. 507, 1937. 

® M. Gensamer and P. A. Vukmanic, Trans, A.I.M.E., vol. 125, p 507, 1937. 


PREFERRED ORIENTATIONS RESULTING FROM COLD WORK 417 


Torsion Textures. — Relatively little study has been devoted to tex- 
tures developed by torsional deformation. From the principle that 
textures are determined by the principal strains, it is likely that torsion 
textures are intimately related to rolling textures in the following why; 
The maximum elongation at any point in the wall of a twisted cylindrical 
rod or tube is in a direction tangential to the surface and 45° to the axis. 
This should correspond to the rolling direction of a rolled sheet. The 
radial direction in the torsion specimen is practically unchanged by the 
strain and should correspond to the transverse direction of the rolled 
sheet. The orientations of the torsion specimen should thus be the sum 
of a series of rolling textures tipped in this way and aiTanged around the 
axis. ^ 

Ono’* concluded that ahiminum and copper have [111] directions 
parallel to the longitudinal axis of torsion specimens and that a-iron has 
both [110] and [121] parallel to the axis. Sachs and Schiebold* concluded 
that the torsion texture of aluminum is a double fiber texture with [111] 
and [ 1 10] in the longitixdinal axis. These cxpeiiments do not afford an 
adequate^ test of the theory proposed above. 

Cold-drawn Tubes. — Norton and Hiller'* showed that in the cold 
reduction of seamless steel tubing the tx'xturc is determined by the relative 
reductions of wall thickness and circumft'rencc^ — thus again by the magni- 
tude of the principal strains. When only the wall thickness is reduced, 
th(; structure is identical with that of a rolled sheet, while when the wall 
thickness and circumfi'rence are reduced cqxially the texture is that of a 
wire. Other variables in the commx'rcial drawing operation are without 
elfe(!t on the principal orientations of the tubes. 

Textures in Deep Drawing. — T('xtur(‘s in deep-drawn articles can be 
pix'dicted from the nature of the flow of metal, which can be specified in 
terms of the magnitude of the three principal strains. Hermann and 
Sachs® found this to be the case in drawn-lxrass cups, where a pole-figure 
analysis showed that the textui’e varied from point to point in accordance 
with the varying nature of the defoi’mation. At the center of the bottom 
of the cup the textuixi was identical with an ordinary compression texture 
and was caused by the thinning of the sheet and the radial flow outward 
in all directions, just as in a compression test. At the upper rim of the 
cup, on the other hand, there was a compression texture with the compres- 
sion axis tangential. This texture was caused by the shortening of the 

' Unpublished research by M. Gensaincr and the author. 

® Ono, Mem. Coll, Eng., Kyushu Imp. Univ., vol. 2, pp. 241, 261, 1922. 

•’G. Sa<'iis and U. Schikbold, Z. Ver. dent. Ing. vol. 9, pp. 1557, 1601, 1925; 
Natiirwissenschaften, vol. 13, p. 964, 1925. 

* J. T. Norton and R. E. Hiller, Trans. A.I.M.E., vol. 99, p. 190, 1932. 

®L. Hermann and G. Sachs, MetallmrUchaft, vol. 13, p. 745, 1934. 
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circumference and the thickening of the shoot at the rim during the draw- 
ing operation. The compression texture pei’sisted throughout the upper 
part of the side wall, but in the lower portions it was superimposed on a 
tension texture having the tension axis vertical (parallel to the axis of 
the cup). 

An analysis of the plastic flow and orientations in a steel water pail* 
disclosed different conditions of strain and, of course, different textures 
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(<i) (b) 

Fig. 38.— (110) polo figiiies foi a doep-drawn steel water pail. Radial direction on the 
oiiginal blank is at R.D.; tangential at T.D. (a) Rim of the pail; deformation corresponds 
to i5 percent reduction by cold rolling. (6) Middle of wall; deformation corresponds to 
30 percent reduction by cold rolling. 


for the b.c.c. ferrite, but the same underlying correlation between tlu! 
nature of the flow and the textures was found. Wall thicknesses were 
changed only a few percent by the draw. At the rim of the pail the 
circumference was reduced and the steel was elongated vertically along 
the wall of the pail (radially on the original blank) so that each element of 
volume was deformed as it woiild be in rolling a sheet, provided that one 


Rofhng direction 



Fiq. 39. — (110) pole figure for rolled 
steel, rotated 90® about the rolling direc- 
tion for comparison with Fig. 38. 


assumed the rolling direction to be 
radial in the blank and the rolling 
plane to be perpendicular to the 
plane of the blank. The deforma- 
tion at the rim corresponded to a 
reduction of about 45 percent in 
rolling; at the middle of the wall the 
flow was similar and corresponded to 
about 30 percent reduction by roll- 
ing. Textures at these two points 
are shown in Fig. 38 and are, as expected, not very different from a rolling 
texture that has been rotated so that the transverse direction of the sheet 
is brought to the center of the projection, as in Fig. 39. It seems to be 
true generally in deep drawing that textures develop at smaller deforma- 
tions than in rolling, perhaps because the flow is more homogeneous 
Avithin the sheet. 

Textures from Machining and Polishing. — The outermost layers of a 
steel block have a characteristic preferred orientation after machining 
‘ Unpublished research by H. C. Arnold and the author. 
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in a fjhaper. A pole figure showing this has been plotted by Renninger* 
using data from back-reflection patterns. Polishing is also able to orient 
material near the surface. Lees,^ using electron diffraction, found a very 
thin random layer at the surface of polished copper and gold and under 
this a layer in which the (110) planes were approximately parallel to the 
surface. The thickness of the oriented layer was of the order of 150 to 
600A in copper, depending on the method of polishing, and was several 
thousand angstroms in gold. 

Summary. — The predominant texture in cold-drawn wires of f.c.c. 
metals is a double fiber texture with [111] and [100] parallel to the wire 
axis; b.c.c. metals have a .simple [110] fiber texture; hexagonal magnesium 
and zirconium have a [210] fiber texture, but zinc has a texture in which 
the hexagonal axis is about 70° from the axis of the wire. 

The principal orientations after compression are [110] for f.C C., [Ill] 
plus [100] for b.c.c., and [001] for hexagonal metals. 

RoUing textures require pole figures for a full description. Principal 
“ideal” textures are as follows: 

F.c.c., (110)[T12] + (112)[11T]. 

B.c.c., (100)[011]. 

H.c.p., (001)[100], modified in some instances by twinning. 

Other kinds of deformation, as in tube drawing and deep drawing, 
jiroduce orientations that depend upon the magnitude of the three prin- 
cipal strains during flow. Smearing of 1.he surface of a metal during 
forming operations is responsible for producing orientations on the surface 
that differ from tho.se in the interior. 

It is thought that all textures of cubic metals can be accounted for on 
the basis of lattice rotation resulting from crystal slip, but the computa- 
tion of what planes will .slip is very difficult and has been attempted 
rigorously in only one instance. Simpler methods of computing these 
rotations have been employed with some success. Textures of the hexag- 
onal metals are produced not only by rotation from slip but also by 
twinning, when twinning does not oppose the enforced change in 
dimensions. 

Rotation of the lattice in grains of many metals is not a homogeneous 
rotation within each grain but is accompanied by the generation of 
deformation bands and leas regular types of distortion so that some grains 
spread into the entire polycrystalline texture and only occasional ones 
have a small scatter in orientation. 

‘ M. llKNNiNGBB, Metallwirtschaft., vol. 13, p. 889, 1934. 

• C. S. Lebs, Trans. Faraday Soc., vol. 31, p. 1102, 1935. 
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PREFERRED ORIENTATIONS AFTER RECRYSTALLIZATION 

The preferred orientations existing in d(‘forni(‘d metals after n^crystal- 
lization have been studied extensively not only because of their com- 
mercial importance but also because of the infoi*mation ihoy yield (or 
promise to yield) regarding the natui*e of the recrystallization process, 
particular!)^ the? laws governing th(' formation of submicroscopic recrys- 
tallization nuclei. Many perplexing results have come from these 
studies, and many results that are ambiguous when viewc'd in the light 
of later work. Our understanding of the fundamental relationships con- 
cerning these textures is fragmentary, and theories of tlu' reasons for thc^ 
results ar(i still less satisfactory. 

Three possibilities have been recognized for i(‘(!rystallization ((*\tures: 
(1) The recrystallization texture is identuail with the (h'formation 
texture (usually with a greater range' of scatt('r). (2) The recrystallized 
grains have a random orientation. (3) The reerystallization texture is 
wholly different from th(' dc'formation texture. Most observers liavci 
concluded that a given metal can be made to rc'crystallize in two or three 
of these ways. When recrvstallization occurs at a low temperature, tlu' 
deformation texture is frecpu'ntly retained, but an increasing tendency to 
become random is often noted with increasing temperatures. Unfortu- 
nately, the grain size is usually much larger ^vith high-temperaturO 
annealing, and this makes it difficult to recognize the presence of a texture 
(an integrating camera is required). Some conclusions of randomness 
are thus uncertain; furthermore, it is possible that a texture may hav(‘ 
existed when recrystallization was barely completcnl (the sti*ained mate- 
rial just consumed), a texture which was subsecpu'ntly modified or lost by 
coalescence of the new grains. Generally, a well-developed deformation 
texture must be obtained before a sharp recrystallization tcjxture will 
develop. 

It has been assumed frequently that when deformation and recrystal- 
lization textures agi*eo each now grain has an orientation identical with 
the principal orientation of tlu' strained grain in which it grows. This is 
not true in at h'ast one instance, however, and perhaps is nev(*r tnie.^ 

When deformation and recrystallization textures do not agree, it is 
often possible to find minor amounts of material in the strained metal that 

1 C. S. Barrktt, Tram. AJ.M.E., vol. 137, p. 128, 1940, 
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liiivo. the orientation of the rrcry stall izcd metal. From such experiments 
one wonUI like to conelmlo that this deformed material furnishes the 
nuclei of the reerystallization texture. Jiut the actual nuclei must 
constitute so small a portion (10“^ to of the total volume as to be 

in^’isible on any diffraction pattern; there must be ample material in any 
orientation whatever to provide these nuclei, and therefore such correla- 
tions between deformation and reeiystallizati{)n textures arci of doubtful 
significance. 

Recrystallization textures are influenced to a greater or less extent by 
purity, alloy composition, degree of cold rolling preceding recrystalliza- 
tiou, annealing temperature, original texture before cold rolling, inter- 
mediate anneals during cold rolling, rolling direction (straight vs. cross 
rolling), and initial grain size. Possibly thc'se influences act in somei way 
through th('ir effect on the internal stiain in th(^ re'crystallization nuchr, 
with the most severely strained points being the first to nnaystallizc^, or 
j)ossibly the rates of growth of th(\se nuclei depend on the orientation and 
state of strain of the adjoining mateiial. The shifting of atoms from the 
strained matrix to the new grain ma}' proceed slowly if the new grain has 
the orientation of the matrix and most rapidl}^ if the orientation differs in 
a certain way. 

Owing to the uncertain state of recrystallization-texture theory at tliis 
time, the following summary deals mainly with oxpeiimental results. 

Recrystallized Face-centered Cubic Fiber Textures. — Tt'xtiues in 
aluminum wires after n'crystallization have becui found as follows: 

1. Mo alteration of the deformation t(‘xture, whicli is [111], with 
reciystallization below 500°C.^ 

2. Increasing randomness with reerystallization al)(;v(‘ about 500°(^,- 
particularly with wire's of lower ])urity.^ 

3. A new texture, [112], in 99.95 percent aluminum re'crystallized at 
600 °C:." 

4. A sharpening of the old texture in 99.95 percent wire recryst-allized 
at G00°C.^ (perhaps m(n*ely a less pronounced zonal effl'ct in th(' sinalhu* 
diameter Avire). 

In copper wires, in Avhich the deformation texture is [111] strong, [100] 
Aveak, various results have been reported as follows: 

^ E. Schmid and G. Wasskrmann, Z. (ech, Physik, vol 9, p 100, 1928 G Ghkkx- 
ANooD, Z, KrlsL, vol. 80, p. 481, 1931. G. S\(Mis and E. S('insB()M), Z Metallkundc, 
vol. 17, p. 400, 1925. F. v. Golbr and G. Sachs, Z, M etallkimde^ vol 19, p. 90, 1927. 
linpublishod experiments m the author's laboratory. 

2 G. Sachs and K. Schikbeld, Z. Metallkunde, vol. 17, p. 400, 1925. 

^ E. Si’HMiD and G. Wassermann, Z. tech, Phyftikf vol. 9, p. 10(3, 1928. F. v. Goleu 
and G, Sachs, Z. Metallkundej Ami. 19, p. 90, 1927. 

^ K, SiaiMiD and G. W\ssermann, Z. Physik^ vol. 40, p. 451, 1926. 

^ E. Schmid and G. W\sserm\n\, Z. tcch, Physikj Ami. 9, p. 106, 1928 
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1. No change in texture with recrystallization at or below lOGO^C.* 

2. A new texture, [112], after recrystallization at 1000“C.^ 

3. Retention of old texture in oxygen-free high-conductivity copper 
(99.996 percent) recrystallized at 300 and 600°C.; retention of [111] 
component, with [100] component uncertain or absent, at 1000°C.* 

4. Incompletely identified change in texture with recrystallization 
near 800°C.® 

5. Increase of the [100] and random components at the expense of the 
[111] components with annealing at 130“C. (varied in degree by change in 
silver content and amount of reduction).^ 

In 70-30 brass wires having a deformation texture with a [111] com- 
ponent strong and a [100] component weak, the deformation texture is 
retained with recrystallization at 360 and 800®C. (but the presence of the 
[100] component is uncertain at 800“ owing to the large grains).* In 
wires of lead containing 2 percent antimony the deformation texture, 
[111], is retaini'd upon recrystallization at room temperature.® In wires 
of an Fe-Ni alloy (53 atomic percent iron) a [100] texture resulted from 
annealing at 1100“C.® 

Compression specimens of aluminum retain their deformation texture 
upon recrystallization at 400 to 440“C.^ and at 600“C.'* Pole figures 
showing the distribution of the axis of compression before and after 
recrystallization arc shown in Figs. 1 and 2 for 99.97 peicent aluminum 
compressed 98 pcu'cent by compression rolling.^ Although the texture 
of the aggregate is almost unchanged, individual areas alter their orienta- 
tion. This can be seen by partly recrystallizing large grains and etching 
to bring out the difference between the new grains and the strained matrix, 
as in Fig. 3. Figure 4 shows the orientation history of a crystal that 
started as a single crystal at the orientation marked by a cross. It was 
deformed with the production of d<‘formation bands having orientations 
marked with open circles and finally was recrystallized into still other 
orientations, which are indicat<;d with black circles ti(*d to the deformation 
orientations of the corresponding areas. 

The laws governing alterations in orientation of individual regions 
during recrystallization are not understood. liurg(;rs and Louwerse* have 
proposed that the nuclei of recrystallization are tiny rotated fragnumts at 
the boundaries of slip planes, which are highly strained and unstable, and 

1 E. ScHMiu and G. Wasskrmann, Z. Fhysik, vol. 40, p. 451, 1926. 

* Unpublished work on experiments in the author’s laboratory. 

* G. Tammann and H. Mkykb, Z. Melallkunde, vol. 18, p. 176, 1926. 

* G. S. Fabnam and II. O’Nkil, J. Inst. Metals, vol. 65, p. 201, 1934. 

' W. Hoffmann, Z. Melallkunde, vol. 29, p. 266, 1937. 

* W. G. Burgbrs and F. M. Jacobs, Metallvnrtschaft., vol. 15, p. 1063, 1936. 

’ 0. S. Babbktt, Trans. A.I.M.E., vol. 137, p. 128, 1940. 

* W. G. Burgbbs and P. (!. Loowkbse, Z. Physik, vol. 67, p. 605, 1931. 
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have presented experimental data they thought supported this view. 
They were not able to find x-ray evidence of fragments actually having the 
required orientations, however, and were extrapolating a range tha(, 
extended from the original orientation less than one-third of the way 



Fig. 1. — Orientations in aluminum compression-rolled 98 percent. Orientations of 
compression axis indicated by shading within a standard stereographic-projection triangle. 
Concentrations of orientations, deduced from intensities of x-ray lines, arc labeled strong, 
modium, weak, very weak, or none (6\ iVf, TF, FTF, N), 

Fig. 2. — Orientations after recry8talliza.tion at 400®C. in specimen of Fig. 1. X-ray 
determination; only minor differences exist between deformation and recrystallization 
textures. 

to the recrystallized orientation. Furthermore, the extrapolation was 
based on the distribution of orientations postulated in the “local-curva- 
ture theory,” which is open to question.^ It does not appear possible to 
account for the recrystallization orientations in compressed aluminum by 



Fig. 3. — Partly recrystallizod aluminum grain showing new orientations; etched to develop 

cubic etch pits, X 6. 

a:-5suming that twins of the principal deformation texture form the nuclei 
for recrystallization.* 

' See discussion of this theory on p. 359. 

* C. S. Barhett, Trans. A.I.M.E., vol, 137, p. 128, 1940. 
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Recrystallized Body-centered Cubic Fiber Textures. — Wires of 
tungsten and molybdenum retain their deformation texture, [110], after 
recrystallization, at least 'vhen recrystallized at low temperatures a 
[100] texture has also been reported in molybdenum^ and in Fe-Ni (53 
atomic percent nickel).® Iron wires (hydrogen-purified low-carbon mild 
steel) as well as wires of ferrite containing 1.95 percent vanadium or 1.95 
percent silicon retain their texture upon recrystallization at 580 and 
800°C.^ Steel wires behave in a similar fashion.® 

Iron wires that have* been swaged or rolled to an approximately sciuare 
cross section have textures no <lift’erent from round drawn wires either 


before or after recrystallization;* so presumably the symmetry of flow 


A 



Fkj. 4. — (Jiieiitatioiis of individual 
area.'s of an aluminum ciy.stal hofoie 
and aftei lerrystallization. Initial 
orientation shown by a cioss, defoimed 
aieas by open nicies, and recrystallized 
areas by black circles. Kvciy aioa 
altered its oi lent at ion. 

— r 


of the metal and not the manner of 
deformatioh governs recrystallization 
textures, just as [t does dciformation 
textuies. 

Compression specimens of iron 
(hydrogen-purified mild steel, also 
Armco iron) retain the major com- 
ponent, [111], but appear to lose the 
minor component, [100], upon recrys- 
tallization at 580 and 850°C.^ 

Face-centered Cubic Rolling Re- 
crystallization Textures. — Glocker 
made the first exteiuhnl study of rt'- 
crystallization textures when he studied 
rplled silver. The deformation texture, 
\t^ich could be described ' as on(! in 
which a (110) plane is parallel to the 


rolling plane, and a [1 12] direction is parallel to the rolling direction, i.r., 
(110)[112], went ovtr to the texture (113)[2fJ] upon annealing at low- 


temperatures but became random when annealed above 800°C.'’ The 


(1 13)[211] texture is obtained not only., with silver but also with bra.ss (33 
to 39% Zn), bronze (5% Sn), 99% Ag-1% Zn, and Au-Ag alloys with 


* Z. .Tkffbxk.s, Tram. A.I.M.E., voL 70, p. 303, 1924. T, Fujiwaba, Vroc, Woihl 
Eng Congr., Tokyo, 1929, pt. 4, vol. 36, p. 171, 1931. 

*T. Fujiwara, Proc. World Eng. Congr., Tokyo, 1929, pt. 4, vol. 36, p. 171, 
1931. 

W. G. Bukoebs and F. M. Jacobs, Metallwirluchofl., vol. l.">, p. 106), 1936. 

■* Cnpublishod cxpcriiueiits in the author’s laboratory. 

® jV. 1*. Goss, Tram. A.S.S.T., vol. 16, p. 406, 1929. 

° R Geockkk, Z. Fhystk, vol. 31, p. 386, 192.5. R. Geockeb and F. Kaucp, 
Z. .M rtallkunde, vol. 16, p. 377, 1924. R. Glocrkb, K. Kaupp, and H. VFidmann, 
Z. Metallkunde, vol. 17, p. 353, 1925. H. Widmann, Z. Physik, vol. 45, p. 200, 1927. 
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more than 70% Ag.‘ It also occurs in Cu-lie and Cn-Al alloys- 
(admixed with a (]00)[001] texture in 99% Cu-1 % Al). 

The pole figures for this common textui e, as it occurs in brass (15 per- 
cent zinc), have been plotted by v. Goler and Sachs and have been con- 
firmed by Bass and docker® and by Brick, who obtained the results 
shown in Fig. 5 for 70-30 brass."* It will be noted that the (113)1211] 
orientation, indicated by triangles and s(juares on these pole figures, is a 
(•los(' approximation to the maxima, when reproduced in all the sym- 
metrical positions of the texture According to a'. Goler and Sachs, an 



(a) fW 


Fig, 5. — Reorystallizatiou loxtuio of brass leduocd 99 peiceiit by rollinj^, annealed at 
400°C. (a) (111) pole figure; tiiangles show one (li:3)[211] oiientation. (}j) (100) pole 

figiiie, Hfiuaicsshow one (11.1)[211) orientation. 


orientation rotated 10° fi'om this orientation is a somewhat more accui'ate 
description of the te.xturc.* 

The Cube Texture.- — The most striking recrystallization texture 
knowp is the famous “cube texture,” (100)[001], which can be produced 
in many f.c.c. medals and alloys under certain conditions. In this 
texture the precision with which the cube axes are aligned with the rolling 
direction, the transverse direction, and the normal direction of the sheet is 
remarkable, as will be seen from Fig. 6. It is naturally of commercial 
importance, since it j)roduccs markc'd anisotropy in the physical proper- 
ties, and it is a scientific curiosity of the fii-st order. It is readily recog- 
nized even without x-rays, by the uniform sheen, resembling a single 

‘ F. V. Goler and G. Sachs, Z. Phymk, vol. 56, p. 485, 1929. 

^O. Dahl and F. Pawlek, Z. Aletallkunde, vol. 28, p. 266, 1936. 

® A. Bass and R. Glockeu, Z. M etallkunde, vol. 20, p. 179, 1928. 

*R. M. Brick, Trans. A.I.M E., vol. 137, p. 193, 1940. R. M. Brick and 
M. A. W1LLIAM.SON, Trans. A.I.M.E., v©]. 143, p. 84, 1941. 
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cr 5 '^stal, that is seen after etching, or by an analysis of the direction of 
twin bands in the grains. 

The cube texture has been obtained only in certain f.c.c. metals and 
alloys: Cu,* * * § Fe-Ni alloys containing 30 to 100 percent nickel, f Au,t 
Al,§ Cu-Zn containing up to 1 percent zinc,‘ Cu-Al with 0.2 percent 
aluminum,* Cu-(kl with 0.1 percent cadmium,* Cu containing 0.1 percent 


/?o. 



Fig. 6. — The cube texture in Fe-Ni .sheet (50 % Ni) ; (100) pole fiKure. {Burgera ancl Snoek.) 

% 

oxygen,' Ni, Ni-Mii with I percent manganese,- and some ternary alloys 
of Fe, Ni, and Cu.^ A well developed deformation texture must be 
obtained before recrystallization will give the cube texture; this requires 

* W. Koster, Z. Meiallkunde, vol. 18, p. 112, 1926. O. Tammann and H. Meyer, 

Z. M etallkunde^ vol. 18, 176, 1926. G. Sachs, Z, Ver. deut. Ing,, vol. 70, p. 1634, 
1926. F. V. Goler and G. Sachs, Z. Physikj vol. 41, p. 889, 1927. 11. Glockeh and 

H. WiDMANN, Z. Metallkurule^ vol. 19, p 41, 1927. H. Widmann, Z, Phyaikj vol 45, 
p. 200, 1927. W. Fahrenhokst, K. Ma^thaes, and K. Schmid, Z. Ver. deut. Ing , 
vol. 76, p. 797, 1932. O. Dahl and F. Pawlek, Z. M eiallkundej vol. 28, p. 266, 1936. 
M. Cook and T. L. Richards, J. Inst. Metals j vol. 66, p. 1, 1940. W. H. Baldwin, 
Metals Tech., Tech. Pub. 1455, April, 1942. 

t O. Dahl and F. Pawlek, Z. Metallkunde, vol. 28, pp. 266, 230, 1936. F. 
Pawlek, Z. Metallkunde, vol, 27, p. 160, 1935. O. I^ahl and F. Pawlek, Z. Phystk, 
vol. 94, p. 504, 1935. W. G. Burgers and J. L. Snoek, Z. Metallkunde, vol. 27, 
p. 158, 1935. G. Sachs and J. Spretnak, Trans. A.I.M.E., vol. 140, p. 359, 1940. 
H. G. Muller, Z. M etallkunde, vol. 31, p. 322, 1939. G. Wassermann, Z. Metall- 
kunde, vol. 28'p. 262, 1936. 

t F. V. Goler and G. Sachs, Z. Physik, vol. 56, p. 485, 1929. 

§ E. Schmid and G. Wassermann, Metallwirtschaft., vol. 10, p. 409, 1931. 

1 O. Dahl and F. Pawlek, Z. Metallkunde, vol. 28, p. 266, 1936. 

* O. Dahl and F. Pawlek, Z. Phystk, vol. 94, p. 504, 1935. F, v, GOler and 
G. Sachs, Z. Phystk, vol. 56, p. 485, 1929. 

* W. G. Burgers and J. L. Snoek, Z. Metallkunde, vol. 27, p. 158, 1935. H. G. 
Miillkr, Z. Metallkunde, vol. 31, p. 322, 1939. 
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Per Cenf Reducflon of Gage 

7.--^^lllatlc)Il ('f pcMcc'iitage of cubically aligned grains with amount of pievioiis 
rold rolling, Staitiiig inateiml is hot-iollcd copper (99.96% Cu), 0.512-in. gauge. 
(Baldwin,) 



Fui. 8. — Peicontage of cubically aligned grains after annealing versus cold reductioa 
before annealing for coppei having initially different percentages of grains in cubic align- 
ment. Iteady-to-finish anneal, 1200®F.; final anneal, 1200®F. (Baldwin,) 
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80 to 95 percent reduction. Baldwin* shows the relation between the 
percentage of reduction and the percentage of cubically aligned grains as 
in Fig. 7 for a strip that had been previously hot-rolled. Figure 8 
illustrates the same relation for strips in which the cube texture had 
previously been developed. From the numerous studies of this texture 
it is clear that the following factors are effective in reducing and elimi- 
nating directionality caused by tlie presence of this texture : 

1. Small cold reduction (roughly 50 percent or less) with intermediate 
anneals. 

2. A final anneal at a low temperature. 

3. Minor additions of • certain alloying elements* (discussed 
below). 

The cxibc texture is often, though not always, associated with a 

tendency for the recrystalliz(;d 
grains to coalesce into extremely 
large grains. This is especially 
common when annealing tempera- 
tures are high* or when a sheet 
with a fully developtid cube texture 
is reduced about 22 percent and 
again annealed.* 

Extensive studies have been 
% 

made of the effect of mill variables 
on the textures and grain sizes 
produced in copper and its alloys.* 
These are discussed further in 
Chap. XXI. 

The transition from the cub(5 
texture to the ordinary deformation 
texture during rolling is worthy of 
study. A copper strip containing a ftilly developed cube texture 
acquired the texture of Fig. 9 after 53.5 percent reduction by cold 
rolling and accpiired the normal rolling texture after 91 percent 
reduction.* Upon the final rolling texture, indicated in Fig. 10 by 
the outlined areas, is superimposed a set of paths along which 
Baldwin suggests that the individual poles have migrated from position 


RD. 



Fig. 9. — Octahedral pole figure for cop- 
per, initially having a complete cube tcxtuie, 
after 53.5 percent reduction. {Baldwin,) 


^ W. H. Baldwin, Metals Tech., Tech. Pub. 1455, April, 1942. 

® H. WiDMANN, Z. Phystk, vol. 45, p. 200, 1927. 

^ O. Dahl and F. Pawlek, Z. Meiallkunde, vol. 28, p. 266, 1936. F. Pawlek, 
Z. Meiallkunde, vol. 27, p. 160, 1935. M. Cook and C. Macquarie, Trans. A.I.M.E., 
vol. 133, p. 142, 1939. 

^ O. Dahl and F. Pawlek, Z. Meiallkunde, vol. 28, p. 266, 1936. W. H, Baldwin, 
Metals Tech., Tech, Pub. 1455, April, 1942, 
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1 to position 6.^ (The path was drawn by Baldwin in accoi'd with Boas 
and Schmid’s theory of rotation during deformation by compression^.) 
It is interesting that w'hen strips such as these are again annealed the 
resulting orientations appear to fall at points along these paths. For 
example, after the cube texture has been rolled 22 percent, recrystalliza- 
tion produces grains with an orientation between positions 3 and 4 on this 
path, as if those particles which have rotated to the most advanced posi- 
tions along the path serve as reciystallization nuclei. Similarly, in the 
same strip rolled 91 percent the most advanced rotations have reached 
position 6 and the annealed metal is composed of grains of this orientation, 
which is (110)[T12]. 


f?D 



Fig. 10. — SuKKPsted path of rotation 
of a ciibically aliRned giain during cold 
lolling, supei imposed upon outline of 
final texture; (111) pole figuie. {Baldwin.) 


Ni 



Fe-Ni-Cu alloys. {Muller.) 


Many alloying additions i)ermit the cube texture to form (see list, 
page 426) but others inhibit it;^ for instance, any of the following addi- 
tions in weight percent to copper prevent the texture: 6% Zn, 1% Sn, 
4% Al, 0.6% Be, 0.5% Cd, or 0.06% P. Arsenic added to copper also 
.suppresses the texture.'* These additions produce a (I13)[2ll] texture 
instead of the cube texture, with a few exceptions where the deformation 
texture is retained — for example, 0.5 percent cadmium — or produce a 

1 A single crystal of copper, initially in the (100) [001] position, when rolled 98.1 
percent also spread into a nearly complete polycrystalline texture in which the most 
intense regions were complementary (135) [211] positions, which were not far from 
position 6 of this figure. (C. S. Barrett and F. W. Steadman, Metals Tech.j Tech. 
Pub. 1430, February, 1942.) 

2 W. Boas and E. Schmid, Z. tech. Physik, vol. 12, p. 71, 1931. See discussion on 
p. 387. 

^O. Dahl and F. Pawlek, Z. Metallkunde, vol. 28, p. 266, 1936. 

^ F. V. GGler and G. Sachs, Z. Physik^ vol. 56, p. 485, 1929. 
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random texture when the reduction is by cold rolling and is less than 
about 90 percent. 

Miiller* found cube textures in Fe-Ni-Cu alloys at the composition.s 
indicated in Fig. 11 by the horizontal shading. The compositions covered 
by the vertical shading retained the rolling texture during recrystalliza- 
tion, and the region of overlap could be made to produce either texture 
with proper control of temperature. 

Brick, Martin, and Angier^ have recently made a systematic study of 
the deformation and recrystallization textures in a series of copper alloys 
and have established two important generalizations applying to alloys 
that have been given high reductions and low-temperature aiUK'als; (1) 

RD 


a (110). h (100). 

Fro, 12. — Rcfrybtallization texture of rolled iron. (O) position near (l()())t011J, ( +) (11 1) 
[112] position. {Kurdjumow and Sachs ) 




The recrystallization texture of copper is changed by smaller additions of 
alloying elements than the additions required to change the deformation 
texture. (2) Solute elements that have the more marked solution-harden- 
ing effect on copper seem to generate the more complex recrysiallization 
textures — those more closely approximating a random distribution of 
orientations. 

The results of this study show that in the Cu-Zn system the rolling 
texture changes from the copper to the brass type at about 5 atomii! 
percent zinc, with a transition type appearing near 1 percent zinc. In 
alloys of copper with Mn, Al, As, Sb, Si, Mg, Sn, and Cu-Ni-Zn (“nickel 
silver”) the texture changes similarly to the rolling texture of brass; but 
in the systems Cu-Ni and Cu-Co only the copper rolling texture was 
observed. Upon recrystallization at temperatures between 425 and 

* H. G. MOller, Z. MetaUkunde, vol. 31, p. 322, 1939. 

* R. M. Brick, D. L. Martin, and R. P. Anoier, A.S.M. Preprint 37, 1942. 
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550®C. the recrystallization textures were found to have many variations. 
Complex textures approximating near randomness were induced by addi- 
tions of 0.3 atomic percent Sb, 1.2 
atomic percent Sn, 1.5 atomic per- 
cent Mg, and 4.2 and 5.4 atomic 
percent Ni. These elements (with 
the exception of nickel) are the 
ones that differ most markedly 
from copper in atomic radii and in 
the solution hardening effect in cop- 
per.' The nickel alloys, which had 
deformation textures like copper, 
took up a brasslike annealing tex- 
ture at about 5 atomic percent. 

Other alloys also exhibited a change 
in the recrystallization texture at 
lower compositions than the change 
in deformation texture, viz., the 
alloys containing Zn, Mn, and Al. 

■ Body-centered Cubic Rolling Recrystallization Textures. — The impor- 
tant texture in reerystallized iron and steel was first fully analyzed by 



Fig. 13. — (110) pole figure for niild-stcel 
sheet reerystallized at 580®C. (Genaamer 
and Luatman,) 


R.D 



Fig. 14. — (110) pole figure for silicon- 
steel sheet (Fe-4.61 % Si) reeiystallized at 
590®C. (originally cold-rolled 95 percent). 


the deformation texture rotated 15' 


Kurdjumow and Sachs.^ Their 
pole figures are reproduced in Fig. 
12. The principal orientations 
were identified as follows: (1) roll- 
ing plane (100), rolling direction 
15° from [Oil]; (2) rolling plane 
(111), rolling direction [112]; and 
TO. (3) rolling plane (112), rolling di- 
rection 15° from [110]. A compari- 
son of other results with these is 
given in Table XXII. Pole figures 
for mild steel reerystallized at 
580°C.® and for an Fe-Si alloy^ are 
also shown (Figs. 13 and 14). The 
general features are similar; the 
recrystallization texture resembles 
in each direction around the sheet 


‘ The curve of relative hardening is given on p. 328. 

’ G. Kuedjumow and G. Sachs, Z. Physik, vol. 62, p. 692, 1930. 

’ M. Gensamer and B. Lustman, Trans. A.I.M.E., vol. 126, p. 601, 1937. 

* C. S. Barrett, G. Ansel, and R. F. Mehl, I'rans. A.I.M.E., vol. 126, p. 616, 
1937. 
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normal. The appearance of a diffraction pattern made with the beam 
perpendicular to a sheet having this texture is shown in Fig. 15. 


Table XXII. — Body-centered Cubic IIbcrystallization Textures 


- 

Recry*?- 

Rccrystallization 




tallization 


texture 



Material 

temper- 

ature, 

Roll- 

_ — 

lnvi‘stigator 

Method 

* 1 

degrees 

centigrade 

j 

ing 

plane 

Rolling 
direction , 



Iron 

Above 600 

(100) 

from [Oil] 

Glocker^ 

x-ray 

Electrolytic iron | 

550 to 840 

(100) 

^15^ from [Oil] 



and mild ^teol.' " 


(111) 

[1121 

Kurdjumow 

x-ray, pole 

- 


(112) 

-^15° from [110] 

and Sachs ^ 

figure 

Mild stwl 

650 

Similar to ref. 1 

Gensamer and 

x-ray, pole 


580 

Slightly different from 

Lustman® 

figure 



ref. 1 




Fe -f 3.05% Si 

1100* 

(100) 

[0011 

Sixtus'^ 

Optieal 



(110) 

! [001] 


(etch pits) 

Fe + 3.50% Si. . . 

1093* 

(110) 

[0011 

Bozorth® 

x-ray 

Fe -j- 2,07 % Si, . # 

580 

Similar to ref, 1 

Barrett, Ansel, 

x-ray, pole 

Fe+4.61%Si . 

590 

Similar to ref. 1 

and Mehl® 

figure 

Fe -|“ 4 61% Si . . . 

860 ( 

Slightly different from 



Fe + 4.61 % Si. . . . 

1093 i 

refs. 1 and 2 



Fe 4- 3 1% Si 

^1100* 

(110) 


Burwell^ 

x-ray, pol<5 




[001] j 


figure 


* With intermediate anneal (see N. 1*. Gohb, TravB. A,S M , vol. 23, p. 511, 1035; U.S. Patent 
1965559. 

1 G. Kurdjumow and G Sachs, Z. Phynk, vol. 62, p. 592, 1030, 

* M. Gensamer and B. Lustman, Trans. A. I M E , vol. 125, p. 501, 1937. 

3 U. Glocker, “ Matenalprufung mit Rontgenstrahlen,” p. 338, Spnngei, Berlin, 1927. 

< K J. Sixtus, Physics, vol. 6, p. 105, 1935. 

« R. M. Bozorth, Trans. A.S.M , vol. 23, p 1107, 1935. 

* C. S. Barrett, G, Ansel, and R. P. Mehl, Trans. A.I.M.E., vol. 125, p. 516, 1937, 

» J. T. Burwbll, Trans. A.I.M.E., vol. 140, p. 353, 1940. 

Recrystallization textures are sensitive to the schedule of rolling and 
intermediate annealing. The control of all such variables in the manu- 
facture of steel sheet is of great importance, and much attention is devoted 
to the problem in plant laboratories. Published research represents but a 
fraction of the total knowledge of the subject. Goss, ^ using cycles of cold 
reduction followed by recrystallization, has produced a (110)[001] texture, 
which posses.ses high permeability in the rolling direction.* Frey and 
Bitter* find that each cycle of cold reduction followed by rccrystallization 

1 N. P. Goss, Tram. A.S.M., vol. 23, p. 511, 1935; U.S. Patent 1965559. 

* R. M. Bozohth, Tram. A S.M., vol. 23, p. 1107, 1935. J. T. Burweli., Tram. 
A.I.M.E., vol. 140, p. 353, 1940. 

’ A. A. Frey and F. Bitter, U.S. Patent 2112084. 
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serves to increase the percentage of crystals having the (110)[001] position 
and to decrease the percentage having the (100)[01 1] position. A marked 
improvement in silicon steel for transformer cores has been made in 
recent years by improving the magnetic permeability in the rolling direc- 
tion through control of orientation.^ 

Cross rolling decreases the scatter in orientation about the rolling 
direction in the deformation texture of steel and other b.c.c. metals (see 
page 415). Use is made of this fact to produce desirable orientations in 
commercial sheet by a method due to Bitter. ^ By careful annealing 
following controlled rolling in both the longitudinal and transverse direc- 
tions the deformation texture is maintained, giving a sheet in which the 
cube plane is parallel to the rolling plane and the [110] directions are 



1' lo. 16.— Pattern for recr3rstalliaed steel sheet, beam normpd to the sheet (same sample as 
i r .■ for Fig. 14). ..... 

parallel to each rolling direction. The direction of easiest magnetization, 
[100], is then at 45° to the rolling direction. 

When steel Ls heated into the austenite range, the transformation to 
austenite and the reverse transformation to ferrite produce a random 
or nearly random texture, because of the multiplicity of orientations that 
results from a single orientation in the preceding phase. 

Hexagonal Close-packed Rolling Recrystallization Textures. — Hex- 
agonal metals seem to retain their rolling texture upon recrystallization. 
Straumann® found this with zinc and with Zn-Cd and Zn-Cu alloys, which 
showed uniform scattering of the hexagonal axis around the sheet normal, 
while Caglioti and Sachs^ found the same with zinc and magnesium. 

’ Other U.S. Patents dealing with this subject are 2287466 and 2158065. 

* F. Bitter, U.S. Patent 2046717. 

® 11. Straumann, Help. Phys. Acta, vol. 3, p. 463, 1930. 

■* V. Caolioti and G. Sachs, Metallvnrtschaft, I'ol. J 1 , p. 1, 1932. 
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Summary. — Some recrystallization textures resemble the deformation 
textures from which they grew, some are entirely different, and some are 
random. The control of preferred orientations is accomplished by con- 
trol of hot-working, cold-working, and annealing schedules; metal purity; 
alloy composition; and amount of cross rolling. Commercial products 
having a well-developed orientation of a desirable type (as in trans- 
former cores of high permeability in the rolling direction) or having a 
highly complex, near-random texture (as in sheet of deep-drawing quality) 
are usually developed by cut-and-try methods. Few fundamental 
principles are known. 

A well-developed deformation texture is usually a prerequisite to a 
sharp recrystallization texture. Rccrystallization textures of copper 
alloys are more sensitive to change by the addition of alloying elements 
than are deformation textures, and the alloying elements having the 
greatest solution-hardening effects on copper seem to generate the most 
nearly random recrystallization textures. 

The sharply developed cube texture, (100)[001], which is common to 
many f.c.c. metals and alloys after rolling and recrystallization, becomes 
most pronounced with heavy cold reductions and high annealing tem- 
peratures. Many alloying additions prevent it; for examph;, any of the 
following additions, in weight percent, to copper, 5% Zn, 1% Sn, 4% Al, 
0.5% Be, 0.5% Cd, 0.05% P. 

Iron, steel, and alloyed ferrites have complex recrystallization textures 
in which the principal orientation is one having (100) in the rolling plane 
and [Oil] 15° from the rolling direction. By employing various cycles of 
cold reduction and intermediate annealing, sometimes with cross rolling, 
it has been found possible to develop pronounced textures of the types 
(100)[001], (110)[001], and (100)[0n]. 



CHAPTER XX 


ORIENTATIONS IN CASTINGS AND IN DEPOSITED FILMS 

Metal castings frequently contain long columnar grains which extend 
from the surface inward in the direction of the greatest temperature 
gradient during freezing. The columnar structure is illustrated by a 
photograph of a copper ingot reproduced in Fig. 1. The long axis of the 
columnar grains tends to be an important crystal direction; i.e., prorhinent 
crystal planes t(;nd to be aligned parallel to the mold wall. The preferred 



Ftg. 1. — Cohiinnai’ grains in cast copper. 


orientations near the surface of a casting thus resemble the type of 
oi ientations found in a metal after compression, in that a crystal direction 
of low indices stands perpendicular to the surface and other crystal axes 
are oriented at random around this axis. 

In electrodeposited films there is also a tendency for a texture, but the 
tendency is frequently overcome by conditions in the plating bath and 
in the underlying surface. Sometimes the orientations in the underlying 
metal are inherited in the deposit. Films deposited by sputtering during 
an electric discharge in a vacuum may be amorphous or crystalline, and 
when crystalline they also have a preferred orientation of the fiber- 
texture type unless contlitions are such that they inherit an orientation 
from the material on which they arc deposited. 
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Textures in Cast Metal. — A summary of textures in cast metal that 
have been found by x-rays is given in Table XXIII. All cubic metals 
have casting textures in which a cube axis is the fiber axis, which is normal 
to the cold surface of the mold. Textures in the hexagonal metals are 
complicated by the fact that the skin has orientations different from the 
underlying material and that there is sometimes an intennediate layer 
with yet another texture. ‘ The orientation of the columnar grains of 
zinc was found by Nix and Schmid* to be a “ring fiber texture” with the 
basal plane pai'allel to the axis of the columnar grains but with no pre- 
ferred direction in this plane. A careful inve.stigation by Edmunds,^ on 
the other hand, showed that columnar grains of zinc have a (100) prism 
plane approximately parallel to the surface. He noted that at the mold 
surface the grains have their basal plane parallel to the surface and that 


Tabi.k XXllI. — Tbxtores op Cast Mktals 


Structure 

Metal 

Normal to cold surface | 

Refer- 




ence 

B.c.c. 

F('-Si (4 3% Si) 

[100] 

1 


Brass 

[100] 


B .c.c. 

M 

Cu 

Ak 

All 

Ph 

a-Brass 

[100] 

1 

H.c,p.* 

(VI ir/n - 1 885) 

rolumnar grains [2101; chilled surface 
1001 1 

(Vdumnar giains (001) 

2 

1 


Zii (r/'a = 1.856) | 

(V)lumnar grains, [210]; chilled suiface, 

2 


1 

[001] 

Goluinnar grains (001) 

1 


Mg {c/a = 1 624) 

Columnar grains, (205) ||surface 

2 



(Columnar grains [100] 

1 

Rhombohedral 

Bi 

[111] 

1 

Tetragonal 

iCJ-Sn 

[110] 

1 


* Thrcc-indices Hvstfin, Ptiui valent indieoa in four-indicos systems are as follows (001) — (0001) = 
basal plane, flOO] = [2TT0| = digonal axis of type I = elose-paeked row of atoms in basal plane, [100] 
normal to the hurfaee = (210) parallel to surface, [210] normal to Burfaeo = (100) parallel tosuiface. 

1 F. C. Nix and E. Schmid, Z. Metallkunde, vol. 21, p. 286, 1929. E. Schmid, Z. Metallkunde, vol. 
20, p 370, 1928 

2 G. Edmunds, Trans. A.T.M.E., vol. 143, p. 183, 1941. 

* G. Edmunds, Trans. A.LM.K , vol. 143, p. 183, 1941. 

*F. C. Nix and E. Schmid, Z. Metallkunde^ vol. 21, p. 286, 1929. 
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sometimes there is an intermediate layer with (101) parallel to the surface 
mixed with grains having the surface texture. 

Northcott and Thomas confirmed that columnar grains of copper 
rich alloys are oriented with [100] parallel to the long dimension of the 
grains.^ There are striations in the grains, presumably caused by coring 
in the dendrites, that ai-e the intersections of {100} faces with the plane 
of polish, and these are parallel to the length of the grains. Equiaxed 
grains in the ingots are random in orientation. 

Two binary eutectics have been studied.* In Zn-Cd (17 percent zinc) 
each of the two phases has the texture it has when alone, but in Al-Si 
(13 percent silicon) only the predominating phase is oriented. This 
phase (aluminum-rich) has its usual texture, with [100] as fiber axis, while 
the minor pha.se is randomly oriented. 

To understand growth textures it is nece.s.sary to consider the ani- 
sotropy of the growth velocity of crystals.® When randomly oriented 
ci-ystals start to grow from nuclei and grow with differemt velocities in 
different directions, they tend to block one another’s progre.s.s. The only 
ones that firul themselves able to continue growth unhindered are those' 
having the direction of ma.ximum growth velocity in the direcition of tht^ 
thermal gradi('nt'‘ — the direction of movenu'nt of the liquid-solid inter- 
face. d’lu'se' grains will become long columnar grains with their longi- 
tudinal a.xis parallel to the direction of greatest growth velocity. 

Orientations in Electrodeposits. — The nature of the orientation in 
cleetrodeposited metal is of considerable technical impoi tance and has 
bet'n the object of much investigation with the microscope; and with x-ray 
and electron diffraction. The subject is complex, for the deposit is 
affected by the nature of the electrolyte, its hydrogc'n ion concentration, 
the presence of addition agents, the tempef ature, the current density, the 
nature and condition of the base metal, stiiaing, rubbing, etc. There are 
also changes in texture as the depo.sited layer thickens, some of which 
have be(;n ascribed directly to the thicikness and others to changing 
conditions of temperature or concentration in the electroljde. 

Under some plating conditions the orientation of the base metal is 
copied by the deposit.® In fact, microscopic investigation of a cross 

1 L. Noiithoott and D. E. Thomas, J. Inst. Metals, vol. 65, p. 205, 1939. The 
ingots studied were of Cu containing, respectively, 0.5% Mn, 1% P, 2% Al, 4% Sn, 
and 15, 33, and 47 % Zn. 

* F. C. Nix and E. Schmid, Z. Metallkunde, vol. 21, p. 286, 1929. 

3 W. Boas and E. Schmid, Z. Physik, vol. 54, p. 16, 1929. A. G. Hoyem and 
E. P. T. Tyndall, Phys. Rev., vol. 33, p. 81, 1929. S. Tsuboi, Mem. Coll. Sci., 
Kyoto Imp. Univ., vol. A12, p. 223, 1929. R. Gross and H. Molleh, Z. Physik, 
vol. 19, p. 375, 1923. 

^ R. Gross and H. Moller, Z. Physik, vol. 19, p. 375, 1923. 

® W. A. Wood, Proc. Phys. Soc. {London), vol. 43, p. 138, 1931. W. Cochrane, 
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section through deposit and base metal shows that the grains in the 
deposit are frequently continuations of the grains in the base metal. ^ 
The conditions most favorable to the continuation of base-metal grains 
into the electrodeposit are the following: clean, freshly etched surfaces, 
small current densities, electrolytes without colloidal additions, and 
similarity in structure between base metal and deposit. When both 
metals are cubic, continuation is found only if the base metal has a para- 
meter approximately equal to that of the deposit (2.4 percent smaller 
to 12.5 percent greater).^ ‘ Exceptions to these rules have been observed, 
however. It is possible to have continuation when the two metals have 
different structures, presumablj^ be(?ausc of related atomic patterns at 
the interface, as in Widmanstatten structures. It is also possible to 
have continuation across a thin interposed layer of a second substance,^ 
(perhaps through connecting pores or through orientations imi)arted to 
the layer). The continuity may occur only for certain g]-ains of the 
base metal, as in rapidly applied industrial deposits, or it may be observed 
for all grains, for example, when the base metal itself is an elec^trodeposit. 

The influence of the base metal does not extend very far into the 
deposited metal, and the outer layers are free to take up th(*ir charac- 
teristic orientation. Under sonu' (*onditions th(' uiukulying layers ai’e 
randomly orient ('d and succet^ding layei*s become i)rogi‘(‘ssiv(ly more 
sharply oriented for some distance.^ Current density and electrolyte 
composition may l)e such that th(i (‘iitin^ (U'posit is random,® or varying 
degrees of orientation can be produced, which Wood® sugg(\sts may 
correlate with the brightness of the d(‘posit in the case of nickel and 
chromium. Not only the degr(‘(‘ of orientation but even th(' nature of 
the texture can be altered by the plating conditions.^ In ('V(uy case 
where a deposit is free to assume its own t(‘xture the orientations are 
such that a crystal axis stands perpendiculai* to the surface or parallel 
to the direction of current flow^, and there is rotational symmetry around 


Proc. Phya. Soc, (London), vol. 48, p. 723, 1936. G. P. Thomson, Proc. Roy, Soc. 
(London), vol. A133, p. 1, 1931. 

1 A. K. Huntington, Tram. Faraday Soc., vol. 1, ]). 324, 1905. A.- K Guaham, 

Trans. Am, Electrochem. Soc., vol. 44, p. 427, 1923. A. W. IIotheusai.l, Tram. 
Faraday Soc,, vol. 31, p. 1242, 1935. W. Blum and H. S Haw don, Trans. Am. Kiev- 
trochem, Soc., vol. 44, p. 305, 1923. G. Tammann and AI. Stkaumanis, Z. anorg. 
allgem. Chem., vol. 175, p. 131, 1928. 

* A. W. Hothersall, Trans. Faraday Soc., vol. 31, p. 1242, 1935. 

3 A. M. PoRTEViN and AI. Cymboliste, Trans. Faraday Soc., vol. 31, p. 1211, 1935. 
^ W. G. Burgers, Phillips Tech. Rev., vol. 1, p. 95, 1936. 

^ R. Glockeu and E. Kaupp, Z. Physik, vol. 24, p. 121, 1921. 

W. A. Wood, Phil. Mag., vol. 20, p. 964, 1935. 

^R. Glocker and E. Kaupp, Z. Physik, vol. 24, p. 121, 1924. R. Bozori’k, 
Phys. Rev., vol. 26, p. 390, 1925. 
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this axis. Thus the deposit has a fiber texture (or a double fjber texture) 
resembling the texture of a wire, the thickness direction of the deposit 
corresponding to the axial direction in the wire. 

A bri(!f summary of orientations that have been observed, assembled 
by Wassermann,' is given in Table XXIV. 


Tabi.k XXIV. — Textures in Elkctrodeposits 


Metal 

Fiber textures 

Observers 

Nickel 

[100], [100] + [110]; [112] 

1, 5, 8, 9, 10, 11 

("oppIT 

[110]; [100] 

1, 6,7 

Sliver 

[111] + [100]; [111]; [110] 

1, 2, 3, 4, 5 

L('a(l 

[112] 

12 

Gold 

[110] 

5 

Iron 

[111]; [112] 

1, 5, 9, 11 

( Jobalt 

[110] 

5 

(nirominiu 

[100] + [111] (f.o.c.); [0001] (hexagoiiiil) 

1, 13, 14 

Tin 

[111]; [001] 

5, 16 

CWlinmm 

[1122] 

17 

Bismuth 

[211]; [100] 

5, 15 


I R (JvocKKR ami E Kaupp, Z. Physik, vol. 24, p. 121, 1924. 

“ S 'Phuuoi, Mini Call, Sci., Kuoto Imp Uuiv,, \<>l. All, p. 271, 1028. 

•* G. R. Levi and M. Tabet, Aiti accad, Ltncet, vol 18 (6), p 403, 1934, 

* II. Hikata and H. Komathuhaka, Mem Coll. Set , Ki/oto Imp Untv , vol AlO, p. 95, 1926. 

‘ G I. I'iNcii, A. G. Quarrell, and H Wilman, Trans. Faraday Soc , vol 31, j). 1051, 1935. 

« W. Kohteu, Z Metallkimde, vol. 18, p. 219, 1920 

’ 11 Hiuata and Y, Tanaka, Mem Coll. Sci.y Kyoto Imp Untv , vol. Al5, p. 9, 1932. 

** G L Glark and P. K. Erolioh, Z. Elektrochem , vol 31, p. 055, 1925. 

» 11. HdZOKTH, Phys. Rti , v^ol. 20, p. 390, 1925. 

W. G Burgerh and W. Elendaas, Naturwtsitenschaften, \ol 21, p. 105, 1933. 

W. Elknraas, Z. Phystk, vol. 70, p. 829, 1932. 

12 P. K Erolich, G. L. Clark, and K. A. Aborn, Z Elektrochem , vol. 32, p. 295, 1920. 

W. Arkharovv, J. T ech Phys , U.S.S.R , vol 0, p 1777, 1030 {Metal Abstracts, vol. 3, p. CG5, 1930). 

II W. A. Wood, Phil. May , vol. 21, p. 772, 1037 

1® H Hirata, Mem. Coll. Set , Kyoto Imp. Untv , vtd All, p. 429, 1928 

II. Hirata and Y. Tanaka, Mem. Coll Set , Kyoto Imp. Untv., vol, Al7, p. 143, 1934. 

A. Rubio and J. Garcia de la Cukv a, Anales soc, espan.fis, quim., v'ol 33, j> 521, 1935. 


Evaporated and Sputtered Metal Films. — Thin layers of metals 
eoiulonsed from the vapor phase or deposited by cathodic sputtering 
have received extensive stud}" by electron diffraction as well as by x-rays. 
They are of practical value; for instance, evaporated films of aluminum 
make very efficient mirror surfaces.- Orientations in the layers depend 
on the nature of the base and its temperature during deposition and are 
not iK'cessarily the same with all metals of a given crystal structure. 
t)rientations are generally altered when the layers are subsequently 
heated. 

^ (1. Wassermann, ^^T(‘xtiimi inetalliscluT Werkstoffe,’^ Springer, Berlin, 1939. 

2.T. Stkonij, Aatrophijfi. vol. 83, p. 401, 1936. 
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Metals evaporated on amorphous, vitreous, or polished base material 
are likely to be oriented randomly if the base is at a low temperature and 
to be oriented in some fiber texture if the base is hot. In many cases, 
the low-temperature deposit is colloidal or even amorphous and gives 
very diffuse diffraction rings. ^ Although evaporated films are normally 
produced in a high vacuum, the presence of gas in the deposit may have 
much to do with the structure,- and the crystal lattice of sputtered films 
also seems to be definitely affected by the nature of the gas.^ 

When a deposited metal takes up a preferred orientation at the time 
of deposition or upon subsequent annealing, the texture is usually a fiber 
texture with the fiber axis normal to the surface. That is, there is a 
tendency for a certain crystallographic plane to lie parallel to the surface 
of the base material. There may be two such orientations coexisting, 
however, and they may form a double fiber texture. Kxcc'ptions have 
been noted Avhen a stream of metal strikes a condensing surface obliquely. 
There is tlum a fiber texture with the fiber axis inclined both to the stream 
of metal and to the condensing surface.*^ 

A summary of the fiber textures that have been obvseiwed with 
different temperatures of deposition and of annealing is given in Tabh^ 
XXV. ^ For a discussion of the (;onditions governing the (*hoice of the 
different possible orientations the references cited in the table should bo 
consulted. 

Dixit^ has observed three different orientations when an aluminum 
deposit lO""® or 10”® cm, thick is heated to various temperatures and has 
proposed that the transition [111] — > [100] — > [HO] with increasing tem- 
perature is because the surface atoms behave as a two-dimensional gas. 
His theory is that with increasing temperature the area on the surfaces 
required for each atom increases and that this increase governs the 
crystal plains that can lie on the surface. 

1 F. Kirchnkr, Z. Physik, vol. 76, p. 576, 1932 (Sb, So, Ag, Tl, Au, Bi). J. A. 
Prins, Nature, vol. 131, p. 760, 1933. T. Fukuroi, Sn, Papers Inst. Phys. Chem. 
Research (Tokyo), vol. 32, p. 196, 1937 (Cd, Zn). L. R. Ingersoll and S. S. de 
V iNNEY, Phys. Rev., vol. 26, p, 86, 1925 (Ni). L. 11. iNOERSOLnand J, J). Hanawalt, 
Phys. Rev,, vol, 34, p. 972, 1929 (Ni). M. Gen, J. Zelmanoff, and A. Schalnikoff, 
Physik. Z. Sowjetunion, vol, 4, p. 826, 1933 (Fe, Cd, llg, Ni). G. Hass, Naturwtssen- 
schaflen, vol, 25, p. 232, 1937; Ann. Phystk, vol. 31, p, 245, 1938 (Sb, Ag). L. H. 
Germer, Phys. Rev., vol. 56, p. 58, 1939 (Au, Pd, Cu, Al, Mg). 

2 G. P. Thomson and W. Cochrane, '^Theory and Practices of Klectron Diffrac- 
tion,’* p. 164, Macmillan, New York, 1939. 

^ S. Ogawa, Sc'L Repts. Tohoku hnp. Umv., vol 26, p. 93, 1937. L. II. Ingersoll 
and J. D. Hanawalt, Phys. Rev., vol. 34, p. 972, 1929. L. R. Ingersoll, Phys. Rev., 
vol. 33, p. 1094, 1929. W. Bussen and F. Gross, Z. Physik, vol. 86, p. 135, 1933; 
vol. 87, p. 778, 1934. 

^ K. R. Dixit, Phil. Mag., vol. 16, p. 1049, 1933. 

® G. Wassermann, “Texturen nietallischer Werkstoffe,** Springer, Berlin, 1939. 
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Table XXV.— Textures in Evaporated and Sputtered Films 


Metal deposited 

Texture 

Technique 

References 

F.C.C.: 

Ag 

[111]; [1001; [110] 

Kvaporated 

1, 2 

A1 

[1111; [1001; [110] 

Evaporated 

1, 3, 4, 18 

An 

[110]; [111] 

Evaporated 

3, 5, 6, 7 

Pt 

[100]; [111] 

Spattered 

5, 9 

Pd, c:u, Ni 

[111] 

Evaporated 

8, 9 

B.C.C.: 




Fe 

[111] 

Evaporated 

9 

Mo 

[110] 

Evaporated 

10 

Hexagonal: 




Cd, Zn 

[0001] 

Evaporated 

5, 11, 12, 13 

Rhoinbohodral : 

Hi 

[111], nio] 

Evaporated | 

14, 15, 16, 17 


1 K. K Dixit, Phil. Mag , 16, p 1049, 1933. 

2 H. Mark iind R Wikhl, Z. Phyatk, vol 60, p. 741, 1930 

2 L. ^rOc’K, Ann. Phyatk, \ol. 26, p. 233, 1936 

^ R. I3ee<’HIN«, Phil Mag., vol, 22, p. 928, 1936. 

T. Finch, A. (1, Quarhell, un<l H Wilman, Trana Faraday Soc , vol 31, p 1031, 1935. 

* E N. DA C. Andrade, Trana Faraday Soc , vol 31, p. 1137, 1935 

^ S. R. SwAMY, Proc. Phy^a. Soc. {London), vol 46, p 739, 1934. 

*0. ROdiger, Ann. Phyatk, vol 30, p 505, 1937. 

» S. Dembinska, Z. Phyatk, vol. 54, p. 40, 1929 
I. H. L\ndau, Metals S: Alloys, vol. 9, pp 73, 100, 1038. 

M VoLviER, Z. Phyatk, vol. .5, p 31, 1921 

^2 E A. Owen hihI E. W. RouKurw, Phtl Mag , vol 22, i» 290, 1936. 

1'’ M SruAUMANis, Z Phyatk Cheni , vol Bl3, p. 316, 1931. 

F. Kirchner, Z Phyatk, vol. 76, p 576, 1932 
T. L\ne, Phya. Rev, vol 48, p 19.3, 19.3.^>. 

IP F. Orosb, Z Phyatk, vf)I 61, p .520, 1930 

” W Bi^hhem, F (litoHH, and K. JIerr.mann, Z Phyatk, vol. 61, p. .537, 1930. 

11. Gkrmer, Phys. Rev , vol. 56, p. 58, 1939. 

Films Deposited on Single Crystals. — Orientations in films deposited 
on single crystals are affected not only by the conditions mentioned 
above, but also by the atomic aitangement in the supporting crystal. 
The force fields around the atoms in the base material ma}- be sufficient 
to produce a single orientation instead of a fiber texture, although at 
room temperature random deposits usually prevail. Gold, silver, nickel, 
and platinum deposited on the cleavage face (100) of rock salt take up 
the orientation of the underlying crystal^ or an orientation related thereto- 
when the temperature is above a certain critical value. The body- 
centered cubic m(^tals iron and chromium deposit with more than one 

1 H. Lassen, Physik. Z.j vol. 35, p. 172, 1934 H Lassen and L. BrCck, Ann, 
Pkysikf vol. 22, p. 65, 1935 T^. Hruc’k, Ann. Physik, vol. 26, p. 233, 1936. 

^G. Menzer, Z, KrisL, vol. 99, p. 410, 1938. L. Royer, Ann, Physik^ vol. 23, p. 
16. 1935. 
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orientation; some crystals in the layer take np the orientation of the roek 
salt and others have (110) parallel to the cube fa(!c and [110] parallel to 
the cid)e edge of the rock salt. 

Gold, silver, and platinum on (ileavage face.s of calcite, mica, and 
quartz take up orientations that depend on the temperature and on the 
.supporting crystal^ presumably the factors governing orientations are 
closely related to those governing Widmanstatten stnictures, but the 
basic principles are sometimes complicated by the presence of twinning 
in the deposit.® 

•O. IluDiOKR, Ann. Physik, vol. 30, p. 505, 1937. 

* F. Kirciinkr and H. Cramkr, Ann. Phystk, vt)l. 33, p. 138, 1938. (i. .Mknzkr, 

Nalurwissenschaften, vol. 26, p. 385, 1938. 
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ANISOTROPY 

The practical importance of preferred orientations lies in the variation 
in properties with direction in commercial material, especially in rolled 
sheet. Directionality is usually undesirable in a product and is generally 
kept under strict control in the mills. Sheet used in deep drawing, for 
instance, must flow uniformly in all directions if a scalloped rim is to be 
avoided. 

Anisotropy is responsible not only for this earing'^ of deep-drawn 
objects, but also for uneven thinning, puckering, and splitting of the 
walls. Directionality in forgings may lead to insufficient ductility in 
some directions. Directionality in sheet steel for electrical uses may 
lead to undesirable electrical characteristics in one apparatus, but in 
another it may be exploited to give high permeability in an important 
direction (for example, parallel to the magnetic flux in a transformer core). 

Owing to the interaction of each grain with the neighboring grains 
and with grain boundaries and imperfections, it is seddom possible to 
compute the anisotropy of a polycrystalline aggregate directly from the 
anisotropic properties of single crystals. Accordingly, the earlier sections 
of this chapter are devoted to the polycrystalline properties, which are 
of more general interest, and single crystal data are deferred to the later 
sections. 

Directionality in the Strength Properties. — Directional properties 
in poly crystalline metals may arise from preferred orientations or from 
other causes, such as elongated inclusions, blowhole's, cavities, segrega- 
tion, nonmetallic inclusions, strings and layers of small grains, and the 
elongated shape of the grains themselves. Anisotropy caused by the 
preferred orientation of crystals is sometimes called ‘‘crystallographic 
fibering,^' and it is this with which we are chiefly concerned here, rather 
than with the so-called “mechanical fibering^’ from other causes. The 
properties of forgings in different directions depend more on mechan- 
ical than on crystallographic fibering^ although in forgings of magnesium 
the reverse is true.^ In many cases the causes are combined. 

Face-centered cubic metals in the cold-rolled state are not highly 
anisotropic, but the tensile strength in the cross direction definitely 

1 G. Sachs and K. R. Van Horn, ''Practical Metallurgy, '' A,S.M,y Cleveland, 
Ohio, 1940. 

* W. Schmidt, Z, Meiallkunde^ vol. 25, p. 229, 1933. 
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exceeds that in the longitudinal direction for copper and brass,* nickel, f 
aluminum, t silver, § Fe-Ni,|| and bronzell after severe cold rolling. High 
tensile and yield strengths and low ductility (elongation, reduction in 
area, ability to withstand bending) are usually found in the same direc- 
tions. Anisotropy increases with the degree of reduction by rolling,** 
as would be expected from the progressive development of rolling textures, 
but the anisotropy seldom amounts to as much as 10 percent in yield 
strength or tensile strength. Reduction of area in transverse specimens 
may be as low as half that in longitudinal specimens in brass and bronze. 
Bend tests and notch-bend tests of all types are anisotropic,^ owing to 
both crystallographic and mechanical fibering.^ Test strips cut along 
the cross direction are least able to withstand bending, and the bending 
number increases as the rolling direction is approached in aluminum, 
copper, brass, and bronze. If Annealed sheets can b(^ produced with 
varying degrees of anisotropy. An example of the degree of directionality 
encountered in brass is shown in Fig. 1, which gives the results of tensile 
tests on 65-“35 brass strip that has had various annealing treatmc'iits. 

* W. B. Price and P. I^avidson, Trans, Am, Inst. Metals^ vol. 10, p. 133, 191(5. 
F, Korbkr and P. Wieland, Mitt. Katser-Wilhelm Inst, Eisenforsch, Dusseldorft 
vol. 3, p. 57, 1921. F. Korber and H. Hoff, Mitt, KaiserAV'ilhelni Inst. Eisenforsch, 
iJmseldorfj vol. 10, p. 175, 1928. E. Schmid and G. Wassermann, MetalhnHschaftj 
vol. 10, p. 409, 1931. A, Phillips and C. H. Samans, Trans. A.I.M.E.^ vol. 104, 
p. 171, 1933. A. Phillips and E. S, Bunn, Trans. A.I.M.E., vol 93, p. 353, 1931. 
F. V. Goler and G. Sachs, Z. Phystky vol. 66, p. 495, 1929. H. Unc’kel, Z Metall- 
kvndej vol. 31, p. 104, 1939. O, Bauer, F. v. Goler, and G. Sachs, Z. Meiallkunde, 
vol. 20, p. 202, 1928. F. v. Goler and G. Sachs, Z. Physiky vol. 56, p. 495, 1929. 
M. Cook, J. Inst. MetalSj vol. 60, p. 159, 1937; Metal Imi, (London), vol. 50, pp. 337, 
405, 1937. 

t F. KOrber and H. Hoff, Mitt. KaiserAVilhelm Inst. Eisenforsch. Dnsscldorf, 
vol. 10, p. 175, 1928. 

t F. Korber and II. Hoff, Mtit. Kaiser-Wilhelm Inst. Eisenforsch. Dusseldorf, 
vol. 10, p. 175, 1928. II. Unckel, Z. Metallkunde, vol. 31, p. 101, 1939 

§ E. Schmid and G. Wassermann, Metallwirtschaft, vol. 10, p. 409, 1931 F. . 
Goler and G. Sachs, Z. Phystk, vol. 56, p. 495, 1929. E. Raub, Z. Metallhunde, 
vol. 27, p. 77, 1935. 

II 0. Dahl and F. Pawlek, Z. Metallkunde, vol. 28, p. 230, 1936. 

If H. Unckel, Z. Metallkunde, vol. 31, p. 104, 1939. 

F. Korber and 11. Hoff, Mitt, Kaiser-W ilhelm Inst, Eisenforsch. Dusseldorf, 
vol. 10, p. 175, 1928. A. Phillips and E. S. Bunn, Trans. A.I.M.E., vol. 93, p. 353, 
1931. H. Unckel, Z . Metallkunde, vol. 31, p. 104, 1939. 

1 G. "J^ammann and H. II. Meyer, Z. Metallkunde, vol. 18, p. 176, 1926; vol. 19, 
p. 82, 1927. 11. Unckel, Z. Metallkunde, vol. 31, p. 104, 1939. W. A. Straw, 
M. D. Helfrick, and C. R. Fischrupp, Trans, A.I.M.E., vol. 93, p. 317, 1931. 
J'. Korber and P. Wieland, Mitt, Kaiser-Wilhelm Inst. Eisenforsch. Dusseldorf 
vol. 3, p. 57, 1921. H. Rohrio and K. Schonherr, Z. Metallkunde, vol. 29, p. 337, 
1937. E. Mohr, Metallwirtschaft, vol. 18, p. 405, 1939. 

*G. Sachs and K. R. Van Horn, ‘^Practical Metallurgy,” A.S.M., (Ueveland, 
Ohio, 1940. 
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Palmer and Smith^ draw the following conclusions from many investi- 
gations of this type on brass. 

1. If brass is fully recrystallized, the higher the final annealing tem- 
perature, the greater, invariably, is the directionality in the sheet, as 
revealed by the height of ears that form in drawing cups. 

2. The lower the temperature of the anneal before the last rolling, the 
gieater, invariabl}", is the degree of final directionality. 

3. The lower the temperature of earlier anneals (“running-down" or 
“process" anneals), the gi*eater the final directionality, unless very high 
jeductions are used between anneals. 

4. The degree of directionality is not significantly aff<'cted by the 
type or speed of the rolling mill, reduction per pass, lubrication of the strip 
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abed 
Fki. 1 . * -'I)ireoti()nalit> of pliy^cal piopcitios in 65-35 bra.sh btiip. Normal reductions 
(foui to MX 13, & S. numbcM.s) and iioriual anneals (about 6()()°C ), followed by final treat- 
ments (a) haid rolled, (5) annealed 2 hr, at 200®C.; (c) annealed at 50()°C, (produced no 
eais), (d) annealed at 700°C. (no eais). {Palmer and Smith.) 


during rolling, size and orientation of grains in tlie casting, or impurities 
in the 65-35 brass (provided that they do not exceed 0.5% Pb, 0.05% Fe, 

0.1 % Si, 1 % Mn, I % Ni, 1% Al, 0.5% Cd, or small amounts of Li or Na 
added for deoxidation). 

Burghoff and Bohlen- conclude that the directionality of 68-32 brass 
strip increases as follows: 

1. As the penultimate reduction by rolling increases. 

2. As tlu* final reduction increases. 

3. As the penultimate annealing temperature decreases. 

4. As the final annealing temperature increases. 

Sheets may be produced that form cups with four ears 45° to the rolling 
direction or six ears at 0 and 60° positions, depending upon the mill 
variables. Pole figures for samples giving four and six ears, respectively, 
are reproduced in Figs. 2a and 2b (the black triangles indicate the sym- 
metrical positions (110) [112] which appeared to be somewhat more 

1 K. W. Palmer and C. S. Smith, Trans. A.I.M.E., vol. 147, p. 164, 1942. 

* H. L. Burghoff and E. C. Bohlen, Trans. A.I.M.E., vol. 147, p'. 144, 1942. 
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applicable than the usual (113) 1211] positions). Four dense areas will 
be noted near the outside on one pole figure, six on the other; these 
correlate with the tendency to produce four and six ears, respectively. 
It will be seen further that, since the (111) planes arc slip planes in this 
material, these (111) pole figures give directly the distribution of available 
slip planes and, to a first approximation, the distribution of slip systems. 
It would be expected that slip would be facilitated when a stress is 
applied to the sheet in directions that would cause the greatest resolved 
shear stress on the greatest number of grains. In Fig. 2a, this will be 
seen to correspond to directions 45° to the rolling direction, for then the 
concentrations in the rolling dh'ection (at the top) and in the transverse 



Fig. 13.- Polo figuios for (111) poles in 6S-;i2 biii.s.s stii]), (a) Forms oups witli font 
ears (rolled 84 percent, annealed 425®(y.; rolled 50 percent, annealed 650°(1.). (h) Forms 

Mips with SIX ears, rolled 50 percent annealed 505°C.; rolled 85 percent annealed (i50°(' ) 
(Burghoff and Bohlcn.) 

direction (at the side) will lie 45° to the axis of tension and will receive 
large shear stress components. There is rea.son to expect, therefore, the 
observed behavior: in the drawing of a cup with symmetrical dies the 
metal would flow more easily in directions 45° to the lulling direction and 
produce ears at these positions. A similar argument applies— though 
less convincingly — to Fig. 2b. 

When recrystallization produces a cube texture, (100)[001], the direc- 
tionality of physical properties is extreme, as will be seen from the typical 
curves in Fig. 3 for copper. ^ There is a marked minimum in ductility at 
0 and 90° positions and a peak at 45°. It is readily understandable 
that earing in the cup test is sensitive to the percentage of the grains 
that have this texture. Baldwin finds, in fact, a linear relation between 
car height and this percentage. Ears occur at 0 and 90° to the rolling 
direction in sheets having 30 percent or more of the grains in cubic 

^ W. M. Baldwin, Metah Tech,^ Tech. Pub. 1455, April, 1942. 
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alignment, Avhereas in the absence of this cube texture ears in face- 
centered cubic metals are usually at 46° to the rolling direction.^ 

Among body-centered cubic metals, cold-rolled iron has its highest 
tensile values in the transverse direction of the shect.^ Anisotropy in 
cold-rolled low-carbon steel after annealing at various temperatures is 
illustrated in Fig. 4.’' 

Kars on cups drawn from annealed sheet steel may be found at the 
45° jjositions when the degree of reduction is low (about 40 percent) or 
at 0 and 90° to the rolling direction with higher reductions;'* they increase 


Fi<i. 




Direction 


•S. — DiHHtioiiality of tensile properties of copper strip having cube textuie. 

(^Baldwin.) 


in lieighi with the amount of rolling. Control of furnarc practice, of hot- 
aiul cold-rolling schedules and of finishing and annealing temperatures in 
the mod(‘rn mills yields a product that is effectively isotropic. 

Anisotropy in hot-rolled structural steel plate is sinall^ (carbon 
steel from 0.17 to 0.25% C, low-alloy steels containing up to 0.36% Si, 

1 K. Kaiser, Z. M etallknude^ vol. 19, p 435, 1927. W. H. Bassett and J. C. 
liKADLEY, Trans, A.I.M.E., vol. 104, p. 181, 1933. Arthur Phillips and C. H. 
Samans, Trans, A. I vol. 104, p. 171, 1933. Arthur Phillips and G. Edmunds, 
Proc, A.S.T.Af.j vol. 29, pt. 11, p. 438, 1929 E. Baub, Z, Metallkundej vol. 27, p. 77, 
1935; Mtli, Forsch-Insl. Piohicramts EdelmHalley vol. 10, p. 53, 1936. M. Cook, J, 
Inst. Metahj vol. 60, p. 150, 1937, Metal Ind. {London), vol. 50, p. 337, 1937. J. D. 
Jevons, j, Inst, Metals, vol. 60, p. 174, 1937. Control of the cube texture is also 
treated in Chap. XX, p. 428, of the present book. 

2 J. WiNLOCK and G. L. Kelley, Trans, A.S.S,T., vol. 12, p. 635, 1927. F. Korber 
and H. Hoff, Mitt, Kaiser-W ilhelm Inst, Eisenforsch, Dusseldorf, vol. 10, p. 175, 1928. 
Arthur Phillips and H. II. Dunkle, Trans, A.S.M., vol. 23, p. 398, 1935. C. A. 
Edwards, D. L. Phillips, and C. R. Pipe, J, Iron Steel Inst,, vol. 133, p. 95, 1936. 

3 Arthur Phillips and II. H. Dunkle, Trans, A.S.M,, vol. 23, p. 398, 1935. 

4 Arthur Phillips and H. H. Dunkle, Trans, A.S.M,, vol. 23, p. 398, 1935. 
O. Dahl and J. Pfaffenlerger, Z Phystk, vol. 71, p. 93, 1931. 

* B. Johnston and F, Opila, Trans. A S.T.M., vol. 41, p. 552, 1941. 
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1.84% Ni, 1.14% Cu, 0.80% Cr). The elastic constant.s arc isotropic 
(E = 29.54 X 10* psi., v = 0.297, G = 11.39 X 10® psi.), but ductility 
and strength vary with <lircction of testing. Avcnage values for elonga- 
tion in 2 in. for a series of carbon steels are 40.2 and 36.0 percent for 
longitudinal and transverse directions, respectively; the corresponding 
values for average tine stress at fracture arc 117,600 and 110,500 psi.‘ 
Straight-rolled molybdenum has a minimum strength in bending 
when test strips arc cut along the transverse' direction of the sheet, but 



0 45 90,0 45 90,0 45 90,0 45 90 

Angle to Rolling Direction 

Fig. 4. — Directionality cf tensile strength and elongation in aiineiilo<l steel slieet vith 
vaiious reductions and annealing teoipeiatures. {Phdhpa and t)unkU‘,) 


the minimum shifts to the 45" po.sition if the sheet is made by cross rolling 
and is annealed without recrystallization.- The cross-rolled sheet is 
extremely brittle, with cleavage along the cube planes that lie 45° from 
the rolling direction and normal to the sheet — the texture is (100)[011]. 
Similar brittleness has been observed in tungsten foil reciy stall ized at a 
high temperature.® 

* 

^ True stress is the load divided by the area of the cross section at the necked-down 
section; tensile strength is the maximum load sustained by the specimen divided by the 
original area of the cross section. 

2 C. E. Uansley and H. P. Rooksby, /. Inst, AfeUiIsj vol. 62, p. 205, 1938. C. J. 
Smithells, J. Inst. Metals^ vol. 60, p. 172, 1937. 

3 W. G. Burgers and J. J. A. Pj.oos van Amstel, J^hijsica, vol. 3, p. 1064, 1936. 
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Hexagonal metals with their distinctive and limited manner of 
crystallographic slip show a marked influence of texture on directionality 
of properties. The tensile strength and yield strength of rolled zinc is 
lower in the rolling direction than in the cross direction/ whereas the 
measures of ductility vary conversely. Bending properties are strongly 
influenced by the texture of surface layers (see page 414)/ and these can 
be altered by mill practice. Directionality is not greatly altered by 
purity or rolling temperature/ but when the degree of working alters 
the nature of the preferred orientation there are marked alterations in 
the properties and their directionality which may be understood when the 
textures are compared with the properties of single crystals.'* 

Textun's, directionality of physical properties, and formability are 
strongly correlated in the case of magnesium and its alloys.^ It is 
j)ossible to plan forming processes so that maximum yield and tensile 
strengths can be had in tlu; din'ction of the maximum service stress or to 
increase greatly the elongation both in the cross direction and in the 
rolling direction by bending a sheet back and forth in straightening 
rolls, thus causing twinning and i)roducing new possibilities for slip. 
Magn(*sium-alloy rods formed by cold drawing or cold extrusion (below 
300°(1) possess a uniciue form of anisotropy: the yield strength in com- 
jn'ession is only about half that in tension. This results from the fact 
that compression produces twinning, whereas tension does not. The 
effect is less in fine-grained alloys, which twin less readily. An extensive 
discussion of directionality in magnesium and its alloys will be found in 
Beck’s “Technology of Magnesium and Its Alloys.’’* 

Miscellaneous Tests for Anisotropy. — In addition to yield strength, 
tensile strength, elongation, reduction in area, elastic moduli, bend and 

lE. Schmid and G. Wassermank, Z. Metallkunde, vol. 23, p. 87, 1931. H. 
SiKOLERSciiMiDT, Z. Metallkvnde, vol. 24, p. 5.>, 1932. C. H. Mathewson, C'-. S 
^'REWI^^, and W. H. Finkeldky, Tram. vol. 64, p. 305, 1920. H. F. Moore, 

t/mv. Illinois Bull. Eng. Expl. Sta., vol. 9, no. 52, 1911. 0. Bauer, .L Weerts, and 

1*'. Heck, M elallwirlschaft, vol. 12, p. G15, 1933. G. Sachs, Z. Metallkunde, vol. 17, 
p. 187, 1925. 

* G. Edmunds and M. L. Fueler, Trans. A.I.M.E., vol. 99, p. 175, 1932. 

“O. Hauer, J. Weerts, and F. Beck, M elallmrtschaft, vol. 12, p. 615, 1933. 
W Guertler, F. Kleweta, W. ('laus, and E. Rickertsen, Z. Metallkunde, vol. 27, 
p. 1, 1935. G. Wassebmann, “Texturen metallischcr Werkstoffe,” Springer, Berlin, 
1939. 

* E. Schmid, Z. Metallkunde, vol. 31, p. 125, 1929; Metallwirtschaft, vol. 18, p. 524, 
1939. F. WoLBANK, Z. Metallkunde, vol. 31, p. 249, 1939. 

* “S.vinposium on Radiography and X-ra.v Diffraction,” A.S.T.M., Philadelphia, 
Pa., 1936. W. Schmidt, Z. Metallkunde, vol. 25, p. 229, 1933. 

* A. Beck, “The Technology of Magnesium and Its Alloys,” F. A. Hughes & Co. 
Ltd., London, 1940. 
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notch-bend tests, and the formation of ears on drawn cups, there are 
other tests that have been used occasionally to reveal anisotropy. 

A tear test proposed by Brownsdon* and Jevons® is one of the simplest. 
Slots about 1 cm. wide are cut at different directions in a sheet, and by 

the use of a slotted key as shown 
in Fig. 5 strips are torn from the 
sheet in the way one opens a can of 
sardines. For reasons that are not 
understood, the relative; h'ngths of 
the strips in different directions in 

Fi«. 5. Teal test for anihotropy in ^lleet * the .sheet scem to be indicative 
metal. (.Jtjotis.) qJ anisotropy. 

Cupping tests freepicntly indicate directionality by the appeai'ance 
of the metal around the deformed dome or cup and by the direction of 
splitting.® The Erickson cup test applied to copper, for example, 
results in characteristic breaks 0 and 90° to the direction of rolling if the 
specimen contains high percentag(;s (60 to 100 perc(;nt) of grains align(;d 
in the cube texture.® The breaks are at the positions where the true 
stress at fracture is a minimum. 

The vibrations in plates form patterns of grc'at vari(;ty, which can 
be seen if sand is scattered on the plate. If a plate is claini>ed at th(; 
center and stroked with a bow at the edge, the sand arranges itself along 
the nodal lines, forming Cladni figures. Tarnmaim and his cowork(;rs 
found that on round disks the.se figures, Klangfiguren, W('re sensitive to 
preferred orientations in the metal, and they correlated the figures for 
round disks with the rolling and annealing treatment.® No attempts 
were made to correlate them with ,\-ray determinations of the textures, 
with measurements of internal .stres.scs (which were also thought to be a 
factor), or with direct measurements of the elastic constants; thej'^ wore 
simply studied as a .sensitive qualitative indication of internal changes. 

Magnetic-torque measurements can be used to reveal anisotropy 
in ferromagnetic materials. In a torque magnetometer a disk-shaped 
.sample is suspended on a wire in a magnetic field. In Williams’s design 
of the instrument,® Fig. 6, the disk <Si is mounted on a vertical wire with 

‘ H. W. Bhownsdox, J. Inst. Metals, vol. 60, p. 178, 1937. 

* J. D. Jevoxs, J. Inst. Metals, vol. 60, p. 174, 1937; Metal Ind. {Ijondon), vol. 48, 
p. 607, 1936. 

’ J. D. Jevoxs, J. Inst. Metals, vol. 60, p. 174, 1937; Metal Ind. {Ijondon), vol. 48, 
p. 607, 1936. C. H. Marshall, Rroc. A.S.T.M., vol. 37, pt. 1, p. 618, 1937. J. D. 
Jevoxs, Metal Ind. {London), vol. 50, p. 405, 1937. 

* W. M. Balowix, Metals Tech., Tech. Pub. 1455, April, 1942. 

®E. Schroder and G. Tammaxx, Z. Metallkunde, vol. 16, p. 201, 1924. (!. 

Tammaxx and W. Riedelsberger, Z. Metallkunde, vol. 18, p. 105, 1926. 

* H. J. Williams, Rev. Sci. Instruments, vol. 8, p. 56, 1937. 
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bearings Bi and B 2 and is located between the i)oIes of an electromagnet, 
one-half of which is shown in the figure. Pointers are attached to th(‘ 
wire to indicates thc^ angular ])osition of the specimen and the tonpie 
exerted by the disk in twisting the supi)orting wire. The torque per 
unit volume is plotted against the azimuthal position of the disk, as 
shown in Fig. 7. Both single (crystals and poly crystal line disks can b(" 
studied by instruments of this general type.^ Th(\se instrunumts hav(^ 



Fui () Torquo nmj;notonictor for nieastiiing magnetic anisotropy. Specimen ^Sl is 
})et\veen the poles of a magnet, one half of which is shown. {W'llliams.) 

been used commercially to investigate and control manufacturing proc- 
esses for producing steel for electrical purposes, since the torque curve 
is sensitive to changes caused by rolling and annealing procedures.*^ 

1 0. Dahl and J. Pfaffenberger, Z. Physik, vol. 71, p. 93, 1931. N. S. Akulov 
and N. Hruckatov, Ann. Phystkj (6), vol. 15, p, 741, 1932. N. P. Goss, Trans. 
A.S.M., vol. 23, p. 511, 1935. K. J. Sixtus, Physics^ vol. 6, p. 105, 1935. R. M. 
Rozortii, Phys. Rev.^ vol. 50, p. 1076, 1936. L. P. Tarasov and F. Bitter, Phys. Rev,, 
vol. 52, p. 353, 1937. L. P. Tarasov, Trans. A.I.M.E., vol. 135, p. 353, 1939. 

2 H. J. Williams, Rev. Sci. Instruments, vol. 8, p. 56, 1937. N. P. Goss, Trans* 
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'I’orque is exerted whenever the direction of the magnetic field does 
not coincide with a direction of easy magnetization in the material. A 
single crystal is saturated most easily v/hen the magnetization is along a 
[100] direction; the ease of magnetization is intermediate along [110] and 
least along [111], as indicated in Fig. 8.*^ From equations giving the 
energy of the disk when magnetized in different directions the torque 
can be computed for all positions of a single crystal with any crystal plan** 
in the plane of the disk.- The empirical torque curve for pol 3 '^crystal- 



cx in Degrees 

Fjo. 7. — Mafsnetic-torfiue nii vo for a single crystal of silicon feiiitc, with (110) iii the plane 
of the disk. Field is parallel to [001] at the azimuthal position « 0. ( Williams ) 

line material may then be compared with the curves comi)uted for orienta- 
tions that are assumt'd to be present in the disk. 

As a means of determining unknown textures this method has serious 
disadvantages, for there seems to be no possibility of deriving rigorously 
the complete texture from an observed curvth Any texture or texture 


yl.iS.ilf., vol. 23, p. 511, 1935. K. J. Sixtus, Physics, vol. 6, p. 105, 1935. L. P. 
Tarasov, Trans. A.I.M.E., vol. 135, p. 353, 1939. 

^Intensity of magnetization is /==(/? — 11) /\t, where II is the field strength 
and B is the magnetic induction. 

^N. S. Akulov and N. Bruckatov, Ann. Physik, vol. 15, p. 741, 1932. 11. AT. 

Bozorth, Phys. Rev., vol. 50, p. 1076, 1936. L. P. Tarasov and F. Bitter, Phys. Rev., 
vol. 52, p. 353, 1937. II. AT. Bozorth and H. J. Williams, Phys. Rev., vol. 59, p. 827, 
1941. 
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component that is random around the normal to the disk gives no varia- 
tion in tonpie, and tlie same is usually tnie for any material having (111) 
in the plane of the disk. However, simple textures, such as the cube 
texture, are readily recognized by comparison with ob, served or computed 
single-crystal curves, and r(;asonable agreement has been obtained by 
calculating torque curves from x-ray polo-figure data in highly cold rolled 
sili(!on steel. ^ When te.xtures are le.ss pi’onounced, as after smaller cold 
nnluctions, hot rolling, or rccrystallization, thei'e is less certainty in the 
interpretation. Nevertheh'ss, the high sc'iisitivity of torque curves aiul 
related methods of test to slight anisotropy and to variations in rolling 
and annealing scIkhIuIcs has made it of value in industrial laboratories. 



Fi(<. S -Kuse of iiuii;iiotizutiou in tho tliioo inin('ii>al (liiectionts of iron. 


Anisotropy of Elastic Properties of Crystals.- cM-ystals an^ 

^^(‘norally anisotropic, and tho formulas rolating stress to strain must 
tak(' account of tlie A^ariation in ^^siiffu(^ss’^ of a crystal in different 
directions; many more constants of proportionality arc required than for 
isotro))ic materials.- The relations between stress and strain are defined 
by the geiuMalized Hooke’s law, which is a])plicablc to any homogeneous 
body, crystalline or not, 

Cx = ^iiCTj; + S\2(Tif + Siz<Tz + Si^Ty^ + 

ey = + S220'v + + ^2\Tyz + ^2:yT’zx + 526^x2/ 

ez = + tS32crj/ + + S’^^Tys + S^:,Tzx + 

Jyz = “h 6*420'2/ + + Si\Tyz + + SibTxy 

zx ~ “f“ •'^52^2/ “h “h ^oA^yz ^hh'^zx “f” ^56^X1/ 

7x2/ = 'SlilO'x + 5620'^ + + •^64Tjy2 + Sho'T^x + S%^Txy 

1 H. M. Bozortit, Fhys, Rev., vol. 50, p. 1076, 1936. L. P. Taras()\', Trans. 
A f.M E , vol. 135, p. 353, 1930. 

2 For the isotropic case, see p. 268. 



454 


.STRUCTURE OF METALS 


and a corresponding set of relations 

CTz = + Cvi€y + Ci3€3 + CxA^yz + xu 

(Ty = C2i€x + C22€v + + CuJvz + C2hy zx + C2Qy xy 

<^z = C3i€x + C32ey + C33€* + CsiTwi + CsaTii + ^367^*2/ 

Ttfz = Cai€x H“ C A2^y "f" ^4362 “f" Cay yz “f” C^^yzx “f” C4ti7j*W 

Tzx — Coiex + Ch2^y + C 53 C 2 + C547i/3 + Chhyzx + ^567^1/ 

Txy = CbiCx + C62 €i/ + Cas^z + C647l/2 + ^^6572 j; + <’667x1/ 

where the symbols a and r represent normal and shear sti*esses and e and 
7 elongation and shear strains, respectively. In these equations jthe 
elastic constants s,j and Ctj differ for each crystal and must be determined 
experimentally. Many of the coefficients are equal, ^ the number of 
independent constants decreasing as the symmetry of the crystal increases. 
In triclinic crystals, 21 arc independent; in hexagonal crystals, 5; in 
cubic crystals, only 3. For example, in the cubic system the coefficients 
for E(is. (1) are 

511 Si2 512 0 

512 Sn «s‘i2 0 

iSi2 6*12 Sii 0 
0 0 0 641 
0 0 0 0 
0 0 0 0 

When these are known, the strains along all axes of a cul)ic crystal can 
b(i computed from the stresses. Additional relations among the coeffi- 
cients— th(^ (jauchy-Poisson relations — should hold if all tlu* force's in a 
crystal were acting between atom centers,- but measurements show that 
these relations rarely exist (z.c., the eai*ly theories are inadequate). 
Recent theories are able to account remarkably well, usually to within 
2 or 3 percent,^ for the measured values of the elastic constants in some 
metals. 

If a cylindrical crystal of a cubic metal is prepared with an orient ation 
such that lh(i direction cosines of th(; axis of the cyliiuhn* with respect 
to the crystal axes are a, jS, and y, then 

^ A. E. H. Lovk, *^The Miithematical Theory of Elasticity, C-amhridgo, London, 
1927. W. A. WoosTKR, Textbook on (Vystal Physics,” ( ’tiinbridge, London, 1938. 

2 Max Porn, Atointheorie dcs festen Zustandes, “ Encyklopadie der nuithenia- 
tischen Wissenschaften,” vol. V pt. 3, 1926. P. P. Ewald, T. Poschl, and L. 
pRANDTL, ‘‘The Physics of Solids and Fluids,” Blackic, Glasgow, 1936. F. Seitz- 
“The Modern Theory of Solids,” McGraw-Hill, Xew A'ork, 1940. 

3 F. Seitz, “The Modern Theory of Solids,” McGraw-Hill, New York, 1940. 
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(«2^2 + /J't' + 7-«-) 

(a-jS- f / 8-72 + y’^aP) 


(4) 


For a hexagonal crystal, with y the direction cosine of the specimen axis 
with respect to the hexagonal axis of the crystal, 


1 

E 

2 

(1 


— Sn(l — 7“)* + S337^ + (2 .<!j 3 + 544 ) 7^(1 — 7 ") 


— Sl4 + 


(sii — .S 12 ) — 2 


(1 - 7=) 

h 2 (&‘ii + S 33 2 S 13 — .'ti4)7*(l 


(5) 


7‘) 


The same arrangc'ment of coeincients holds for an isotropic body, except 
that th(!re arc only two independent coefficients, since S44 = 2(.sn — S12) 
and Cj 4 = 4^(cn — <’ 12 ). The equations in schenu' (3) are then identical 


Tahlk XX\’I — .\lAxrMLM AND MinimvjM Vaia i;s of tOiAs'i'ic MoauLi iv Sixoi.k 

Crystals’ 


Metul 

A niHX 
^ / 1 

Dime- 

15fin,n 

1 

Dim*- 

1 IIU\ 

1 

Diicc- 

1 t/„„ , 

I)ir(‘c- 

kt? / 
mm.^ 

tion 

kg./ 
mm. 2 

tion 

kg / 
m m.* 

tion 

kg / 
mm ^ 

tion 

Aluininiiiii 

7,700 

[ini 

6,400 

[1001 

2,900 

[100] 

2,. 500 

[1111 

(o|)j)(*r 

19,400; 

mil 

(3,800 

11 001 

7.700 

[1001 

3,100 

, mn 

Silv(‘r 

11.700: 

mil 

4,400; 

I [1001 

4,4.50, 

[100] 

1,970 

mi[ 

(lold 

11,400 

, inil 

4,200 

llOOl 

4, lOO' 

[1001 

1,800 

, [1111 


29,000 

i mil 

13,500 

[1001 

11,800' 

11001 

6,100 

i [111] 

'ruiigston 

40,000 

[1111 

40,000 

[1001 

15,. 500 

11001 

15,500 

mil 

Magnesium 

5,140 

o°* 

4,370 

53 3°* 

1 ,840: 41 5"+ 

1,710 

90"* 

Zino . . 

12,(330 

70 2“ 

3,560 

0" 

4,97o! 90" 

2,78()| 

41 8" 

( -{idniiuin 

8,300 

90" 

2,880 

0" 

2,510, 

90° 

1 ,840' 

30" 



1 8,(310 

[0011 

2,680 

[1101 

1,820 
' 1 

45 7" \ 

1 ,0(30 

[1001 


■** AiikIi* to tho hexagonal axis 

I In the 3 )lane (1120) at 4o 7° to the hexagonal axis 

1 E Schmid ami W. Boas, “ KristallplaslizitiU,” Spiingei, Beilin, 1030. 


with the equations between the principal s(rcss(‘s and strains previously 
giv(‘n for an isotropic medium (page 270) whei e 




sn ^ /i 

Su 2(i 


( 0 ) 


Measured values of the elastic constants are summarized in Tabl(*s 
XXVI and XXVII. ^ 


> For method of measurement using freejuenev of vibration of speeimeii'’., see W. F. 
Brown, Phys. Rco., vol. 57, p. .5.58, 1940; vol .58, () 938, 1940. See also \V. V (Jood, 
Phys. Rev., vol. 60, p. 605, 1941. 
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XXVII. — Kiastio ('o.\sta\ts of Crystals 
(Units arc 10“** sq cm. per dvne)* 



c„ 

c,. 

^44 

Fjice-(*ent(*rod ouhio: 




Aluminum . 

1 59 

- 0 58 

3 52 

Gold 

2 33 

- 1 07 

2 38 

Silver 

2 32 

- 0 993 

2 29 

Clipper 

1 19 

- 0 625 

1 33 

Lead 

9 30 

- 4 2() 

(i 94 

Hody-eentered euhie: 




Iron 

0 757 

- 0 282 

0 862 

Sodium . . 

48 3 

-20 9 

16 85 

Potassium ... 

83 3 

-37 0 

38 0 

d'ungsten .... . . 

0 257 

- 0 073 

0 660 


IMetal 

Cu 

j 

1 

(.’.n 

Ci4 

Flexagonal: 

Magnesium . . 

2 23 

j 

-0 77 

-0 45 

1 98 

5 95 

Zinc 

0 84 

4-0 11 ' 

-0 78 

2 87 

2 64 

Cadmium 

1 23 

-0 15 

1 

-0 93 ' 

3 55 

5 40 


Metal 

T^owor symimdry: 

i 

i 

1 

Cn 

Uu ' 

U|. i 

.. _J 

] 

1 

Cu 

Cu 

Uk. 

Antimony 

1 1 77 : 

3 38 ! 

t 10 

-0 38 

^0 85 

-0 80 


Bismuth 

‘ 2 69 

2 87 

10 48 

-1 4 1 

-0 62 

■ 4-1 6 


Tin ’ 

! 1 85 

j 

1 18 ' 

1 

.5 70 

-0 99 

i 

-0 25 1 


13 5 


Alloys, atomic jicrccnt 

Cn 


Cu 

lOOAg-OAu 

2 32 

-0 993 

1 2 29 

75Ag-25Au 

2 07 

-0 891 

2 05 

50Ag-50Au 

1 97 

-0 852 

1 97 

2.5Ag-75An 

2 05 

-0 909 

2 06 

OAg-lOOAu j 

2 29 

-1 01 

2 34 

C'usAu 

1 34 

-0 565 

I 508 

72Cu-28Zn 

1 94 

-0 84 

1 39 

50Cu-50Zn 

3 88 



95Al-5ru ! 

1 5 

-0 69 

3 7 


1 F Seitz and T A. Head, J. Applied Phys , vol 12, p. 100, 1941 

Elastic Moduli in Aggregates. — The directional dependence of the 
elastic moduli in polycrystalline metal is dejiendent upon the orientations 
in the specimen and can be semiciuantitatively predicted from the ani- 
sotropy of .single crystals. The maximum value of Young’s modtdus, 
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E, in face-centered culnc crystals is along the [111] direction, and the 
minimum is along [100], the former about three times the latter in most 
face-centered cubic metals (aluminum is an exception and is nearly 
isotropic). In a direction a, |3, and y° from the cube axes, respectively, 
the value is given by^ 

,} — ,/ - ) (cos^ a cos® cos® /3 cos® y cos® y cos® a) 

iiioo rnn/ 

When a double fiber f(‘xture is present or when a pole figure can bo 
represented by two or more ideal orientations, it has been assumed that 


E A’loo V 



the quantity {\/E) for ('ach orientation is additive and is weighted 
according to the amount of material in each orientation. ILsing this 
additivity pi’inciple, Weerts has computed 0/E) for rolled and for 
recrystallized copper sheet, with results agreeing satisfactorily with 
measured values, ns shown in the polar plot of E in Fig. 9. The textures 
for these computations were assumed to be (110)[ll2] and (112)[111] in 
ecpial amounts for the rolled sheet and (100)[001] for the recrystallized 
material. 

The larg(! variation in elastic modulus of wnres with annealing must 
arise from alterations in texture, since the clastic constants arc almost 
unaffected by cold work and recovery. An example is the drop in E! from 


' J. \Vkkbi>, Z. MetaUkumk, vol. 25, p 101, 1933. 
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18,000.000 to 13,400,000 psi. when hard-drawn copper wire is anneah'dJ 
This is attributable to varying amo\ints of material in the two positions 
of the wire texture, [111] and [100], with annealing. - 

The anisotropy of E in rolled iron has been computed^ for an ideal 
texture composed of equal amounts of (100)[011] and (112)[lT0] material 
with results that deviate in some directions as much as 40 percent fiom 
the measured values. Bruggeman^ has made a more elaborate com- 
putation, using a closer representation of the actual pole figure. His 
results arc within 10 percent of the nn^asuied values l)ut are somewhat 
dependent upon assumed shapes of lamellar grains (the tangential 
deformation component and the noimal stress componimt are assumed 
to be continuous across grain boundaries). Brugg('maii^ also has made 
computations of moduli for textures of many different nu'tals, with 
fair agreement; random orientations hav(' also been computed using 
different methods of averaging, with and without considerations of grain- 
boundary conditions. 

For hexagonal metals, anisotropy can be n^atcnl to texture (pii1(' 
simply,^ for properties vary only with angular distance from the hexagonal 
axis. The frequein;}" with which the axis occurs at a given angle to tlu' 
observation direction can be read from tlu^ pole figui*(\ This frequcaicy 
is used as the weight of the corresponding projicrty valiu' in the averaging- 
process. Calculated values for an extruded zinc alloy (10% Al, 2% Cu, 
0.03% Mg) were E = 11,200 kg. per sq. mm.- and expansion coeffi- 
cient = 19 X 10~®; the oliserved values were 10,750 and 21.4 X 10~^, 
respectively. For wire cold-drawn 80 percent the calculated values 
were E = 11,200 and expansion coefficient = 23 X 10“®, while th(i 
observed values w^ere 10,100 and 22.3 X 10“^®. 

Anisotropy of Physical Properties in Crystals. — Specific ek^ctrical 
resistance does not vary with direction in crystals of the cubic metals, 


1 A. J. Phillips and A. A. Smith, Proc. vol. 36, pt. 2, p. 263, 1936. 

2 With Em = 27,600,000 and Eioo = 9,690,000, the principle of additivity of 
(l/E) would indicate that 73 percent of the cold-drawn wire was in the |1]]] position 
and 27 percent in the [100] position, where«TS after recrystallization this is altered to 
43 percent [111] and 57 percent [100], assuming for simplicity that there is no ran- 
domly oriented material m either sample. 

3 E. Goens and E. Schmid, NaturnnssenschnfUn, vol. 19, p 520, 1931. 

^ D. A. G. Bruooeman, Naturwissenschajten^ vol. 19, p. 811, 1931; Z, Physil:, 
vol. 92, p. 561, 1934. 

® D, A. G. Bruggeman, Z. Physik, vol. 92, p. 561, 1934. 

® D. A. G. Bruggeman, Z. Physik, vol. 92, p. 561, 1934. A. HuBERand E. ScmMin, 
llelv. Chim. Ada, vol. 7, p. 620, 1934. W. Boas and E. Schmid, HcIv Chim, Ada, 
vol. 7, p. 628, 1934. 

7 W. Boas, HeJv. Phys. Actn^ vol. 7, p 878, 1931. E. S<’iimid, Z. Metallkundr, 
vol. 30, Vortrage der Hauptverslg , p. 5, 1938- F. Wolbank, Z. Metallkundey vol 31, 
p. 249, 1939. 
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but with crystals of low('r symmetry it is anisotropic. 'J^he law of varia> 
tion in hexagonal, rhombohedral, and tetragonal crystals depends on 
the angki, <t>, between the direction of measurement and the principal 
axis of the crystal (the hexagonal, trigonal, or tetragonal axis) according 
to the relation 

p = pj_ + (p|j — p_l) cos^ (j) (8) 

where pn and pj_ are the resistance's parallel and perpendicular to thc^ 
principal axis. The rc'sistance has rotational symmetry around the 
principal axis. 


T\bj.e XXVIII — ANis(yrR()PY of Properties of Singlk Crystals Parallel and 

1*ERPENDI(’(TL\R TO THE PRINC IPAL AxiS^ 



Specific 

‘lectrical 




Thermoelectric 


resistance, 10’*’ 

Thermal expansion 

X10"« 

force* X10~® volt/ 


ohin-cm 





Metal 


— 










'IVmper- 







± 

at lire* 

il 


II 

X 




iniiRo, “(' 





Magnesium 

3 So 

4 55 

Ncjir 20 

26 1 

25 6 

1 87 

1 66 

Zinc 

fi 06 

5 83 

20-100 

63 9 

14 1 

1 32 

- 0 50 

(.’admimn 

8 36 

<i 87 

20-100 

52 6 

21 4 

1 60 

- 1 74 

Mercury 

0 0557 

0 0737 

-188 79 

47 0 

37 5 

-17 9t 

-15 1 

Hisinutli 

138 

109 

Xeai 20 

14 0 

10 4 



Antinionv 

35 6 

42 6 

Near 20 

15 6 

8 0 



Teiluruun 

: 56000 

151000 

1 Near 20 

-1 6 i 

i 27 2 



/:l-d'in 

' 14 3 

9 9 

! *\(‘iir20 

30 5 

15 5 




* Comji.'ii isoii iiK’tal IS (oppr’ sijcii iiuricMt<s cuiient flDwiiiR towaid tho copper at the cold 

junction 

t ]Mc.'isuic(l MK unst lonslantan 

^ Data selected fioiu the tabulation in E Schmid aiul \V. Ho.iv,, “ Ki istallplastuitat,” Springer, 
lieilin, ld3o 

The same oiientation dependence is olitained for other pi’operties:^ 
the specific I’esistance to heat flow; the coefficient of thermal expansion; 
the thermoelectric force (I he e.m.f. against a comparison metal, say 
copper, with a 1° temiieiature difference); the constant in the Thomson 
effect (the (quantity of heat generated in a unit length of wire having a 
temperature gradient of 1° per cm. and carrying a unit current of elec- 
tricity) ; and the magnetic suscejitibility (intensity of magnetization 
divided by the field strength). Each of tVuvse ))rop(n*ties is isotropic for 
cubic crystals. 

Reprc'sentative values for some of these propei’ties near room tem- 
perature in noncubic* nu'tals are given in Table XXVIIl. Other ani- 

^ JO. Sc’HMiD and W. Poas, “Kiislallplastizitat/' Springer, Beilin, 1935. 
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sotiopic properties include linear compressibility, temperature coefficient 
of thermal expansion, tenaperature coefficient of electrical conductivity, 
magnetic permeability, rates of diffusion and self-diffusion, and rates 
of chemical reactions such as oxidation and etching, cdc. All these 
properties are altered when a metal is cold-worked. Electrode potential, 
thermal expansion, compressibility, eoei'cive force, and electrical resist- 
ance are increased (the last usually about 2 perccuit, but 18 percent in 
molybdenum and 50 percent in tungsten); the temperature coefficient 
of el-'ctrical resistance, thermal conductivity, and maximum permeability 
are decreased when ])olycrystalline metal is cold-worked. Some of these 
changes may be due to changes in the physical propeities of the indi- 
vidual grains, and some may be due to changes in texture or to the two 
causes combined. 
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AGE HARDENING AND TRANSFORMATIONS 

The hardening of alloys by aging is of great industrial importance 
and unusual scientific inte^rest. The (changes of physical i)roperties, 
which are cxce^edingly varie^d and complex, are worthy of much study 
and have Ixien the subje'ct of so many investigations it would not be 
possible ade((uat('ly to summarizes them here. The presc'iit discussion 
is limited to the more striking cry^stallogro/plnc features of the subject.* 
iVIcTica, Waltenberg, and Scott- were the first to point out that for 
an alloy to age-hard('n it must liav(i a decreasing solubility with dt^creasing 
temperature, so that when the alloy is givtn a solution heat-treatment 
and then a (piench it will be supersatuj*at('d with respect to one or more 
dissolved elements. SuliS(Miuent aging at a lower temperature is assocr 
at('d with changers in the su])ersaturat(‘d alloy. 

Theories of Age Hardening. — Ag(' hardening wris first ))f*li(‘ved to !)(' 
due t-o the k(\ying of slip ])lanes by particles that precipitated from the 
supersaturated matrix.'* Many complexities wow later diseo\Ti*ed that 
made it necessary to modify this theory. 

A major obsta(*le to th<‘ simple th(*ory arose wdien various ol)servc‘is 
WTre unable to sc^e any precipitate' in Al-('u alloys or in duralumin when 
aged to the maximum hardness at low tem])eratures. A number of 
theories w^ere then proposed which associated the hardening with a 
pn'precipitation process — some varh'ly of association of solute' atoms 
on the lattice' of the matrix. Thc'se tlu'oides were not reepiireel, of course, 
for systf'ins in which alterations in the microstiiicture (Hjuld be* de'tected 
during age harde'iiing. It now' appears from tlu' work of Idnk and Smith* 
that it is no longe'r neceissarv, even for Al-C'u alleyvs, te) eunploy these 
theorie's e)f “knots/^ “comjde'xe's,'^ or other invisible; associations of 
atoms before precipitation, since microstnu'.tural alterations can be; 

1 The reador is referred to the following reviews for extensive' bibhogrnphies and 

suniniaries wider in scope: “Svinposiuin on the Agf'-lninh'riing of Metals/’ A 8.M , 
(leveland, Ohio, 1910. \V. L Fink, J, Applied Pliys , vol 1:1, p. 75, 1942 

2 P. D. Mkkk^a, H (1. WAi/noxHEKd, and IT. Scott, Trnus. A.I M.E,, vol. 64, 
p. 41, 1920. 

® Z. Jeffries and K. S. \h(mier, “ riie Sck'iico of Mc'tals,” p, 390, McOraw-Hill, 
New York, 1924. 

^ W. L. Fink and O. W. Smith, Mining and Met , vol. 16, pp. 22S, 513, 1935, vol. 
17, p. 101, 1936. 
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observed in AI-Cu as soon as hardness begins to increase, provided that 
the most careful mctallographic technique is employed. Ty])ieal 
changes in properties with time arc illustrated in Fig. 1 for Al-Cu (5.17 
percent copper) aged at 160°C.^ 

The lattice-parameter curve in Fig. 1 illustrates another difficulty 
that was encountered in establishing aging theoiy. The first visible 
evidence of precipitation may occur, as it does here, long before then' 
is any changes in the lattice })aram('ter of the inati’ix. This tyix' of 
behavior at first was coiisideied strong ('vidence that ])recipitation was 



01 1 10 100 1000 


Aging Time in Hours at 160 Deg.C. 

Fig. 1. — ARing nirves for Al-Cu (5 17 Cu) a^ecl a1 1(50°C. {Fink and Smith.) 

not responsible for hardening, sinci' the pr(‘cipilat(', ))eing rich(‘r in th(' 
dissolved element, on forming should deplete the matrix and thei(*bv 
alter the matrix parameter.- Microstructural studic's of Fink and Smith ’ 
have now provided a simple explanation. Prc'cipitation occurs much 
more rapidly in certain restricted areas than in others and may be wi'll 
advanced in these narrow bands when the bulk of the matrix is still 
unaltered. Slip lines and grain boundaries arc favored regions for 
rapid precipitation in some alloys, as wdll be seen from Figs. 2 and li. 
In the regions of rapid precipitation the lattice parameter alt(M\s to that 
of the depleted matrix (the upper branch of the parameter curve in 

^ W. L. Fixk and D. W. Smith, Trans. A.l.M.E , vol. 122, p. 284, 1936. 

2 E. Schmid and Ch Wassf:rmann, M etallwirtschaft, vol 7, }) 1320, 1928. V. \ 
GoLhJit and G. Su ns, Z Mctallkundr, vol. 22, p 141, 1930. 
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Fig. 1) iK'forc the diffraction lines from other regions register any param- 
eter change. Many examples can be listed in which there is a uniform 



Fig. 2. -Microstructiire of Al-Cu (5.17% Cu) aged 4 hr. at 200®C. Precipitation 
is concentrated along slip planes and along grain boundary (at lower left). X500. {Fink 
and Smith.) 



Fig. 3.~ -MicrostriK tui of Cu-Be alloy 0-97 % Bo, 0.03 % Fe, no Ni) showing band of 
rapid precipitation at grain boundaries. (>uenched from 820°C., aged 2 hr. at 325®C. 
X76. (C. S. Smith,) 

distribution of particles throughout the grains, and in these alloys the 
lattice constant of the matrix changes continuously during aging; other 
alloys show intermediate and mixed types. . Thus, x-ray investigations 



464 


STRUCTURE OF METALS 


must be accompanied by careful metallographic observations if the 
character of prc'cipitation is to bo understood. Some lattice-parameter 
anomalies have also been found tliat were traced to qiuuiching stress(\s 
in the samples. This source of error is treated on page 181. 

The present theory of aging includes the following steps in the pre- 
cipitation process (at least in the systems Al-Cu, Al-Ag, and Al-Mg). 

1. Statistical fluctuations of coiK^entration in the matrix provide 
clusters of atoms of the correct composition to form nuclei.^ 

2. Thin idatelike regions are pro<luced which form two-dinu'iisional 
diffraction gratings. Tlu^se are presumably thin plates of a transition 
structure, and in systems having pronounced hardening they arc probably 
coherent with the matrix, f.c., there is a continuity across the matrix- 
ju’ecipitate interface. Strains accompanying this coherence induces 
hardening through interference with slip.- 

3. The particles grow in thickness and in lateral dimensions, finally 
in some alloys attaining a size that yields three-dimensional diffraction; 
in other allots tlu' particles become only a few atom layc'rs thick. 

4. Upon reaching a certain size the transition structure transforms to 
the stable structure of the equilibiium pre(ni)itate. This appears to b(^ 
associated with o\xn’aging and with the ndease of coluMency stresses. 
There appear to be peculiar microstructural alt('rations associated with 
this stage in some alloys, such as r(‘crystallization of the matrix or 
coalescence' and realignment of tliv particles (Fig. 3). 

Further details of steps 2, 3, and 4 are discussed in subse([uent sections. 
It is believed that some of these steps are omitted in somc^ alloys, and 
the relative importance of each step is a subject for re^search in each 
alloy systi'in. 

Microstructures Resulting from Precipitation.- Tlu* sti uctures found 
during ag(^ hardening in fine-grained alloys are on a microscopic oi’ a 
submicroscopic scab.' and are difficult to study in detail, but the structur(‘s 
formed in large; grains and in single crystals dining ])recipitation may 
})e produced on a scale that is convenient for laboratory investigation. 
J)etail('d studies of tlu'se grosser structures have gone far in establishing a 
basis for the understanding of age hardening. 

The beautifully regular markings on a polish(;d and ctcluid surface 
of an iron-nickel meteorite were first discovered by Widmanstatten c'arly 
in the nineteenth century. It was nearly a century later that Osmond 
and Cartaud explaiiK'd their origin, the precipitation of a n(;w phase 
along certain crystallographic planes of the existing matrix crystal. It 
is a surprising fact that the study of meteorites has oc(;upied an important 

1 W. L. Fink and 1). \V. Smith, Trans. A. I M E.j vol. 137, p. 95, 1910. 

^ II. F. Mejil and L. K. Jetteu, “Symposium on the Age-hardening of Metals,’^ 
A.S.M., Cleveland, Ohio, 1940. 
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place in the development of physical metallurgy. The petrographer 
Sorby, who is recognized as the father of the mtd-alhwgical microscope, 
initiated metallography when he looked at steels under the microscope 
in a search for figures similar to ihe; figures in meteorites. Osmond, 
Cortaud, and Roozeboom, inspired b)’^ an interest in meteorites, published 
the first phase diagram — one for the Fe-Ni system. Neumann bands 
were first found in meteorites and were eventually shown to be twins 
generated when the meteorites struck the earth. The study of meteorites 
has beiai continued to this daj'. 

Networks of parallel lamellae similar to the meteoric structure 
have now been observed in artificially prepared F('-Ni alloys (Fig. 4) 



FicJ. 4. — WidirunisliUteii pattern jirodmed by slowly cooling an Fe-Ni alloy (137 % Ni). 

X50. (Derge and Komnicl,) 

and in a great number of other alloys and have come to be known as 
Widmanstatten structures. They arc to be expected whenever a solid 
solution, homogeneous at one temperature, is made to become super- 
saturated at another temperature. In the majority of cases the pre- 
cipitating crystals arc thin plates forming on matrix planes of low indices, 
as shown in Figs. 4 and 5; occasionally, they form on planes of high 
indices or on irrational planes, and in some instances they form needles, 
geometrical shapes, rosettes, or irrcgvdar particles instead of plates. The 
orientation of the precipitate lattice is definitely related to the orientation 
of the matrix lattice. Because the crystallography of these structures 
and the oriemtation relationships involved are fundamental to the theory 
of age hardening, there has been continued interest in Widmanstatten 
figures in spite of their academic nature. Further interest derives from 
the fact that analogous relations between the lattices are found in all 
solid-solid reactions, whatever their type. A tabulation of the results 
of research in this field is given on page 486. 
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Lattice Relationships in Widmanstatten Structures. — Young’ first 
showed by x-rays that tho lamellae of meteorites were single crystals 
of definite orientation. The high-temperature face-centered cubic (f.c.c.) 
phase, 7 , of the Fe-Ni alloy (roughly 8 percent nickel) precipitates body- 
centered cubic (b.c.c.) a crystals as plates along the octahedral planes of 
the 7 matrix. Within the a plates the (110) planes are parallel to the 
plane of union with the matrix. The close similarity between the atomic 
array on the (110) plane in the plate and the (111) plane of the matrix, 
to which it is joined, suggests that atom movements during precipitation 



Fig. 5. — Widmanstatten pattern in Al-Ag (20.2 % Ag) aged 25 hr. at 387°C. Precipitation 
is y' and y in the form of plates on (111) planes of matrix. X2000. 

are not extensive. This thought has been the keynote of nearly all 
theories in the field. A prime example of the simplicity in orientation 
that sometimes can be found and of the simplicity in atom movement 
that one feels sure must have produced it is offered by the system Al-Ag 
(aluminum-rich), one of the first Widmanstatten structures of microscopic 
dimensions to receive a thorough analysis (Fig. 5).* 

It was found that in the Al-Ag system each plate of the precipitate, 
which is hexagonal close-packed (h.c.p.), forms along an octahedral 
plane of the f.c.c. matrix; the basal plane of tho precipitate lies parallel 
to the octahedral plane of the matrix. Furthermore, the closest packed 
rows of atoms in matrix and precipitate are parallel. The two planes 

‘ .J. Young, Proc. Roy. Soc. (London), vol. A112, p. 630, 1926. 

* 11. F. Mehl and C. S. Barrett, Tram. A.I.M.E., vol. 93, p. 78, 1931. 
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that face each other across the intcu’faco between plate and matrix are 
both close-packed atom layers identical in pattern and almost identical 
in dimensions; the planes lying behind thc'in arc likewise similar. Merely 
the sequence of the layers undergoes a major alteration during precipita- 
tion. It was therefoi-e conclud(!d that precipitation takes place when 
certain close-packed layers of the matrix shift over one another so as to 
abandon the face-centered seciuence of these layers, ABC ABC . . . , and 
acquire the h.c.p. sequence ABAB . . . , in which every third layer, 
instead of every fourth, is above the first. 

Further details of this proc<‘ss are now known' and may be presented 
with the aid of Fig. 6. The matrix straictiire (f.c.c. 5) is indicated in 
Fig. 6a with (111) as the base plane of the sketch. Figure 6/> shows the 




c 


Fit;. ().— Ch-ystal latfifo of plia.sos in Al-Ag alloys, r/, iimtiix, 5 (fat*o-rentorofl cul)ia) ; 
h, transition phase 7' (liexagonal closo-paokod) , c, etpiihbi mni precipitate, 7 (licxagonal 
close-packed) . 


liuiLsition striK'ture tliat forms first during proeijutation as tho n^sult of 
movements suggested by the arrows in Fig. 6a. This transitional strue- 
ture (7') is h.c.p. The atom spacings in the horizontal layers do not 
change during the 5 to 7' transition, though the vertical spacing decreases 
1.4 percent. The basal plane of the new lattice maintains complete 
1 ogistry with the (111) plane of the matrix and continues to do so until tho 
])late has grown to a thickness of many hundnids of angstroms. Finally, 
llu' stresses tending to tear the particle from registry become intolerable, 
and the transition to the stable stnicture of Fig. 6c occurs. The stable 
phase 7 differs from the transition phase only in its dimensions a and c. 
Presumably the transition i)hase is merely a stressed form of the stable 
phase, the stresses arising from the coherency between precipitate and 
matrix.- 

1 (\ S. Hakrstt Jiiul A. H. Gsislkk, J Apfjlied Phya., \o\ 11, p 783,1940 G S 
UvKiiETT, A. TI (IsisLSR, aiid li h\ Mkhl, Tfans A [ , vol 143, p 134, 1941 

- If y* iw considered as elastically strained 7, it has been estimated that the stresses 
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The sequence of events discussed above is in entire accord with the 
theory of Mott and Nabarro.^ Assuming that the breaking away of a 
precipitated particle from the matrix plane on which it forms requires 
roughly the same energy as the melting of a monatomic layer of metal 
at the surface of the particle, Nabarro calculates that the particle will 
break away when its thickness equals 


CiiKJ p 

(cii + 2 ci2)(ch — Ci2)6® 

where Cn and C 12 are the elastic moduli, A is the latent heat of melting, J 
is the mechanical equivalent of heat, p is the density, and 5 is the misfit 
between the two lattices in the matched plane. If the constants for silver 
are inserted, the thickness for breaking away is roughly (107 X 10“'‘)/5^; 
and for the reaction Nabarro considered, the precipitation of silver from 
copper, breaking awaj’’ will occur wlnni the particle is only two atoms 
thick and is incapable of giving sharp x-ray diffi’action rings. In tin; 
present instance, the misfit betw'een the unstrained (111) and (0001) 
planes is only (2.879 — 2.858) /2.858 = 0.0073, and the sanu; constants 
would predict breaking away at about 320 atom layers, oi’ 730A. The 
theory is thus in accord with the obsc'rvcd fact that sharj) Debye rings 
can be obtained from Y before it becomes large enough to break away and 
become y. . 

The stresses in the matrix that keej) the precipitate in the strained y' 
condition are beyond much doubt an important contiibutor to the 
hardening. ‘ It is an old idea that strains are s(;t up during aging and that 
these arc important in producing age hardening. The theories were bascul 
on the volume changes accompanying preci])itation and more vaguely on 
precipitate-matrix interaction, but in recent yea7’s the importance; of the 
effect of registry on strain has been pointed out,^ and it now appears 
probable that strains accomi>anying coher(;nce are the major factor. 
Strains arising from volume changes during precipitation exert a minor 
hardening effect, if any, and the transformations from y' to y in AI-Ag 
and from d' to 0 in Al-Cu, which are transformations that relieve tlu; 
strains of registry, are accompanied by softening (overaging). 

required are about 100,000 p.si., compressional, in all directions parallel to the basal 
plane of the precipitate, and approximately zero along the c axis. 

1 N. F. Mott and F. R. N. Nabarro, Proc. Phjjs. Soc. {London), vol. 52, p. 80, 
1940. F. R. N. Nabarro, Proc. Phys. Soc. {London), vol. 52, p. 90, 1940; Proc. Roy 
Soc. {London), vol. A175, p. 519, 1940. 

* R. F. Mehl and L. K. jETtER, “Symposium on the Age-hardening of Metals,” 
A.S.M., Cleveland, Ohio, 1940. W. L Fink and D. W. Smith, Trans. A.I.M.E , 
vol. 122, p. 284, 1936; vol. 137, p. 95, 1940. 
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Plane of Precipitation. — Upon what ciystallographic plane of the 
matrix will a plate of precipitate form? A review of some of the published 
data on various systems (Table XXIX, page 486) shows immediately that 
a plate will not necessarily gi’ow on the plane of greatest atomic density, 
nor even on a plane containing one of the closest packed roVs of atoms, 
nor on the cleavage, slip, or twinning planes. The plane chosen is the 
result of an interaction betAvecn matrix and precipitate structures, but 
thus far it has not been possible to state a ciystallographic rule that 
applies to all systems. A rule that applies to most alloys is that the 
atomic planes facing each other across the matrix-precipitate interface 
have very similar atom patterns and atom .spacings. This may be a 
manifestation of a more fundamental rule that the cnengy reejuired to 
jjroduce the int(*rface must lx; a minimum. It apjioars that this energy 




Fia. 7. — Lattiot* or lontat ions and habit pianos for piooipitatiou in Ag-Chi alhiys. 


requirement will be met when the new crystal forms in such a way as to 
be as nearly as possible a continuation of the old; hence, one would expect 
matched planes at the interface. 

A factor that may be determinative in some alloys is the activation 
energy that is required to slu'ar or otherwise distort a matrix lattic(^ so as 
to generate the new crystal within it. The Al-Ag example discussctl 
earlier (Fig. 6) is consistent with this point of view, as well as with the 
preceding theory, for in this example the atom movements are almost 
identical with plastic deformation by slip. Unfortunately, this point of 
view is not applicable to many sy.stems. 

The data on Widmanstatten structures in the system Cu-Ag are 
interesting. This is a simple eutectic system, both lattices of which are 
f.c.c., in which a silver-rich precipitate can be grown in a copper-rich 
matrix, or vice versa. At one end of the .sj'^stem, plates of copper form 
on { 111 ) planes of the silver matrix; at the other end, the plates of silver 
form on the {100} planes of the copper matrix. As indicated by the 
sketch in Fig. 7, all precipitated crystals have the same orientation as the 
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matrix.^ Theories based on lattice continuity or on shearing movements 
appear ifot to apply to this system. 

Shape of Precipitated Particles. — The external shape of precipitated 
crystals is platelike with a few exceptions, such as the a needles that can 
be made to form in the /S phase of Cu-Zn alloys^ by suitable heat-treat- 
ment. Platelets and equiaxed polyhedra can also be formed in these 
alloys without altering the lattice orientation of the new crystals with 
respect to the old. It appears that external habit can be sensitive to 
conditions during growth somewhat as it is in the growth of crystals from 
liquid solution. It can be argued that if the original nucleus is platelike 
in shape the concentration gi-adients around the particle will tend to 
maintain this shape. ^ 

A theoretical approach to the problem of shape has been made by 
Mott and Nabarro4)y calculating the strain energy that will be developed 
when precipitate particles of various .shapes form in a matrix. They have 
shown that the least strain energy is a.s.sociated with particles having the 
form of a thin plate. This holds even after a particle has broken away 
from its registry with the matrix and in spite of the opposing tendency 
for the particle to become more spherical so as to minimize the surface 
energy. Since the tendency to spheroidization decrc^ases with larger 
particles, the resulting form should be flatter the larger the particle. 
It may also be concluded that flatness is favofed l)y a low rate of 
j)recipitation. 

Diffraction in the Early Stages of Aging. — X-iay diffraction has 
recently furnished much informathjn on the changes occurring in the early 
stages of the precipitation process during age hardening. The existence 
of transitional states, which precede the stable ones, was proved for the 
systems Al-Cu* and Al-Ag.f Before transition structure's become fully 
developed, however, x-ray diffraction effects can be obtained from the 
small platelike regions where the precipitation process is beginning. This 

1 C. S. Barrett, H. F. Kaiser, and R. F. Mehl, Trans, A,LM,E,j voL 117, p. 39, 
1935. 

2 R. F. Meiil and O. T. Marzke, Trans, A,LM,E,j vol. 93, p. 123, 1931. J. 
Weerts, Z. M etallkvndcj vol. 24, p. 265, 1932. O. T. Marzke, Trans, A,I,M,E,y 
vol. 104, p. 64, 1933. 

3 R. F. Mehl and C. S. Barrett, Trans, A,I,M.E,j vol. 93, p. 78, 1931. 

^ N. F. Mott and F. R. N. Nabarro, Proc. Phijs, Sac. {London) ^ vol. 52, p. 86, 1940. 
F. R. N. Nabarro, Proc, Phys, Sor. {London), vol, 52, p. 90, 1940; Proc, Roy. Soc. 
{London), vol. A175, p. 519, 1940. 

* G. Wassermann and J. Weerts, M etallwirtschaft, vol. 14, p. 605, 1935. W. L. 
Fink and 1). W. Smith, Trans. A,I,M.E., vol. 122, p. 284, 1936; vol. 137, p. 95, 1940. 
G D. Preston, Proc. Roy. Soc. {London), vol. A 167, p. 526, 1938, Phil. Mag,, vol. 26, 
p. 855, 1938. 

t S. Barrett, A. TT Gihsler, and R. F Mehl, Trans. A.I.M.E,, vol. 143, p. 
134, 1941. 



AGE HARDENING AND TRANEFOHMATIONS 


471 


was discovered in Al-Cu alloys by Guinier and his co workers* and 
independently by Preston, f The platelets produce streaks on Laue 
photographs such as would be caused by two-dimensional gratings located 
on {100} planes of the aluminum matrix. Guinier and Preston assumed 
that these platelets were clusters of copper atoms in the solid solution, 
but it now seems more probable that they are thin platelets of the 
transition phase {d'), richer in copper than the matrix.^ The dimen- 
sions of the platelets can be determined from the length and width of 
the diffraction streaks and average a few atomic layers in thickness by 
a few hundreds of angstroms in diameter; the dimensions increase as 



Fig. 8. — Lauc photograph of single crystal of Al-Ag alloy (20.2 % Ag) in an early stage of 
«*\ging (104 hr. at 150®C.). Shows prominent streaks. 

aging is continued and eventually reach a value that gives three-dimen- 
sional diffraction. At a later stage the lattice transforms to the stable 
phase (^). 

Similar streaks in Laue photographs now have been observed and 
studied in detail in other age-hardening alloys. In aluminum-rich 

* A. Guinier, CompL rend., vol. 204, p. 1115, 1937; vol. 206, p. 1641, 1938; Nature, 
vol. 142, p. 669, 1938. J. Calvkt, P. Jacquet, and A. Guinier, J, Inst. Metals, 
vol. 6, p. 177, 1939. 

t G. D. Preston, Nature, vol. 142, p. 570, 1938; Phil. Mag., vol. 26, p. 855, 1938; 
Proc. Roy. Soc. (London), vol. A167, p. 526, 1938; Proc. Phys. Soc. (London), vol. 52, 
p. 77, 1940. The platelets producing these diffraction effects have sometimes been 
called Guinier- Preston zones” and ‘‘Guinier-Preston aggregates,” after their 
discoverers. 

1 R. F. Mehl and L. K. Je^eter, ^‘Symposium on the Age-hardening of Metals,” 
A.S.M., Cleveland, Ohio, 1940. C, S. Barrett, A. H. Geisler, and R. F. Mehl, 
Trans. A.I.M.E., vol. 143, p. 134, 1941. A. H. Geisler, dissertation, Carnegie 
Institute of Technology, Pittsburgh, Pa., 1942. 
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Al-Ag alloys, cross-grating dilTractioii is very evident.' Figure 8 is a 
pattern of a 20 percent silver alloy quenched and aged 104 hr. at 150°, 
showing sharply defined curved streaks. If the streaks arc plotted on a 
stereographic projection, they follow great circles on the projection, as 
shown in Fig. 9, and the great circles are found to pass through [111] poles. 

An interpretation of the pattern in 
terms of the reciprocal lattice may be 
seen by reference to Fig. 10. A refer- 
ence spheie is centered at the origin, 
O, of the reciprocal lattice, and the 
l)oints of the leciprocal lattice are pro- 
jected radially upon the sphere. These 
points on the sphere may be shown, in 
turn, in a stereographic projection of 
the sijhere. If there is a lack of perio- 
dicity of scattering power in the dif- 
fracting crystal such that one of the 
three Laue conditions is relaxed, caus- 
ing diffraction as from a two-dimen- 
sional grating, then the reciprocal 
lattice contaiJis lines normal to the plane of the grating. In Fig. 10 this 
condition is indicated for a grating in the YZ plane. Heavy lines parallel 
to X, normal to the YZ plane, are drawn through the reciprocal lattice; 
points. Projecte'd on the reference sphere or on its stei’eographie j^ro- 
jection, the.se* lines ai-e great circles that pass through the pole, P, of the* 
two-dimensional grating r(‘si)onsible for the streaks. 



f illow zone ciicleb thiough (111) pole^. 



Fig. 10. — Uc*^*ipiocal lattice ptiiiits ainl line:) piojected on rofeieiice spheie. 


Referring again to Fig. 9, it will be scum that the great-circle arcs 
convtirge to { 1 1 1 ) pol(\s. Thus the cross gratings arc located on the {1111 
planes of the matrix. A similar analysis of the Al-Cu Laue patterns 

^ C S. BARUKrr and A. H. Okislku, J. Applml Phys.^ vol. 11, p. 733, 1940. C. S. 
Barrett, A. H. GEibLER, and 11. F Trans. vol. 143, p. 134, 1941. 
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establishes cross gratings on {100} planes. Since the streaks of Fig. 8 
run through the Lauc spots of the matrix, the close-packed rows of atoms 
in the plane of the cross grating must lie parallel to the close-packed rows 
of the {111} matrix plane against which they lie. Later in the aging 
process the precipitating particles grow into three-dimensional particles 
of the transition phase y' and finally transform to y, without alteidng the 
orientation of the close-packed strings of atoms. Successive stages in 
the process arc illustrated by the photographs in Figs. 11 and 12. 

The length of a streak is governed by the thickness of the diffracting 
particle, the lateral width by the dimensions of the plate-shaped particle 
in its own plane. As the precipitate grows, the streaks condense into 



Fig. 11. — Advanced stage of aging in Fig. 12. — Fully developed precipi- 

crystal of Fig. 8. Streaks are condensing tate in crystal of Figs. 8 and 11 gives 
into spots. (Aged 2} hr. at 200°C.) sharp precipitate spots superimposed on 

streaks from smaller particles of pre- 
cipitate. (Aged 1 hr. at 320°C.) 

sharp spots (Fig. 12). The diffraction patterns thus serve to measure the 
variation of particle size with time and temperature of aging. Experi- 
ments confirm the theoretical prediction' that precipitating nuclei should 
be smaller with increasing supersaturation, for example, with low-tem- 
perature aging. 

The two-dimensional gratings causing these effects could be thin 
clusters of silver atoms on {111} planes of the matrix, which later develop 
into nuclei of y', or they could be thin plates of the precipitate itself; 
metallurgists generally have preferred the latter supposition. The 
precipitate need not have reached full regularity of structure, however, 

1 R. Bggker, Z. Metallkunde, vol. 29, p. 245, 1937; Ann. Physik. vol. 32, p. 128, 
1938; Proc. Phys. Soc. {London), vol. 52, p. 71, 1940. Summarized by R. F. Mehl and 
L. K. Jetter, “Symposium on the Age-hardening of Metals,” A.S.M., Cleveland, 
Ohio, 1940. 
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and the identity distance normal to the (111) plane may be n times the 
spacing of the (111) planes, where n = 2, 3, 4, 5, etc., at different places 
in the crystal.^ The two-dimcmsional gratings in various alloys form 
along the same matrix planes that the final precipitated plates do. This 
suggests that the gratings thin plates of the precipitate. 

Experiments on Al-Mg alloys are particularly enlightening, for the 
scattering power of the aluminum and magnesium atoms is nearly 
identical. Thus any clustering of magnesium atoms on certain matrix 
planes could not lead to sti eaks. But streaks arc observed, and so it 
must be concluded- that they are due to an alteration in the structure 
involving luw atomic sites, not merely to a shifting of atoms to certain 
of the existing sites. The conclusion follows that in Al-Mg, and probably 
in oth(U’ systems as w('ll, the streaks on I^aue patterns arise from platelets 
which properly can be called precipitate nuclei.^ 

Phase Transformations in Pure Metals.— There are many similarities 
between the lattice relationships in i)recipitation and those in all other 
solid-solid transformations in which a new phase grows within or upon the 
surface of an old phase. With the exception of the process of diffusion, 
which enters in some and not in others, much the same principles are 
found in all. The lattice in the new phase is crystallographically related 
in orientation to the lattice in the old phase, and in a great many instances 
the relationship is a simple one in which important rows and planes of 
atoms in the two phases are parallel. It has been mentioned how a 
h.c.p. precipitate forms in a f.c.c. matrix by a shearing process consisting 
of the slipping of close-packed layers over each other so as to produce the 
hexagonal seiiuence of the layers. The same' alterations of lattice can be 
observed in the metal cobalt, which in cooling below 420°C. transforms 
from hexagonal to cubic close packing, and in the metal thallium, which 
has a similar transformation at 23l°C.'‘ Again the close-packed layers 
and rows of atoms in the old and new structures are parallel. The trans- 
formation in pure iron from f.c.c. y to b.c.c. a results in orientations that 
appear to follow this rule;® an exact determination of the relationship has 
been hampered by the wide scatter in orientation that accompanies it, but 
it is very similar to the relationship between austenite and ferrite in steels 

^ C. S. BARRKrr and A. H. Geisler, J. Applied Phys.j vol. 11, p. 733, 1940. C. 
S. Barrkit, a. H. Geisler, and B. F. Mehl, Trans, A,I,M.E., vol. 143, p. 134, 1941. 

2 A. H. Geisler, dissertation, ('arnegie Institute of Technology, Pittsburgh, Pa., 
1942. 

3 The above reasoning assumes that the difference in size of segregated aluminum 
and magnesium atoms is not sufficient to distort the matrix lattice in a way that 
produces two-dimensional diffraction. Perhaps this assumption is not justified. 

*G. Wassermann, Metallwirtschaftj vol. 11, p. 61, 1932. U. Deiilinger, E. 
Osswald and H. Bumm, Z. Metallkunde, vol. 25, p. 62, 1933. 

® R. F. Mehl and 13. W. Smith, Trans, A,l,M,E.j vol. 113, p. 203, 1934. 
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discussed in the following section.’ The transformation from b.c.c. 
zirconium to the h.c.p. form below 862°C. involves complex lattice 
relationships.^ 

Structures in Steel. — Mutual orientation relat ionships are found not 
only in precipitation and in phase changes in pure metals, but also in other 
solid-solid transformations which are summarized in Table XXIX (page 
486). The most importaht transformation is the eutectoid reaction 



Mogneitc change m Cemenffi-e,?OOX(59Z 



Per Cent Carbon 

Fi(i. The iron-earbon oonstitutiou diagram (weight peirent earbori). (“ UWa/s 

Handbook.^') 

associated with the hardening of steel. More is known of the intricacies 
of this transformation than any other, though there may be many non- 
1 Arguing from the results of a double transformation in pure iron, a to 7 to a, 
Wassermann {Mitt. Kaiser-Wilhelm Inst. Eisenforsch. Dusseldorfj vol. 17, p. 149, 1935) 
concluded erroneously that there was no crystallographic relationship. Since it is 
possible for one crystal of a to form 24 different orientations of 7 and, upon cooling, 
for each crystal of 7 to form 24 orientations of a, it follows that the total number of 
orientations possible after heating and cooling a single crystal is 24 X 24 minus the 
number of duplications, actually 501 (J. Young, Trans. Roy. Soc, (London)^ vol. 
A238, p. 393, 1939). Therefore, the double transformation experiment of Wasser- 
mann could have appeared to indicate randomness when true randomness did not 
exist. 

* W. G. Burgers, Physica^ vol. 1 , p. 561, 1934; Metallwirtschaft, vol. 13, p. 785, 
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ferrous outcetoid reactions of equal complexity. The following summary 
is limited to the crystallography of the transformation and does not cover 
the familiar and important aspects of the subject having to do with rates 
of reaction.^ 

The familiar iron-carbon diagram, Fig. 13, indicates that austenite, the 
interstitial solid solution of carbon in 7 -iron, decomposes into ferrite and 
cementite. The solubility of carbon in 7 -iroH is much greater than in 
a-iron (1.7 weight percent vs. 0.035 weight percent maximum). Seitz“ 
has given the following explanation of this difference. The largest 
interstices in the b.c.c. arrangement of iron atoms are smaller than those 
of the f.c.c. structure; therefore, the carbon atoms can lit into the austenite 
interstices with less distortion than into ferrite.^ 

Cementite (FeaC) is orthorhombic.^ The unit cell contains 12 iron 
atoms and 4 carbon atoms and belongs to space group V h^^-Pbnm; the most 
precise values for the cell dimensions are^ a = 4.5155, h = 5.0773, and 
c = 6.7265A. The positions of the carbon atoms remained in doubt 
until Fourier synthesis® showed them to be at certain interstitial positions 
in the (nearly) close-packed structure of iron atoms. ^ Upon long- 
continued heating, cementite decomposes, the carbon forming graphite. 

1 For summaries of the kinetics soo K C R\ix, Ttans A I.M E,, vol. 100 , p. 13, 
1932. K C. Hain, “Functions of the Alloying Klcmonts m Steels,'^ A S.M., Cleve- 
land, Ohio, 1941. H F MiOHii, “Symposium on the Hardenahility of Alloy Steels,^’ 
p 1 , A.S.M., Cleveland, Ohio, 1938. E 8 Davknpoiit, Trans, A S,M , vol. 27, p. 837, 

1939. R. F. Meiil, Campbell Memorial Lectun*, A 8 ]\I , Cleveland, Ohio, OctolxT, 
1941. 

2 F. Seitz, “The Physics of Metals,” McGraw-IIill, Now York, 1943. 

^ The distance bctwci'n centers of a carbon atom and a neighboring iron atom m 
a-iron is 2.86 = 1 while in 7 -iron it is 3.56 X 0.5 = 1.78A. Th(‘ 

radius of an iron atom for a coordination number of 8 is 1.23 and for coordination 
number 12 is 1.26; in the undistorted lattices, this leav(‘s spaces for an atom of 0.36 A 
radius in a-iroii and 0 52A in 7-1 ron The radius of carbon in diamond is 0 77. 

* A. Wkstgren and G. Phragmex, J, Iron Steel In.st., vol. 105, p. 241, 1922. S. 
B. Henoricks, Z. Kiist , vol. 74, p. 534, 1930. A. Westgrent, J ernkontorels Ann., 
vol. 114, p. 457, 1932. H. Lipson and N. J. Petch, J Iron Steel Imtj vol. 142, p. 95, 

1940. W Hume-Rotheky, G. V. Raynor, and A. T. Little, J, Iron Steel Inst.j vol. 

145, p. 143, 1942. 

^ W. Hume-Rothery, G. V. Raynor, and A. T. Little, /. Iron Steel Inst., vol. 145, 
p. 143, 1942. 

® 11. Lipson and N. J. Petch, J, Iron Steel Inst , vol. 142, p. 95, 1940. 

^The four carbon atoms are at uv\] \ — R, i + p, i; uvl] i + u, ^ — v, J, where 
u = 0.47; V = —0.14; four of the inm atoms are also on these equivalent points with 
u = —0.167, V = 0.040; and eight iron atoms are on the general positions 

X , y , h - z ; ^ - X , ] + y , z ; \ - x , ^ + y , \ - z 

^ yz ; x , y , \ A - z ; \ A - X , \ - y , z \ \ + x , \ - y , \ z 

with X = 0.333, y - 0.183, z = 0.065. The environment of each carbon atom con- 
sists of six iron atoms arranged at the corners of a triangular prism. 
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The equilibrium diagram indicates nothing about the mode of trans- 
formation or the distribution of the transformation products. In a steel 



Fig 14 — Pearlite formed in eutectoid simple carbon steel at 705°C. XIOOO. (Vildla.) 



Fig. 15. — Martensite in 1.7 % C. steel quenched from 1150°C. XIOOO. (Greninger.) 


of eutectoid cornijosition (0.80 percent carbon in pure steels) slow cooling 
produces a lann'llar structure of ferrite and cementite known as pearlite 
(Fig. 14). With faster rates of cooling these lamellae become finer and 
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more closely spaced, and at the same time the temperature at which 
pearlite forms from austenite decreases. 

Upon exceeding a certain critical rate of cooling, a rate so fast that 
I)earlite (which forms only at the high temperatures) is not given an 
opportunity to form, an acicular product — martensite — forms at a Iowcm* 
temperature. Martensite in a high-carbon steel is illustrated in Fig. 
15. It is an unstable product having a body-centered tetragonal struc- 
ture.^ The axial ratio c/a depends on carbon content, as illustrated in 
Fig. 16.^ It is instructive to note that austenite, martensite, and ferrite 
can all be considered as hody-centered tetragonal structures differing only in 
axial ratio. Austenite has an. axial ratio of c/a = V^/l = 1*4 referred 

to tetragonal axes, while martensite has 
c/a between 1.06 and 1.00, depending 
upon carbon content, and ferrite has 
c/a = 1. Martensite accordingly may 
be viewed as hn intermediate step in 
the transformation from austenite to 
ferrite, a step in which the interstitially 
dissolved carbon atoms of austenite are 
retained in supcTsaturated solution in 
such a manner as to prevent for a time 
the completion of the transformation.*^ 
The simple concept of martensite for- 
mation as a compression of the c axis 
leads, however, to a prediction of ori- 
entations of martensite not in accord 
with those observed, which are dis- 
cussed in a subsequent section, and a 
more likely theory of the transforir.a- 
tion involves a shearing mechanism. 
Martensite appears in the form of 
plates which spring full-formed from the matrix in a period of time of 
less than 0.002 sec.^ when austenite is cooled through a certain tempera- 
ture region^ (below 240®C. in cutectoid steels)® and produces ‘‘needles'' 

1 W. L. Fink and E. I). Campbell, Tram, A.S,S,T,y vol. 9, p. 717, 1926. O. 
Kurdjumow and E. Kaminsky, Z, Physik, vol. 53, p. 696, 1929. E. Ohman, J, 
Iron Steel Inst,, vol. 123, p. 445, 1931. 

* G. Kurdjumow and E. Kaminsky, Z, Physik, vol. 53, p. 696, 1929. 

*E. C. Bain, Trans, A,I,M,E,, vol. 70, p. 25, 1924; Tram, A,S,M,, vol. 9, p.‘752, 
1926. 

^ H. J. WiKSTEU, Z, Metallkunde, vol. 24, p. 276, 1932. F. Forster and E. Scheil, 
Z, Metallkunde^ vol. 28, p. 245, 1936. 

® J. M. Robertson, Trans. A.l.M.E. vol. 90, p. 117, 1930. 

® A. B. Greninger and A. R. Troiano, Trans. A.S.M,, vol. 28, p. 537, 1940. and 
discussions of this paper. 
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Fig. 16. — V^aiiation in hitticc* enn- 
stant.s a and c of inaiteiibitc with rai- 
])on content of .^toel. (Se/jakow, 
Kurdjumow, and Goodtzow.) 
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appearing in relief in a polished surface. Hence the sheaiing movements 
are more in the nature of the shearing movements characteristic of 
twinning and do not involve the slower mechanism of nucleation an<l 
growth. The rapidity of the transformation and the sluggishness of 
diffusion at low temperatures accounts for the retention of the carbon in 
solution : there is little or no diffusion of carbon into particles of cementite. 

Martensite in rapidly quenched steels is a constituent that etches 
slowly and therefore appears white on photomicrographs. It is usually 
accompanied by residual untransformed austenit(!. Upon tempering at 
temperatures even as low as 100“C., martensite changes to a rapid etching 



Fio. 17.— Bainite. X2000. (Vilella.) 

constituent. The untempered form is often spoken of as white or 
a-martensite ; the tempered form has sometimes been called black or 
/3-martensite, though it now seems better to drop this nomenclature. 
The tempering of martensite brings about a decrease in axial ratio of the 
tetragonal structure until it is replaced by a b.c.c. structure. This is 
doubtless because tempering permits carbon to diffuse into finely dis- 
persed particles of cementite,^ though tempering below 300°C. does not 
yield x-ray lines of cementite owing to the fineness of the particles of 
cementite or to the state of strain in them. 

Bainite is the name given to the structure or structures that form on 
isothermal transformation at temperatures intermediate between those 

> G. Kxjrdjtjmow and E. Kaminsky, Z. Physik, vol. 53, p. 696, 1929. G. Kuro- 
jUMow, Z. Physik, vol. 55, p. 187, 1929. S. Sekito, Science Repts. TShoku Imp. 
Univ., Sendai, ser. 1, vol. 20, p. 313, 1931. 
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which produce pearlite and martensite (about 200 to 650®C. in carbon 
steels of eutectoid composition). At reaction temperatures just below 
those which produ(!e the finest pearlite the characteristic appeai’ance of 
l)ainite is that shown in Fig. 17, W'hile at lower tempc'iatun's it is more 
pronouncedly acicular, as illustrated in Fig. 18.'^ Vilella, Guellich, and 
Bain'^ suggest that the reaction to the acicular product is “the successive, 
abrupt formation of platps of supersaturated ferrite along certain crystal- 
lographic planes of the austenite grains; this supersaturated ferrite begins 
at once to njject carbide particles (not lamellae) at a rate depending upon 
temperature.” 



Fig. 18. — Baiiiite formed at a lower temperature than that of Fig. 17. {Vilella,) 

Certain hypoeutcctoid allo^j steels when reacted in the neighborhood 
of 500®C. contain a reaction product that Davenport"* calls the X con- 
stituent. Little is known about it at the pros(^nt time; it may be a variety 
of acicular ferrite or bainite. It is most pronounced in steels rich in 
elements having strong carbide-forming tendencies, these alloying ele- 
ments })eing Cb, Ti, V, W, Mo, Cr, and Mn. 

Orientations from the Decomposition of Austenite. — Kurdjumow and 
Sachs^ made the first study of lattice relationships in the austenite- 
martensite reaction. A large austenite grain with a carbon content of 
1.4 percent was pn^pared by slow cooling from the melt. After homo- 

1 E. S. Davenport and L. C. Bain, Trans. A.l.M.E.^ vol. 90, p. 117, 1930. 

2 J. R. Vilella, G. E. Guellich, and K. C. Bain, Trans. A.S.M vol. 24, p. 225, 

1936. 

^E. S. Davenport, Trans. A.S.^f., vol. 27, p. 837, 1939. 

^ G. Kurdjumow and G. Sachs, Z. Physik, vol. 64, p. 325, 1930; Mitt, deut, 
Materialprufungsanstali.j vol. 13, p. 151, 1930. 
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gcnizing and ([uenching in water it was fonnd that snfhciont austenite had 
been rc'tained to giv(! the orientation of the original austenite crystal. 
Pole figurcis of the partly decomposed crystal indicated that a {110} plant; 
and <110> direction in this plane in a martensite crystal is parallel to 
a { 111 } plane and a < 11 1 > direction in this plane in the austenite. This 



Fig. 19. — Possilile atom movcMiients m t he foi nuiijon of iiuii tcnsite from au&teiiito. (Sachs.) 


relationship, which we shall speak of as the Kurdjumow-Sachs relation- 
ship, may be written 

(in)7' »iio)« 

[llOh iMlja 

'Fempering the tetragonal martensite to the a phase i)roduced no change 
in these orientations. 

Six different orientations of a can form on each (111) plane of the y 
lattice, and since there are four equivalent j)lanes of this type a total of 24 
new orientations may form in the decomposition of a single y crystal. 

A set of atomic movements that could produce this residt is sketched 
in Fig. 19.* At the top of the figure is an austenite (111) plane and the 
(Oil) ferrite plane that lies parallel to it, and at the bottom of the figure, 
from left to right, are sketches of austenite [with (111) as the base plane], 

‘ G. Sachs, Z. Melallkunde, vol. 24, p. 241, 1932. 
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martenKsite, and ferrite. A shear that will transform a pi ism in austenite 
into the unit cell of martensite is indicated by an arrow'; it is a shear on a 
slip plane of the austenite crystal, ( 111 ), and in a slip direction, which 
would make it seem a reasonable mechanism, but measurements of 
Greninger and Troiano on the actual shear and the habit plane in aus- 
tenite, discussed below, make it appear unlikely — at least in high-carbon 
steels. 

Nishiyami^ analyzed by pole figures the orientations of a that form 
from 7 in the 7 — > a transformation in an Fe-Ni alloy of 30 percent nickel 



Fig 20. ' Fig. 21. 

Fig. 20. — Stereo«raphir projection of orientations of precipitate in Fe-Ni crystals (SI % 
Ni) transformed at 240°C. Circles are (llO)a poles predicted by Kurdjuinow and Sachs; 
ellipses are (110)« poles predicted by Mishiyama; dots are observed values. {Mvhl and 
Verge,) 

Fig. 21. — Same as Fir. 20 for transformation at ~195°C. (Mehl and Verge.) 

at the temperature of li(piid nitrogen. The relationship that Nishiyami 
found gives 12 ferrite orientations in each crystal and may be written 

(l.ll) 7 ||(n 0 )a 

[2Uh||[110]a 

Nishiyami suggested that the atomic disi)laccment during the transforma- 
tion resembles twinning, and consistsof a shear of 19'’28' on the (111) plane 
in the direction [ 211 ], followed by certain expansions and contractions. 

Mehl and Derge^ pointed out that the Kurdjumow-Sachs relationship 
had been found when the y a transformation had occurred at a high 
temperature, while the Nishiyami relationship had been found when the 
transformation had occurred at a low temperature. Their proposal 
that temperature is a controlling factor was substantiated by an experi- 
ment on Fe-Ni alloys, the results of which are plotted as pole figures 

‘ Z. Nishiyami, Science Kepts. THhoku Imp. Univ., vol. 23 , p. 637 , 1934 . 

* 11. F. Mehi. ami O, Dkhok, Trans. A J.M.E., vol. 12.'>, p. 482, 1937. 
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for [110] pianos in Figs. 20 and 21. The corners of the steroographic 
triangles are cube axes of austenite, and within the triangles are plotted 
[110] poh's for th(' Kurjumow-Saehs relationship (open circles) and [110] 
poles for the Nishiyanii relationship (open ellipses). Llxperimental 
results for a transformation at — 195°C., shown as black dots in Fig. 21, 
indicate a Nishiyanii mechanism, while results for a 240°C. transforma- 
tion, Fig. 20, indicate a Kurdjumow-Sachs relationship. The products 
of a — 70°C. transformation seem to be of an intermediate type. Wasser- 
mann’s experiments' on Fe-C and Fe-Ni alloys transformed at different 
temperatures also support these results. The transformation in a 
meteorite usually yields less perfect orientations," though Young" found 
examples that were iiitermc'diate between the two types found in the 
artificial Fe-Ni alloys. 

Orientation rela(ionshi])s accom- 
panying the decomposition of aus- 
tenite in an alloy of 22 ixTceiit nicked 
and 0.8 percent carbon were deter- 
mined by Greninger and Troiano' 
using precision technique. (Quench- 
ing to — 77°C'. resulted in large 
martensite crystals in which (110) 

])lanes deviated from (111) austenite 
planes by an angle of about 1°. They 
stated that “except for tin* non-par- 
allelism of thes(' two clost‘ly-]>aek(*d 
plain's, the evaluated n'lationship 
may be descrilied as about michvay 
between (he Kurdjumow and Sachs and the Nishiyami relationships.” 
Upon tempering the. tetragonal martensite to h'rrite the close-packed 
planes became exactly parallel. 

Greninger and Troiano advanced a theory for tin! atomic movements 
that occur during the formation of marten.site, based on the shear distor- 
tion that may be seen on a polished surface when a plate' of martensite 
int(*rsects the surface. Fig. 22. Tln'y suggested that two shears, together 
with slight dimensional adjustments, would transform austenite to body- 
ci'iitered ti'tragonal martensite and that the first shear was responsible 
for the reln'f elfect indicated in the figure. From goniometric meas- 
urements on the polished surface they determined this “first shear” 

* G Wasskhmann, Mill. Kaiset -Wilhelm Inst. Eisenforsch. Dusseldorf, vol 17, 
p. 149, 193.5. 

“ It. F Mbhl and G. Derge, Trans. A.I.M.E., vol. 125, p. 482, 1937. 

’ J Young, Trans. Roy Eoc. {London), vol A238, p. 393, 1939. 

■* A. M. Greninger and A. It. Troiano, Trans. A.I.M.E., vol. 145, p. 291, 1941. 


i 
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Fig. 22. — Shear niovoiTiont.s in foi ina- 
tion ot a inaiton.site crystal accoMlinj? to 
Gieninger and Ti'oiano. 
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(which was found to be on the irrational plane on which martensite 
forms), and knowing the total difference in orientation they deduced 
the “second shear” (which was on the (112) martensite plane in the 
[llT] direction — the twinning elements for martensite crystals).^ It 
was concluded that the midrib so frequently observed in martensite 
(Fig. 15), especially in hypereutectoid steels and in the martensite-like 
structure of Fe-Ni alloys, is the plane along which shear is initiated 
(Fig. 22). 

Smith and MehF conducted a comprehensive investigation of the 
orientations of the various types of isothermal reaction products in plain 
carbon steel of eutectoid composition. Bainite formed at 450®C. and 
SSO^C. displays the Nishiyami relationship; bainite formed at 250°C. 
and martensite displays the Kurdjumow-Sachs relationship. The habit 
plane changes continuously throughout this temperature range (see 
page 485). 

Attempts to determine the orientations of ferrite lamellae in pearlite 
with rcvspect to the parent austenite encounter difficulties due to the 
wide scatter® but nevertheless indicate rather conclusively that the 
orientations in fine pearlite are the same as those in coarse pearlite and 
are quite different from those in bainite, in martensite, in proeutectoid 
ferrite, or in pure iron. 

Bainite formed at high temperature contains ferrite identical in 
orientation with ferrite that is formed by proeutfictoid precipitation, a 
relationship which suggests that ferrite nucleates bainite. On the same 
basis, it may be concluded that ferrite alone docs not nucleate the trans- 
formation to pearlite. There is reason to believe that, in bainite, ferrite 
precipitates first, as a supersaturated solid solution which later precipi- 
tates cementite.'* 

Habit Planes for Austenite Decomposition Products.— Although the 
habit planes of the various products of the y a transformation have 
been extensively studied, the meaning of the results is uncertain. When 
7 -iron is severely quenched and transforms to a-iron, the relief effects 
on a polished surface indicate that a forms as plates on {111) planes of 

* The function of the first shear was conceived to bo the production of a triclinic 
lattice “ containing a unique .sot of parallel atomic planes whose interplanar spacings 
and atomic positions are the same as those of a set of parallel atomic, planes in the 
martensite lattice; a second shear on this unique plane then generates the martensite 
lattice.” 

* G. V. Smith and R. F. Mbhl, Trans. A.J.M.E., vol. 150, p. 211, 1942. G. V. 
Smith, dissertation, Carnegie Institute of Technology, Pittsburgh, Pa., 1941. 

*R. F. Mehl, and D. W. Smith, Trans. A.I.M.E., vol. 116, p. 330, 1935. G. V. 
Smith and R. F. Mehl, Trans. A.I.M.E., vol. 150, p. 211, 1942. 

^E. S. Davbnpoht and E. C. Bain, Trans. A.I.M.E., vol. 90, p. 117, 1930. G. 
V. Smith and R. F. Mehl, Metals Tech., Tech. Pub. 1459, April, 1942. 
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7 ;^ a similar habit was generally thought to hold for the habit plane of 
martensite 2 until it was shown by thorough investigations^ to be irrational 
in all steels except low-carbon steels, where it assumes a lathlike shape on 
{111} planes. No low-index plane is found in high-carbon steels for 



Fig. 23. — Vaiiatioii of niaiteiihitc liabit plane witli caibon content of .steel bhowji by 
stcieographic projection of pole of plane, ((rreniiiger and Troiano,) 



Fig. 24. — Steioogiapliic piojeotion of hal)it planc.s for marten.site and for bainitc formed at 
different temperatures in eiitectoid carbon &teel. {Smith and MehL) 

martensite or for bainite formed at low temperatures, but nevertheless 
the habit planes are crystal lographically determined. Variation of th(i 

1 A. Sauveur and C. H. Chou, Tratis, A.I.M.E.y vol. 84, p. 350, 1929. R. F. 
JMEHLaiul 1). W. Smith, Tram. A.I.M.E., vol. 113, p. 203, 1934. 

* R. F. Mehl, C. S. Barrett, and D. W. Smith, Tram. A.I.M.E., vol. 106, p. 213, 
1933. 

® A. B. Grenixger and A. R. Troiano, Trans. A I.M.E.^ vol. 140, p. 307, 1940, 
Nature, vol 141, p. 38, 1938. G. V, Smith and R. F. Mehl, Metals Teach. ^ Tech. 
Pub. 1459, Aprd, 1942. 


Table XXIX. — Crystallographic Relationships in Metals and Alloys* 
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J. Young, PhiL Trans. Roy. Soc., vol. A238, p. 393, 1939 
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martensite habit plane in steels of various carbon contents is indicated 
on a stereographic projection of the austenite lattice in Fig. 23, and 
variation of the bainite habit plane with isothermal reaction temperature 
is plotted in Fig. 24. 

Studies by Greninger^ of the martensite-like reaction in certain non- 
ferrous alloys also revealed irrational (high indices) habit planes, as will 
be seen from Table XXIX, page 486. Thus the habit plane alters with 
the temperature of the reaction while the orientation relationships change 
but little. 

Pearlite forms on one or more sets of planes of high indices,^ and the 
same is true of proeutectoid cementite,® which supports the suggestion 
that cementite nucleates pearlite. 

Orientations in Other Reactions. — To the list of reactions in which 
new phases are generated having their orientations crystallographically 
related to phases already present must be added peritectic reactions, as 
Greninger has shown,^ oxidation reactions,^ and alloy layers produced 
by diffusion. < 

The oiienting of overgrowths by substrates has been shown to depend 
upon a sufficient similarity in atomic positions in the matching planes;^ 
if the atomic patterns are similar, as in alkali halides, the lattice param- 
eters may differ as much as 25 or 30 percent without causing the deposited 
crystal' to become randomly oriented. When the habit of crystals is 
altered by impurities in the liquids from which they crystallize, it is 
probable that oriented adsorbed layers of the impurities are responsible.* 
Oriented electrodeposits are common; these arc treated in Chap. XX. 

Orientation relationships are found in all types of transformations. 
When the two phases are of similar stmeture and approximately equal 
lattice dimensions, it can be predicted that the new will have an orienta- 

1 A. B. Greninger and V. G. Mooradian, Tram. A.I.M.E., vol. 128, p. 337, 1938. 
A. 13. Greninger, Tram. A.I.M.E., vol. 133, p. 204, 1939. 

* G. V. Smith and R. F. Mehl, Metals Tech., Tech. Pub. 1459, April, 1942. 

® R. F. Mehe, C. S. Barrett, and D. W. Smith, Tram. A.I.M.E., vol. 105, p. 215, 
1933. A. B. Greninger and A. R. Troiano, Tram. A.I.M.E., vol. 140, p. 307, 1940. 

‘ A. B. Greninger, Tram. A.I.M.E., vol. 124, p. 379, 1937. 

' MirLLERand Schwabe, Z. Elektrochem., vol. 37, p. 185, 1931 (CrjOa). H. C. H. 
Carpenter and C. F. Ki.am, J. Iron Steel Imt., vol. 105, p. 83, 1922 (Fe-0). R. F. 
Mehl and E. L. MgCandless, Tram. A.I.M.E., vol. 125, p. 531, 1937 (Fe-0). R. F. 
Mehl, E. L. MgCandless and F. N. Rhinbs, Nature, vol. 134’, p. 1009, 1934 (CuiO). 
K. H. Moore, Ann. Physik, vol. 33, p. 133, 1938 (OujO). 

* R. F. Meiu., discussion to A. B. Greninger, Tram. A.I.M.E., vol. 124, p. 390, 
1937 (Cu-Zn). 

'L. Roger, Compl. rend., vol. 182, p. 326, 1926; vol. 179, p. 2050, 1925. C. A. 
Sloat and A. W. C. Menzies, J. Phya. Chem. vol 35, p. 2005, 1931. 

* P. Gaubbrt, Compl. rend., vol. 143, p. 776, 1906; vol. 167, p. 491, 1918; vdl. 180, 
p. 378,T925. C. W. Bunn, Proc. Roy. Soc. (London), vol. A141, p. 567, 1933. 
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tion identical with the old. When the reaction is at a surface, the pattern 
of atoms in the two interfacial planes will be similar provided that similar 
planes exist in the phases. When the reaction generates a new phase 
within the old, there appear to be several factors that can influence the 
orientation. The most important among these are probably (1) close 
matching of atoms at the interface and close" similarity in atomic dis- 
tribution in the neighborhood of the interface, which means that little 
energy is required to create the interface; and (2) simple shearing proc- 
esses that create the new lattice by overcoming a minimum shear resist- 
ance or activation energy. When the second factor is an important one, 
it seems likely that the nucleus always forms abruptly in the manner of 
motion characteristic of twinning or slip, which are closely analogous 
processes that require but little energy to create the interface. What- 
ever the underlying factors may be, it appears to be a general rule that 
when one given phase is generated from another it will have the same 
orientation with respect to the parent phase regardless of the type of 
reaction by which it is formed.* 

1 11. F. Meiil, Trans. A.I.M.E., vol. 121, p. 390, 1937 
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ELECTRON DIFFRACTION 


The use of electrons for diffraction purposes dates from 1927, when 
Davisson and Germer^ first showed that it was possible, following the 
prediction by Do Broglie that material particles should act as waves. 
Follomng the lead of these experimenters in America and G. P. Thomson 
in England, the field has rapidly developed not only as a branch of physics 
research but as a practical diffraction method supplementing the x-ray. 
It is of particular value as a means of investigating extremely thin films 
and surface layers and has earned a place for itself in many industrial 
and academic laboratories on this account. 

Electron Waves. — When a stream of electrons strikes a crystal, it 
behaves exactly as if it were a train of waves. It is not necessary to 
insist that the electrons actually consist of waves, but they do proceed 
in the directions that true waves of a certain wavelength would go. The 
electron wavelength X — or, more precisely, the wavelength that accounts 
for the motion of the electrons — is given by the simple equation 



mv 


where h is Planck^s constant and mv is the momentum (mass times 
velocity ) of the electron. The wavelength is therefore inversely pro- 
portional to the velocity, which in turn is directly related to the voltage 
applied to the vacuum tube in which the electron moves. If a potential, 
V, of a few thousand volts is applied, the kinetic energy of the electron is 



eV 

300 


where m is the mass of the electron and e is its charge in electrostatic 
units. From these equations it follows that 


X = 



angstroms. 2 


1 C. J. Davisson and L. H. Germer, Phys. Rev,j vol. 30, p. 706, 1927. 

* For values of V above a few thousand volts, this formula requires correction (a 
2.5 percent correction at 50,000 volts) because the mass of the electron varies with its 
velocity. Relativity theory gives the corrected form, which can be reduced to the 
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Table XXX illustrates the range of wavelengths that can be obtained 
readily in the laboratory. 

T.\bf.k XXX 


Voltaic 

Wavelongth, 

150 

1 0 

10,000 

0 1227 

30,000 

0 0697 

50,000 

0 0536 

70,000 

0 0447 


Since it is convenient to operate electron-diffraction equipment at 
potentials between 30,000 antj 70,000 volts, it follows that the electrons 
ordinarily used in diffraction work have a wavelength between one-tenth 
and one-twentieth of the wavelength of x-rays used for similar work. 

It might be mentioned that all other material particles as well as 
electrons have this property of acting as if they were waves. Physicists 
have succeeded in diffracting atoms and molecules from crystal surfaces; 
if it were not for certain technical difficulties, we might even be diffracting 
golf balls about the laboratory! The difficulties in experiments with 
particles heavier than electrons are considerable, however, and these 
experiments do not yield a proportionate amount of new information 
above that given by electron diffraction. The same can be said of experi- 
ments with slow electrons produced in apparatus operating at only a 
few hundred volts. Consequently, applications of interest to metallur- 
gists have been made almost entirely with fast electrons in the range 
between 30,000 and 70,000 volts. 

Apparatus. — Electron diffraction requires a highly evacuated con- 
tainer in which a collimated stream of electrons (from cither a hot filament 
or a gas-discharge tube) falls on a specimen and then on a photographic 
plate within the container. The electrons are accelerated by a constant- 
potential direct-current .source, which may be used also for x-ray diffrac- 
tion. A hot-filament camera is .shown in Fig. 1. From the filamrnt 
at the loft the electrons pass through the pinholes to the specimen (here 
a thin film) and on to a photographic jdate. The plate is arranged to 
be moved so as to record several patterns side by side. 

A more elaborate design is shown in Fig. 2. Electrons from a dis- 
charge tube at the top are controlled by pa.s8ing between trapping plates 
in which the potential can be varied and through an electromagnet that 
serves to focus the beam. After diffracting from a specimen on an 

approximate equation 

_ fc \/ 150/eVma 

^ “ a + eF/1200m„c») 

where mo is the mass of the electron at rest, h is Planck’s constant, and c is the velocity 
of light (see Appendix IX for values). 
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Fio. 1. — Elect roii-diflf Faction camera. Electrons from filament pass tliiouKh pinholes and 


specimen and stiike photographic plate. 
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adjustable specimen holder, the electrons strike a fluorescent screen 
or a photographic plate. Owing to the short wavelength of the electrons, 
the diffraction rings are confined to a very narrow range of angles around 
the primary beam, and the cameras are much larger than x-ray cameras. 
A distance of 50 cm. or more from specimen to plate is common. 

Details of construction and operation need not concern us here, for 
they are adequately treated in books on the subject^ and in numerous 
articles.® In constructing an apparatus — many investigators make 
their own — due attention should be given to means of obtaining a high 
vacuum free from contamination by vacuum-pump vapors, adjusting 
and interchanging of specimens without breaking the vacuum, and 
changing or removing photographic plates in such a way as to regain 
the vacuum quickly. A rectified and filtered high-voltage source is 
essential since a constant voltage is required to maintain a constant 
wavelength. When a hot filament is used, it should be provided with 
adjustments to focus the electron beam on the pinhole .system. These 
requirements are met in electron microscoi)es, which- are therefore con- 
vertible to diffraction cameras.® Since high-voltage electrons strike 
the metal around the pinhole, there arc x-rays emitted that should be 
absorbed within the apparatus. With a satisfactory beam through the 
pinholes (10“* or 10~® amp. through pinholes 0.1 to 0.2 mm. in diameter), 
the exposure times are much faster than x-ray expo.sures — a matter of 
seconds rather than hours. Slow fine-grained plates and films are used. 
K bar magnet or an electromagnet outside the camera may be used to 
direct the beam through the pinhole system and onto the specimen. 

Specimens. — A metallic film so thin as to be translucent or trans- 
parent will diffract electrons very strongly; a layer of oxide thin enough 
to give temper colors likewise produces a good pattern, and in many cases 
even invisible films can be detected. 

1 “The Structure of Metallic Coatings, Films, and Surfaces, ” Faraday Society, 
liondon (reprinted from Tram. Faraday Soc.), 1935. “Theory and Practice of Elec- 
tron Diffraction,” G. P. Thomson and W. Cochkane, Macmillan Company, I.td., 
Tx>ndon, 1939. 

* G. I. Finch, A. G. Quabrell, and H. Wilman, Tram, Faraday Soc., vol. 31, p. 
1051, 1935. L. H. Germer, Rev. Sci. Imtrumenls, vol. 6, p. 138, 1935. W. G. Bur- 
gers and .1. C. Basart, Physica, vol. 1, p. 543, 1934. G. P. ThOmson, Tram. Faraday 
Soc., vol. 31, p. 1049, 1935. J. 11. Tillman, Phil. Mag., vol. 18, p. 656, 1934 (mag- 
netic focusing). S. B. Hendricks, L. R. Maxwell, V. L. Mosley, and M. E. 
Jefferson, J. Chem. Phys., vol. 1, p. 549, 1933. R. Jackson and A. G. Quahrell, 
Proc. Phys. Soc. (London), vol. 51, p. 237, 1939 (high-temperature specimen holder). 
H. J. Yearian and J. D. Howe, Rev. Sci. Imtruments, vol. 7, p. 28, 1936. R.' Mor- 

gan and X. Smith, Rev. Sci. Imtruments, vol. 6, p. 316, 1935. R. R. Wilson, Rev. 
Sci. Imtrumenls, vol. 12, p. 91, 1941 (detail of vacuum joint). 

’ J. Hillier, R. F. Baker, and V. K. Zworykin, J. Applied Phys., vol. 13, p. 571, 
1942. 
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It is somewhat difficult to prepare a film so thin that electrons can be 
transmitted through it, for this requires thicknesses of a few hundred 
angstroms or less (about a millionth of an inch). Nevertheless, thin 
transmission specimens are prepared in the following ways : 

1. Etching a metal foil (usually by floating it on the etching bath). 

2. Depositing a substance from the vapor state on a thin cellulose 
film (or equivalent). 

3. Sputtering metal in a gas-discharge tube upon a cellulose film. 

4. Precipitating a colloid on a film.' 

5. Electrodepositing on a substrate which is subsequently etched off. 

6. Skimming an oxide layer from molten metal. 

7. Oxiding a thin film or etching an oxidized metal so as to leave the 
oxide layer. 

There is frequently some uncertainty as to whether a film has under, 
gone some change during the process of removal. 



Fig. 3. — Diffraction of electrons from projecting points of a specimen. 


Reflection specimens are more readily prepared and more widely 
applicable to metallurgical problems. A reflection specimen must have a 
surface that is rough on a microscopic scale, for the electrons must 
penetrate small projections, as in Fig. 3. The surface is Slightly mat in 
appearance when properly prepared and must be as clean as the experi- 
menter can make it. A light etch followed by washes in water, alcohol, 
and benzene serves for metals; oxides are often sufficiently rough when 
formed on polished surfaces. Electrodeposits and condensed or sputtered 
films are usually satisfactory without further treatment. The specimen 
is mounted nearly parallel to the beam and gradually moved into the 
beam until the spot on the fluorescent screen is just cut off. 

Identification of Polycrystalline Materials. — Most applications of 
electron diffraction involve the identification of reaction products, par- 
ticularly those formed on metal surfaces. In such studies the patterns 
are analogous to x-ray powder patterns, consisting of concentric Debye 
rings that are interpreted just as x-ray patterns are. Typical reflection 
patterns are reproduced in Fig. 4. 

The patterns provide the same kind of information that x-ray diffrac- 
tion provides for thicker layers, viz., the identification of the phases in 
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the layer and their crystal structures, the approximate grain size in the 
layer, the state of strain in the layer, and the orientation of tlu^ giains. 

The peculiar advantage of the use of electrons for work in this field 
lies in the fact that they are diffracted strongly by the outermost atoms 
of the specimen and convey information to the photogi’aphic plate con- 
cerning these atoms only, whereas x-rays penetrate more deeply and do 
not register the surface layers unless their thickness is measured in 

thousands of angstroms. 

Identification is carried out by comparison 
with known materials or by computation of 
spacings; the card-index system^ developed for 
x-rays is applicable here, although some diffi- 
culties may be encountered from the lower 
precision of the spacing measurements and the 
somewhat altered line intensities. 

The extraordinary sensitivity of the elec- 
tron-diffraction camera to thin layers of mate- 
rial can be a considerable nuisance when it 
comes to carrying out an experiment. It is a 
standard complaint that almost anything, if 
given a chance, will collect on the specimen in 
sufficient quantities to cause trouble. The 
thinnest invisible deposits of grease, for exam- 
ple, give excellent diffraction patterns, as. many 
investigators have found to their sorrow, and a 
little mercury deposited from vapor that has 
worked back into the camera from the vacuum 
pump will quickly affect the patterns and intro- 
duce “extra rings.” If a specimen is rubbed 
lightly with rubber, say during etching, the 
spectrum of rubber appears. With some metals 
it is almost impossible to avoid obtaining the 
spectrum of an oxide film that forms while the specimen is being prepared 
and loaded into the camera — a few minutes at room temperature will pro- 
duce a detectable oxide film on copper. Perhaps some extra rings are also 
to be ascribed to refraction of the beam when it enters and leaves the 
same surface of a reflection specimen. ** 

Some extra rings from thin deposited films have been identified 
with an altered crystal structure in the deposit. When aluminum, for 
example, is deposited on platinum, the first layers of aluminum atoms 

* See p. 139. 

* K. Lakk-Harowitz, H. J. Yeahian, and J. 1). Howe, Phys. Rev., vol. 48, p. 101, 
1935. 



a h 

Fig. 4. — Electron diffrac- 
tion patterns formed by 
reflection from surface of a 
specimen. All clectron-dif- 
fraction patterns reproduced 
here are direct prints of the 
original plates, in conformity 
with the usual practice in 
papers on the subject, and to 
distinguish them from the 
x-ray patterns in this book, 
which are double printed so 
as to give diffraction spots 
that are black, (a) Zinc 
oxide, (b) y Al-Zn. {Fuller.) 
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are forced into a tetragonal structure with interatomic distances in the 
basal plane matching those of the platinum with which it was in contact. ‘ 
Similarly, a thin layer of oxide on zinc matches the zinc in its basal plane 
dimensions, in spite of the fact that the oxide does not normally have a 
hexagonal structure. QuarrelP found, in fact, that all the face-centered 
metals he examined (Co, Ni, Cu, Pt, Pd, Au, Ag) when evaporated onto 
cellulose films or deposited electrolytically showed extra rings. A normal 
film of silver 4 X 10“* cm. thick yields a face-centered cubic pattern 
as in Fig. 5, whereas Qiiarrell’s thin films produced the pattern of Hg. 6, 
which contains a weak hne just within the innermost 111 line of the 



Fig. 6. — Pattern from transmission through silver film 4 X 10-® cm. in thickness. Electron 
wavelength 0.051 angstrom. (Germer.) 

f.c.c. pattern. This inner line is ascribed to the 10-0 reflection from 
an abnormal hexagonal close-packed (h.c.p.) form in the case of each 
of the metals. A weak band extends from the 10-0 ring to the f.c.c. 
200 ring and is believed to indicate a gradual transition from h.c.p. to 
f.c.c. throughout the film. Presumably the first atoms deposited form a 
close-packed two-dimensional array, and a few subsequent layers super- 
impose in h.c.p. rather than the normal f.c.c. manner. One electro- 
deposited silver specimen was found to be purely h.c.p. These thin 
layer structures are closely analogous to the transitional structures that 
form in solid-solid transformations (c/. Chap. XXII, page 461). 

* G. I. Finch and A. G. Quarbkll, Proc. Roy. Soc. (Ijondon), vol. A141, p. 398, 
1933. 

* A. G. Quahbei.l, Proc. Phys. Soc. {^LotuUm)^ vol. 49, p. 279, 1937, 
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There is another source of extra rings that has received much con- 
sideration. If crystals are sufficiently small or thin, the diffraction 
pattern for each particle may be that characteristic of a two-dimensional 
grating rather than a three-dimensional one. The diffraction rings 
built up from rotating a two-dimensional grating will, of course, differ 
from those of a three-dimensional one, and in general there will be bands 
in the pattern that have a sharp limit on their inside edge. 

The depth of penetration of electrons may be estimated by depositing 
layers of various thicknesses on substrates of a different metal. Nickel 
deposited on copper begins to give a recognizable pattern by reflection, 
when the thickness reaches about loA; a 200A layer diffracts strongly. 



Fi(i. 0, — Pattern made by transmission through electrodeposited silver. Shows band over- 
lapping the inner ring of Fig. 5 and shows the extra ring inside it. {Finch.) 

and a 40oA layer obliterates the effect of the base.' These figures are a 
function of the roughness of the surface — on some surfaces a monomolec- 
ular layer or two or three atomic layers can be detected. The upper 
limit is imposed by the inelastic impacts of the electrons, which destroy 
their ability to cooperate in building the diffraction pattern. With 
heavy metals a film must be less than 10“* cm. (100 A) if the background 
scattering from inelastic impacts is to be small, and patterns cannot be 
expected if films are uniformly thicker than 10“® cm. 

There have been many investigations of oxidation with electron 
diffraction.- The various layers in the oxide scale that forms when iron 
is heated in air can be dissected and the various surfaces studied sepa- 

* W. CociiKAXE, Proc. Phys. Soc. (London), vol. 48, p. 723, 1936. , 

* Extensive reviews niid bibliographies are given by G. P. Thomson and W. 
Gochranc, “Theory and Practice of Electron Diffraction,” Macmillan & Company, 
Ltd., London, 1939; B. Lustman, dissertation, Carnegie Institute of Technology, 
Pittsburgh, Pa., 1940, 
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lately. For example, when the film has just increased in thickness 
through the color stage and has turned black, it consists of hexagonal 
a-FcaOs with a pattern illustrated in Fig. 7. When the scale has grown 
thick enough to be chipped off, the underside shows the spectiiim of 
Fe 304 .* Numerous studies of the oxides of aluminum have shown the 



Fig. 7. — Surface-reflection pattern of hexagonal a-Fe 203 . (Nelson.) 



Fkj. 8. — Transmission pattern for electrodeposited arsenic. Very small crystals, sub- 
stantially amorphous. {Finch, Quarrell, and Wilman.) 

value of this method for identifying the various structures, their grain 
size, and their orientation. 

The grain size in a thin-film transmission specimen is indicated by 
the breadth of the diffraction lines, just as with x-rays. An electrodeposit 
of arsenic with exceedingly small crystals — substantially amorphous 
gives the pattern reproduced in Fig. S.f Crystallites with a mean 

* H. R. Nelson, J. Applied Phys., vol, 9, p. 623, 1938. 

t G. I. Finch, A. G. Quarrell, and H. Wilman, Trans. Faraday Soc., vol. 31, p. 
1051, 1935. 
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dimension along an edge of L cm. will produce a line whose width at half 
maximum intensity is approximately 


0-94X ^ X 
L cos B L 


radians 


provided that the natural width due to the electron beam is negligible.’ 

Preferred Orientations.^ — It is usual 
for the thin deposits to have a preferred 
orientation of some sort. This is 
revealed in the patterns by a lack of 
uniformity in the intensity of each ring 
on the photographic plate or, in certain 
cases, by abnormal intensities of certain 
rings. 

The interpretation of the texture 
patterns is exactly as with x-rays, ex- 
cept that here the angle of incidence is 
so small one can consider 0 = 0 and the 
reflection circle is a great circle. An 
oriented electrodeposit of iron is illus- 

Fio. 9. — Ucflection pattern showing trated in the reflection photograph of 
preferred orientatioti in electrode- p'jg g texture of a specimen of 

posited iron. {Finch.) 7 j i • e i, ^ -x 

gold leaf IS shown by the intensity 
maxima in the rings of Fig. 10. Germer’® found the orientations illus- 
trated in Fig. 11 on the surface of a galena crystal after filing. When 
the beam struck the filed surface parallel to the direction of filing, a 
regular array of spots was produced (Fig. 115) which is a rotation pattern 
with the axis of rotation horizontal and perpendicular to the beam. On 
the other hand, arcs are formed when the beam is perpendicular to the 




Fig. 10. — Transmission pattern of gold leaf showing preferred orientation. (Fuller.) 

direction of filing (Fig. 11c), for the beam is then parallel to the axis of 
rotation of the crystallites. These spectra represent the etched condition 
of the filed surface; the unetched surface produces complete Debye rings, 
as in Fig. 11a, indicating a random orientation. 

1 Small particles yield much sharper lines in electron diffraction patterns than 
in x-ray patterns. 

*L. H. (Jermer, Phya. Rev., vol. 50, p. 659, 1936. 




KLKCTRON DIFFRACTION 


503 


One source of error in judging preferred orientations by electron 
diffraction has recently been discovered.’ Etching a surface to prepare 


it for the electron microscope actually 
leaves, on grains of certain orienta- 
tions, a surface contour exceptionally 
favorable for diffraction, and these 
selected grains predominate in forming 
the pattern. The diffraction pattern 
therefore represents a weighted sam- 
pling rather than a random sampling 
under such conditions — and this may 
be the rule rather than the exception. 

Polished Surfaces. — There has 
been — and perhaps will be — no end to 
the arguments about the nature of the 
polished surface of metals. The dis- 
cussion centers in Sir George Beilby’s 
suggestion made early in the century 
that the polishing operation distorts 
the crystals until all crystallinity is 
lost so that the atoms at the very 
surface have only the haphazard ar- 
rangement characteristic of an amor- 
phous material, such as a supercooled 
liquid. This amorphous-metal theory 
has had many ups and downs during 
its tempestuous life, and much of the 
controversy about it has arisen from 
the interpretation of electron-diffrac- 
tion experiments. 

When a beam of electrons falls with 
glancing incidence upon a polished 
metal surface, the resulting diffraction 
pattern consists merely of two very 
broad, diffuse rings. The sticking dif- 
fuseness of the pattern is interpreted 
by many experimenters to indicate a 
lack of crystallinity in the surface mate- 
rial and to furnish direct proof of the 
amorphous-metal hypothesis. Many 
experiments upon which this theory wti 



c 

Fig. 11. — Surface-reflection patterns 
for filed surface of j^alena crystal, (a) 
Unetched surface, random texture; (b) 
etched, beam parallel to direction of 
filing; (c) etched, beam perpendicular to 
direction of filing. {Germer.) 

based, however, were ambiguous. 


A layer may give diffuse rings by rejkction and yet give sharp rings when 


1 II. P. Johnson and W. R. Grams, Phijs, Rev.^ vol. 62, p. 77, 1942. 



Fio. 12. — A transparent fi,lm of zinc sulphide, 8 X 10-® in. in thickness, gives a crystal- 
line ring pattern by transmission (on the left) and a diffuse amorphous-type pattern by 
reflection (on the right). (Germer,) 

surface is wavy the diffracted rays will emerge in various directions and 
there will be a corresponding diffuseness in the diffraction pattern. 
On the other hand, if the beam enters .and leaves different surfaces — or 
passes through thin projecting edges — this factor is not effective and a 
sharp pattern is possible. 

In addition to uncertainties from the reflection technique there ar<j 
the usual uncertainties as to whether each experimenter in this field has 
actually examined the polished metal or whether he has merely recorded 
the pattern of an invisible oxide or a contaminated surface. O.xidation 
of copper during polishing was noted by Dobinski.® 

1 L. H. Gkrmkk, Phys. Rev., vol. 43, p. 724, 1933. 

^ F. Kiech.vkb, Nature, vol. 129, p. 545, 1932; Trans. Faraday Soc., vol. 31, p. 1114, 
1935. 

’S. Dobinski, Nature, vol. 138, p. 31, 1936; Mag., vol. 23, p. 397, 1937. 


examined by transmission,^ as Germer has shown with examples of the 
sort reproduced in Hg. 12. Kirchner® has also pointed out this fact and 
has shown that a pair of diffuse halos can be obtained by reflection from 
electrodeposits which give sharp transmission patterns. 

These experiments are definite evidence that the crystalline nature 
of a surface cannot be judged safely by the reflection technique. The 
explanation of this probably lies in the effect of slight surface unevenness 
upon the diffracted rays; for if the electrons enter and leave the same 
surface, the direction of the diffracted rays that emerge will be altered 
through refraction by changes in the slope of the surface. Thus if the 
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One of the more conclusive experiments on the subject was Coch- 
rane’s,^ in which a gold deposit was laid on nickel and polished and the 
nickel subsequently etched away. There were three diffuse rings on a 
transmission pattern of this polished film, indicating an amorphous or 
semiamorphous structure (unless there was some blurring induced by 
the etching or by concentration gr^ients from interdiffusion of the 
layers). After 15 hr. at room temperature the grains had grown to a 
size giving sharp rings. 

There is little doubt that metal is disturbed to a depth of 100 to 
10,000A in polishing and that a preferred orientation exists ip this layer, ^ 
with (110) planes lying parallel to the surface in the case of copper 
and gold. The outer 30 to 40A is the region that may be amorphous. 
Cochrane’s experiment and Bridgman’s severe torsion experiment (cf. 
page 370) seem to indicate that amorphous metal can be produced by 
severe cold work. This statement should apply only to those metals 
having reasonably high recrystallization temperatures, of course, and 
it must also be recognized that distortion and fragmentation of lesser 
degree are the rule in cold-worked metals, as has been discussed in Chap. 
XVII (page 367). Wulff and his collaborators have applied electron 
diffraction to the study of phase transformation induced in stainless steel 
(18% Ni, 8% Cr) by polishing, grinding, sanding, superfinishing, and 
cold rolling.* The surface layers resulting from dry or wet grinding are 
austenitic, indicating that they have been heated above 200°C. Below 
this austenitic layer Ls a layer that has been reduced to ferrite by cold 
work; the ferritic layer is about 6 X 10~* cm. below the surface in samples 
that have been ground. Samples that have received any type of polishing 
contain a ferritic layer at the surface 1.5 X 10~® cm. (1500 angstroms) 
or less in thickness. The ferrite layer in sheet reduced 50 percent by 
cold rolling extends about 1 X 10~^ cm. below the surface. 

Diffraction from Single Crystals. — The Laue equations must be 
satisfied for electrons to diffract, just as in the case of x-rays. The chief 
difference between the two cases lies in the fact that the electron wave- 
lengths are much smaller than the x-ray wavelengths, and the interaction 
between the electrons and the atoms of the crystal is much greater, so 
that thinner layers are effective in diffraction. 

Let us consider a small cubic crystal with an electron beam parallel 
to the a axis. The Laue conditions represent concentric sets of cones 
around a, b, and c axes. The cones around the a axis will intersect the 

‘ W. CocHRANB, Proc. Roy. Soc. (London), vol. A166, p. 228, 1938. 

* H. G. Hopkins, Trans. Faraday Soc., vol. 31, p. 1095, 1935. C. S. Lees, Trans. 
Faraday Soc., vol. 31, p. 1102, 1935. 

’ J. Wtjlfp, Trans. AJ.M.E., vol. 145, p. 295, 1941; J. T. BuRWELLand J. Wulpf, 
Trans. A.I.M.E., vol. 135, p. 486, 1939. 
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photographic plate as circles much smaller than the circles for x-ray 
(litfraction, while the cones around h and c will be opened wide and 
intersect the plate nearly in straight lines. If the first Laue condition 
is relaxed, the second two will therefore produce two sets of nearly 



Fio. 13. — Transmission through aluminum along a cube edge of a crystal. Polycrystalline 
aluniinuin also present, giving rings. {Finch^ Quarrell^ and WUman.) 

straight lines intersecting the photogi’aphic plate at the points of a 
square network. Figure 13 is a photograph of a single crystal of alumi- 
num made with the beam parallel to the cube edge; the square array of 
reflections is very prominent.* A striking example of the network is 
seen in the photograph of a graphite crystal, Fig. 14. 



Fio. 14. — Transmission pattern from very thin crystal of graphite. Two-dimensional 

diffraction. (Finch.) 

It can be shown by cleaving mica crystals to various thicknesses of 
the order of 10”® to 10”'^ cm. that only the thinnest ones produce these 

* G. I. Finch, A. G. Quarbell, and H. Wilman, Trams, Faraday Soc., vol. 31, 
p. 1051, 1935. 
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regular point networks. As a thicker specimen is used, those spots of 
the network which satisfy the third Laue condition increase in intensity, 
while the others gradually disappear. The diffraction is best understood 
in terms of the reciprocal lattice. Each reciprocal lattice point becomes 
elongated in the direction of the thin dimension of the crystal; the exten- 
sion of the region of intensity around each point can be computed from 
the equation for diffracted intensities from a parallelepiped formed of 
unit cells. If there are Ni, Nt, and Nt cells along the three axes, respec- 
tively, and if the path differences between the waves scattered by the 
origin and the other extremities of the axes are 
Ai, Ai, and At wavelengths, the intensity will 
be proportional to 

sin^ (rNiAi) sin^ (irNtAt) sin^ (vNsAt) 
sin*TAi 8in*irA2 sin®irAs 

Now the effect of reducing the number of cells 
along the a axis is to reduce N i in the first term. 

This first factor may become zero a number of 
times, and it will first reach zero when 
Ai — ±l/Ni. Thus if the specimen is only 
two unit cells thick, its reciprocal lattice points 
are elongated halfway to the next reciprocal 
lattice point, while if it is four unit cells thick 
the first minimum is one-fourth of the way to 
the next point. A reciprocal lattice of elon- 
gated points is sketched in Fig. 15. Reflection 
occurs when the reflection sphere touches any 
part of the elongated points. When there is 
considerable elongation, the diffraction pattern 
shows the network of reflections that is char- 
acteristic of a two-dimensional grating. This 
network is the more evident because of the short wavelength of the elec- 
tron waves, for in reciprocal space this corresponds to a reflection sphere 
of very large radius. The sphere is, in fact, almost a plane, as will be 
seen from the plot in Fig. 15, which is drawn to scale for a mica crystal 
10“ * cm. thick. 

Slight imperfections in orientation, slight distortion of the crystal, or 
nonparallelism in the incident beam permit the reflection sphere to 
touch a large number of reciprocal lattice points and cause a network 
of reflections, even when the points are not elongated by the thinness of 
the crystal. It will be found a great convenience in interpreting an 
electron diffraction pattern to remember that it is practically a plane 



tioe with elongated points 
and reflection sphere. 
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section through the reciprocal lattice, a 'fact which makes the assignment 
of indices very Simple. ' “ ‘ ‘ , 

' Intensity of Scattering. — The intensity of an' electron beam scattered 
by a crystal is proportional to the efficiency of scattering 'bf individual 
atoms. With x-ray scattering we use an atomic scattering factor, /, to 
take account of this efficiency; similarly with electrons yfe can use a 
factor E for the purpose. < Both E and / are functions of the angle 6. 'The 
value" 6f / depends upon the number of electrons in the scattering atom, 
Z, but E depends on the quantity (Z — >/) because of scattering of 
electrons by the nucleus as well as by the outer electrons in the atom. 
The factor E has the value’ ' ! 

' i ' r ■ ^ , 

where X is expressed in angstroms, and c is a constant involving the 
electronic charge and mass and Planck’s constant (c = e^m/2h^). The 
value of E decreases with angle like /, thojilgh somewhat more abruptly, 
but the numerical value of E at small ^angles is about IQf, times 
greater than /; hence, electrons scatter much more intensely than-?c*rays. 
This is the reason electron diffraction can detect such minutely thin films 
of material. To compute the relative- intensities of reflections from a 
crystal the usual x-ray formulas for F(hkiya,T& used, with E substituted 
forF. 

Secondary Effects. — A complex pattern' of black and white • lines 
appears when a mica crystal is too thick to give good patterns of the 
type illustrated above. The Kikuchi' lines, ^ as they are called, are 
illustrated in Fig. 16.* The nature of these straight lines is adequately 
accounted for by assuming that electrons entering a crystal are scattered 
in various directions and that some of the scattered electrons find them- 
selves going in ejc^ctly, the right directions i to- feflect’ from some plane in 
the crystal. In Fig. 17, AB, A'B' represent reflecting, planes in a crystal. 
Diffusely scattered electrons that would have followed the path OF are 
reflected to P', while the scattered ray 'OQ is reflected to Q'. Now 
the intensity of the scattered ray in the direction OP is greater than in 
the ffirection OQ, and so the energy robbed from the ray P is not fully 
returned by the reflected ray Q! and there is a net loss in the direction 
OP) similarly, there is a net gain in the direction OQ. Thus there will 
appear "on the plate a white (weakened) : linte and a black (enhanced) line 
parallel to the projection of each crystal plane and equidistant from it. 
Sometimes there are so many lines at slighb angles to each other, tangent 

IS. Kikuchi, Proc, Imp. Acad. {Tokyo), vol. 4; pp. 27l, 354, 1928; Jhpan. J. 
PM., vol.% p. d3, 1928. . . . • f 

« G.'I. Finch klid H. Wilman, Proc. Roy. Soa', {London), vol. A155; pv 345, 1936. 
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along a curve, that the curved envelope of the lines becomes a prominent 
feature of the pattern. 

Owing to the fact that the internal potential of a crystal is higher 
than that of free space, electrons entering a crystal act as if they were 
entering a medium of different refractive index. Their path is bent by 



Fia. 16. — Transmission, pattern for a relatively thick graphite crystal, showing Kikuchi 

lines. (Finch and Wilman.) 


refraction. This effect is negligible in transmission photographs of thin 
films, but it becomes of importance when the primary beam of electrons 
enters the crystal very obliquely. It produces a distortion of the dif- 
fracted beam; each diffracted beam is drawn toward the shadow of the 



crystal surface on the photographic plate, and the nearer the beam to 
the shadow the greater the displacement. If the surface is wavy, the 
amount of this distortion is variable from point to point and blurred 
images result. This is presumably the reason for the diffuseness in 
Fig. 12. 
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APPENDIX I 

CRYSTAL GEOMETRY 

Zone relationships, which apply to the Miller indices of all systems, 
are as follows: 

1. The plane {hkl) belongs to the zone [uvw] (i.e., is parallel to the 
line [wm\) if 

hu kv Iw = 0. 

2. The plane {hkl) belongs to the two zones [wi»iWi] and if 

h'.k'.l — (viWs — viWi):{wiUt — W2ui):(uiVi — u^vi). 

This relation may be remembered by the following operation : 

ttl Vi Wi Ml t»i Wi 

/\/\/\ 

Ui Vi Wi Ui Vi Wi 

3. The zone [uw] contains the two planes (hikih) and {hiktlt) if 
u:v'.w = {kih — kili):{lihi — l 2 hi):{hiki — h^i). This is analogous to 
the preceding formula and may bo remembered in the same way. 

4. The plane (haktli) will be among those belonging to the same zone 
as (hikih) and {.'likili) if 

ha = hi hi, ka = ki ki and Is — li Is 

The same will be true if 

ha — hi — hi, ka — ki — ki and la — li ~ la 

or if, in general, 

ha = mhi ± nhi, ka = mki ± nki and la = mli + nh 
where m and n are integei-s. 

These and other relations may be derived from the equations of planes 
and lines that pass through the origin.^ 

The following formulas are useful in lattice computations: 

1. The distance dhu between adjacent lattice planes in the simple 
space-lattices is most conveniently expressed in terms of l/d**j, given in 
the following formulas! 

* J. D. H. Donnat, Am. Mineral., vol. 19, p. 693, 1934. Consider, for example, 
the three plaree (hikili), (htkJt) which pass through the origin and intersect 
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STRUCTURE OF METALS 


System: 

Triclinic 

= + 2>S«M + 2S^Jcl + 2.S,3A0 


Monoclinic 

1 ^ _i_ 2fe? cos j8 

df a* sin® jS 6® c® sin® /3 oc sin® /S 

Qrthorhombic 



Hexagonal 

l=f ^ + + /iV 

d® 3 ■ ‘ a® ‘ \c/ 

Rhombohedral (rhombohedral ooordindtos) 

I _ (A® 4- A:® + i®) sin® a + 2 {hh + M 4^0 (cos® a — cos a) 
d® ~ a®(l — 3 cos® a 4 2 cos® a) 

along the fSame straight line. This is equivalent to saying that the following thnys 
equations for the planes have one system of solutions: 

+ 1 ,- = 0 
a 0 c 

h,-+kJ + h -^0 

1 j a 0 c 

hi — h ^3 7 + “ =0 

a b c 


This will be the case if the determinant of the coefficients is equal to zero, 


hi ki h 
k% I2 
hz kz Iz 


- 0 


for when all the elements of a row are multiplied by the same factor, the determinant 
is multiplied by that factor. If this determinant is expanded bjf^bbfactors, the cohtli- 
tion that the filanes belong to the same zero may be written ' 


^2 ^i| 

kz lz\ 


hi + 


U hz 

Iz hz\ 


ki + 


'hz k^ 

^3 ki 


= 0 


* i 


which by expansion and substitution gives the formula under 1 pboye, 

i 


where 


u ■“ k^z *“ kzlz 


hiu + kiV + hy) =s 0 
' V = hhz — hhz 


w 


“ hzkz hzkz 
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Tetragonal 

1 _h^ + k^ P 
'a^ ■'"c* 

Cubic 

1 _** + *“ + P 
cP 

, \ 

where 

(Sn = sin* a S 12 = o5c*(cos a cos 0 — cos 7) 

AS22 = o*c* sin* 0 S %3 — a^bc(cos |8 cos 7 — cos a) 

S33 = o*fe* sin* 7 S13 = a6*c(cos 7 cos a — cos 0) 

V = volume of the unit, cell '(see following paragraph) 

2. The formulas for the volume of the unit cell, V, are as follows: 
System: 

Triclinic 

V — abc \/l — cos* a — cos* 0 — cos* 7 + ^ cos a cos 0 cos 7 

Monoclinic , 

V = abc sin 0 

Orthorhombic 

V = abc 

Hexagonal 

V = ^- a^c = 0.866 o*c 

Rhombohedral (rhonibohcdral coordinates) 
y = a* -s/i “ 3 cos* a + 2 cos* a 

Tetragonal 

V = a*c 

Cubic 

F = a» 

3. The angle, <l>, between two ciystal planes (fiikih) and (hM 2 ) is 
determined by the following relations. [The quantities d and d' are the 
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STRUCTURE OF METALS 


interplanar spacings for {hikih) and (hMt) planes from the formulas 
under 1 above; iSn, etc., are defined above.] 


System: 


Triclinic 

cos = prj [/SiiAi/ij H” S 2 ikik 2 -|- Salili + Sttikili + k^li) 

-f <813(^1^2 + hhi) + Siiihiki H- A2A;i)] 


Hexagonal 

cos tf> = 


hlhi + kik^ + 2 ik.iki + h^ki) d" j “2 


+ fc? + Al*l +lll /?) (aI + *i + *2*2 + 1^ /i) 


Orthorhombic 



The tetragonal equation is the same as the orthorhombic with a = b; the 
cubic is the same with a — h = c. 

4. The shortest distance between identical points, the “identity 
distance,^ along a direction [vxw] for the simple space-lattices is given 
by the following formulas: 

Greneral case: 


Iat>w = \/ + bH^ -f chjo^ 4- 2bcvw cos a + 2cawu cos j8 -f 2abuv cos 7 


Special cases: 


Hexagonal 


= a ^u‘‘‘ 


+ r' + 


2-2 


w^c 


— uv 


Orthorhombic 

Cubic and tetragonal are special cases of the orthorhombic. 

5. The area of the smallest unit parallelogram on the lattice plane 
(hkl) in simple space-lattices is 

Ami “ ■n/<Sh*® H” S 22 ** 4* jSaal* 4* 2Si2hk 4" 28i^l 4" 2S2skl 

for the triclinic lattice; others are special cases of this. 
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6. The angle betWeen the direction [uvw] and the plane (hkl) in terms 
of (juantities defined above is, for the general case, 


sin p = 


abc \/l + 2 cos a cos jS cos 7 — cos^ « — cos^ — c os^ 7 

^hkl * Iww 


The direction [xmo] lies in the plane {hkl) or is parallel to the plane {h.kl) 
when 

hu H" kv -(“ Iw = 0, 

and the direction is perpendicular to the plane When 

, 17 17 Afikl * IvVUJ 

hu + kv + Iw = 


abc -s/l + 2 cos a cos d cos 7 — cos* a — cos* — cos* 7 

7. The angle between the lattice directions [u\ViWj\ and is 

given by 


cos p = 


ahiiUi + bhiVi + c^WiWi + bc{v\Wi + v^w^ cos a 

+ ac(tViU2 -i- W2U1) cos |8 + ab(uiVi + u^vi) cos 7 


t UlVlWl tttViWi 


Special cases; 


Hexagonal 

_ UiUto^ + Vj^j&* + WiWi(c/ay — ^(itit>2 + UjVi) 

^ \/u\ + vl — «iVi + wf(c/a)^ • \/u\ + vl — U2V2 + t»^(c/o)* 

Orthorhombic 

WittjO* + ViV2b^ + WJiiP2C* 

cos P = : =g .— ■■ - 

-\/«Jo* + vJ6* + tpfc* • + fit* + wfc* 

Tetragonal and cubic are special cases of this, the cubic formula being 

U1U2 + V1V2 + W1W2 

COS p — .. V— - -■ -* 

\/u\ + v\ + w\' \/t 4 + vl + wl 

The directions [uiViWiI and [u2V2W^ are mutually perpendicular when the 
numerators in these expressions are zero; for example, in the cubic case 


uiU 2 + V1V2 + W1W2 = 0 . 
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EMISSION AND ABSORPTION WAVELENGTHS 


Tablk XXXI. — K Emission Lines and K Absorption Edges, Angstroms' 


Element 

Atomic 

number 


Emission line 

• 

Absorp- 

tion 

edge 

Of2 

Ofl 




Intensities 

Strong 

Very 

strong 

Very 

weak 

Weak 

Very 

w(iak 

Sodium . 

11 

11 885 


11 594 



Magnesium 

12 

9 869 


9 539 


9 4962 

Aluminum . , 

13 

8.3205 


7 965 

QQ 

7.9356 

Silicon 

14 

7.11106 


6.7545 

a; 

A 

6.7310 

Phosphorus . 

15 

6.1425 


5 7921 


5 7749 

Sulphur ... , 

16 

5 3637 

5.3613 


5 0211 


5 0088 

Chlorine . . 

17 

4.7212 

4.7182 


4 3942 


4 3838 

Potassium 

19 

b. 73707 

3.73368 


3 4468' 

^ § 

3 4310 

Calcium . 1 

20 

3 35495 

3 35169 


3 0834 

& 

3.0643 

Scandium . 

21 

3.02840 

3.02503 

<30. 

2.7739 

o ^ 
a; 

2.7517 

Titanium . 

22 

2 74681 

2.74317 

a 

g 

2 5090 

° -a 

2 4912 

Vanadium . 

23 

2.50213 

2 49835 


2 2797 

^ irj 

P 

2 2630 

Chromium . . 

24 

2 28891 

2 28503 

> 

2 0806 

P 

tn 

2 0659 

Manganese. . . 

25 

2 10149 

2 09751 

%■ 

1 90620 


1.8916 

Iron 

26 

1 936012 

1.932076 

g 

1 753013 


1 7394 

Cobalt 

27 

1 78919 

1 78529 

o 

1 61744 


1 6040 

Nickel 

28 

1 65835 

i'G5450 

A 

1 49705 

1 48561 

1 4839 

Copper 

29 

1 541232 

1.637395 


1 38935 

1.37824 

1.3774 

Zinc 

30 

1.43603 

1 43217 


1 29255 

1.28107 

1.2805 

Gallium 

31 

1.34087 

1 33715 


1.20520 

1 . 1938 

1.1902 

Germanium . . . 

32 

1.25521 

1 25130 


! l,i2'eVl 

1.11459 

1.1146 

Arsenic 

33 

1 17743 

1 17344 


^ 1 05510 

1.04281 

1.04263 

Selenium 

34 

1 . 10652 

1 . 10248 


0.99013 

0.97791 

0.97773 

Bromine 

35 

1.04166 

1.03759 


0 93087 

0.91853 

0.91809 

Krypton 

36 

0.978 


0.875 



Rubidium 

37 

0.92776 

0.92364 

0.82749 

0.82696 

0 81476 

0.81410 

Strontium 

38 

0.87761 

0.87345 

0.78183 

0.78130 

0.76921 

0 76837 

Yttrium . 

39 

0 83132 

0 82712 

0 73972 

0.73919 

0 72713 

0.7255 

Zirconium . . . 

40 

0 78851 

0.78430 

0.70083 

0.70028 

0.68850 

0.68738 

Niobium 

41 

0.74889 

0.74465 

0.66496 

0.66438 

0.65280 

0.65158 


» M. SiEOBAHN, “Spektroskopie der Rdntgenstrahlen," 2d ed., Springer, Berlin, 1931, 
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Table XXXI. — K Emwsion Lines and K Absorption Edges, Angstroms. ^ — 

{Continued) 




Emission line 


Element 

Atomic 

cti 


/S, 

Pi 

P2 

Absorp- 

tion 

edge 

number 

Intensities 



Strong 

Very 

strong 

Very 

weak 

Weak 

Very 

weak 

Molybdenum. 

42 

0.712805 

0 707831 

0 631543 

0 630978 

0 619698 

0 61848 

Ruthenium 

44 

0.64606 

0 64174 

0 57193 

0 57131 

0 56051 

0 5584 

Rhodium . . 

45 

0 61637 

0.6120(2 

0 54509 

6.54449 

0.53396 

0 53303 

Palladium . . 

46 

0.58863 

0.58427 

0.52009 

0.51947 

0.50918 

0 50795 

Silver . 

47 

0 56267 

0 55828 

0.49665 

0.49601 

0 48603 

0.48448 

Cadmium 

48 

0.53832 

0.53390 

0 47471 

0.47408 

0.46420 

0.46313 

Indium 

49 

0 51548 

0 51106 

0 45423 

0 45358 

0 44408 

0 44298 

Tin. ... 

50 

0 49402 

0 48957 

0.43495 

0 43430 

0.42499 

0.42394 

Antimony . . 

51 

0.47387 

0.46931 

0 41623 

0.40710 

0.40609 

Tellurium 

52 

0 45491 

0 45037 

0.39926 

0.39037 

0 38926 

Iodine 

53 

0.43703 

0.43249 

0 38392 

0.38315 

0.37471 

0.37344 

Xenon 

54 

0 ^ 

117 


0.360 



Cesium 

55 

0.40411 

0 39959 

0.35436 

0.35362 

0.34516 

0.34404 

Barium 

56 

0 38899 

0 38443 

0 34089 

0.34022 

0 33222 

0.33070 

Lanthanum 

57 

0 37466 

0.37004 

0.32809 

0.32726 

0 31966 

0 31814 

Cerium 

58 

0 36110 

0.35647 

0 31572 

0.31501 

0 30770 

0 30626 

Praseodymium 

59 

0.34805 

0 34340 

0 30439 

0.30360 

0.29625 

0 2951 

Neodymium 

60 

0.33595 

0 33125 

0 29351 

0 29275 

0 28573 

0 28458 

Samarium . 

62 

0.31302 

0 30833 

0.27325 

0 27250 

0.26575 

0 2644 

Europium 

63 

0 30265 

0 29790 

0.26386 

0.26307 

0 25645 

0 2548 

Gadolinium 

64 

0 29261 

0 28782 

0 25471 

0.25394 

0 24762 

0 2462 

Terbium 

65 

0 28286 

0 27820 

0 24629 

0.24551 

0 23912 

0 2376 

Dysprosium 

66 

0 27375 

0 26903 

0.23787 

0.23710 

0.23128 

0 2301 

Holinium 

67 ^ 

0.26499 

0 26030 




0.22264 

J^]rbium 

68 

0.25664 

0 25197 

0.22300 

0.22215 

0.21671 

Thulium 

69 

0 24861 

0 24387 

0.21558 

0.21487 


0 2085 

Ytterbium 

70 

0 24098 

0 23628 

0 20916 

0.20332 

0.20834 

0 2016 

Lutecium. . 

71 

0 23358 

0 22882 

0.20252 

0.20171 

0.19649 

0 1951 

Hafnium . . 

72 

0 22653 

0.22173 

0.19583 

0.19515 

0 19042 

b 1901 

Tantalum . . . 

73 

0 21973 

0.21488 

0 18991 

0.18452 

0 1836 

Tungsten . 

74 

0 21345 

0.20862 

0.18422 

0.17898 

0 1782? 

Osmium . . 

76 

0.20131 

0 19645 

0 17361 

0.16875 

0 16755 

Iridium . . . 

77 

0.19550 

0.19065 

0 16850 

0.16376 

0 16209 

Platinum . . 

78 

0.19004 

0.18223 

0 16370 

0.15887 

0 15770 

Gold 

1 79 

0 18483 

0.17996 

0 15902 

0 15426 

0 15320 

Thallium 

81 

0 17466 

0 16980 

0 15011 

0 14539 

0.14441 

Lead . . . 

' 82 

0.17004 

0.16516 

0 14606 

0 14125 

0 14049 

Bismuth . . . . 

83 

0.16525 

0 16041 

0 14205 

0 13621 

0 13678 

Thorium . . . 

90 

0.1368 

0.1323 

0 1169 

0 1134 

0.11270 

Uranium . ^ . . . 

92 

0.110^5 

0.12640 

0 11187 

0 10842 

0.10658? 


1 M. SiBGBAHN, ~“Spektro8kopi6 dei^ Rontgenstrahlen/' 2d ed.. Spimger, Berlin. 1931. 
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STRUCTURE OF METALS 










PmUadium 46 4.9396 ; 4.6502 4 3666 4 3585 4.1373 3.9007 > 4.0257 4.0623 4.0070 3.7164 3.9039 

SOver 47 4.6976 4.4101 4 1538 4 41456 3.9266 3 6938 I 3.8245 j 3.8611 3.7986 3.5149 3.6906 

Cadinium 48 4.4713 | 4 1875 3 9564 3 9478 3 7301 3.5064 | 3.6364 i 3.6743 3 6073 3.3280 3.4963 

Indium 49 4.2593 | 3.9761 3 7724 3.7637 3 5478 * 3.3312 3.4619 | 3.4990 3 4280 3.1553 3.3155 

Tin 50 4 0633 3 7818 3 6011 3 5922 3 3779 3 1679 ' 3.2989 3 3363 3.2622 2.9949 I 3.1493 



Antimony . . 51 3 8803 3 5996 , 3 4408 ' 3 4318 3.2184 i 3 0166 ; 3.1451 3.1843 3.1078 2.8451 2.9907 

Tellurium. • i 52 3.7101 ... . , 3 2910 3 2820 , 3.0700 2.8761 j 3.0013 3.0400 2.9644 “ 2 7065 2.8457 

Iodine. j ^ 5 5497 .. . 3.1509 . 3 1417 i 2 9309 2.7461 2.8682 2 9059 2 8305 | 2.5775 2.7139 

Cesium I 55 3.2596 2.9833 2.8956 ! 2 8861 I 2 6778 1 2.5064 ] 2.6229 2 6605 2.5875 ! 2.3425 . 2.4674 

Barium . . 56 3 1287 2.8571 , 2.7790 I 2 7696 I 2.5622 [ 2.3993 j 2.5110 2 5498 2.4772 2.2366 2.3568 
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APPENDIX III 


ABSORPTION COEFFICIENTS 


Mass Absorption Coefficients (m/p) of Elements, Including Scattering* 


liadiation . 

Ag Aa 

Rh Kcl 

Mo Kol 

Cu A'a 

Ni Kot 

Fe Kcl 

Cr Kcl 

Absorber 

Z 

X0.5604 

0.6149 

0.7097 

1.5392 

1.6565 

1.9344 

2 2869 

He 

2 

0.16 

0.16 

0.18 





Li 

3 

0 18 

0.20 

0.22 





Be 

4 

0.22 

0.25 

0.30 

1.35 

1.80 

3 24 

4 74 

B 

5 

0 30 

0.35 

0 45 

3 06 

3 79 

5 80 

9 37 

G 

6 

0.42 

0.51 

0.70 

5.50 

6.76 

10.73 

17.9 

N 

7 

0.60 

0.^0 

1.10 

8.51 

10 7 

17 3 

27.7 

O 

8 

0 80 

1.00 

1 50 

12.7 

16 2 

25 2 

40 1 

F 

9 

1 00 

1.32 

1.93 

17 5 

21 5 

33.0 

51 6 

No 

10 

1 41 

1.80 

2 67 

24 6 

30 2 

46 0 

72 7 

Na 

11 

1 75 

2 25 

3 36 

30 9 

37.9 

56 9 

92 5 

Mg 

12 

2 27 

2 93 

4 38 

40 6 

47 9 

75.7 

120.1 

A1 

13 

2 74 

3.60 

5 30 

48 7 

58 4 

92 8 

149 

Si 

14 

3 44 

4 52 

6 70 

60 3 

75 8 

116 3 

192 

P 

15 

4 20 

5 36 

7 98 

73 0 

90.5 

141 1 

223 

S 

16 

5 15 

6 65 

10 03 

91 3 

111 5 

175 

273 

Cl 

17 

5 86 

7 50 

11 62 

103 4 

125 6 

199 

308 

A 

18 

6 40 

8 00 

12 55 

112 9 

141 

217 

341 

K 

19 

8.05 

10 7 

16 7 

143 

179 

269 

425 

Ca 

20 

9 66 

12 8 

19 8 

172 

210 

317 

508 

Sc 

21 

10 5 

13 8 

21 1 

185 

222 

338 

545 

Ti 

22 

11 8 

15 8 

23 7 

204 

247 

377 

603 

Va 

23 

13 3 

17.7 

26 5 

227 

275 

422 

77 3 

Cr 

24 

15 7 

20 4 

30 4 

259 

316 

490 

89 9 

Mn 

25 

17 4 

22 6 

33.5 

! 284 

348 

63 6 

99 4 

Fe 

26 

19 9 

25 8 

38 3 

324 

397 

72 8 

114 6 

Co 

27 

21 8 

28 1 

41 6 

354 

54 4 

80 6 

125 8 

Ni 

28 

25 0 

32 3 

47 4 

49 2 

61 0 

93 1 

145 

Cu 

29 

26 4 

34 0 

49 7 

52 7 

65 0 

98 8 

154 

Zn 

30 

28.2 

37 7 

54 8 

59 0 

72 1 

109 4 

169 

Ga 

31 

30 8 

39 7 

57 3 

63 3 

76 9 

116 5 

179 

Ge 

32 

33 5 

42 8 

63 4 

69 4 

84 2 

128 4 

196 

As 

33 

36 5 

46 0 

69 5 

76 5 

93 8 

142 

218 

Se 

34 

38 5 

49 0 

74 0 

82 8 

100 6 

152 

235 

Br 

35 

42 3 

53 5 

82 2 

92 6 

112.4 

169 

264 

Kr 

36 

45 0 

57.5 

88.1 

100.4 

121 9 

182 

285 

lib 

37 

48.2 

62.8 

94.4 

109 1 

132 9 

197 

309 

Sr 

38 

52.1 

68.3 

101 2 

119 

145 

214 

334 

Y 

39 

55.5 

74.0 

108.9 

129 

158 

235 

360 

Zr 

40 

61 1 

80 9 

17 2 

143 

173 

260 

391 


^ Values are from ** Internationale Tabellen zur Bestimmung von Kristallstrukturen/* vol. II, Born- 
trager, Berlin, 1935. 
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Mass Absorption Coefficients (m/p) op Elements, Including Scattering.' — 

(Continued) 


Radiation 

Ag Ka 

Rh Kct 

Mo Ka 

Cu Ka 

Ni Ka 

1 6565 

Fe Ka 

Cr Ka 

Absorber 

z 

X0.5604 

0.6149 

0.7097 

1 5392 

1.9344 

2.2869 

Nb 

41 

65 8 

86.0 

18 7 

153 

183 

279 

415 

Mo 

42 

70.7 

91 6 

20 2 

164 

197 

299 

439 

Rii 

44 

jai79 91 
|a2l2 2/ 

15.4 

23 4 

185 

221 

337 

488 

Rh 

45 

13. r 

16.6 ' 

25 3 

198 

240 

361 

522 

Pd 

46 

13 8 

17 6 

26 7 

207 

254 

376 

545 

Ag 

47 

14 8 

19.1 

28.6 

223 , 

276 

402 

585 

Cd 

48 

15 5 

20 1 

29 9 

234 ! 

289 

417 

608 

In 

49 

16.5 

21 7 

31.8 

252 

307 

440 

648 

Sn 

50 

17.4 

22.9 

33 3 

265 

322 

457 

681 

Sb 

51 

18.6 

24.6 

35 3 

284 

342 

482 

727 

To 

52 

19 1 

25 0 

36 1 

289 

347 

488 

742 

I 

53 

20 9 

27 3 

39 2 

314 

375 

527 

808 

Xo 

54 

22 1 

28 5 

41 3 

330 

392 

552 

852 

Cs 

55 

23 6 

30 0 

43 3 

347 

410 

579 

844 

Ha 

56 

24 5 

31 1 

45 2 

359 

423 

599 

819 

La 

57 

26 0 

33 0 

47 9 

378 

444 

632 

218 

Co 

58 

28 4 

35 8 

52 0 

407 

476 

636 

235 

Pr 

59 

29 4 

37 2 

54 5 

422 

493 

624 

251 

Nd 

60 

30 5 

38 8 

57 0 

437 

510 

651 

263 

Sm 

62 

33 1 

41 2 

62 3 

467 

519 ‘ 

183 

289 

Eu 

63 

35 0 

44 5 

65 9 

461 

498 

193 

306 ' 

Gd 

64 

35 8 

45 7 

68.0 

470 

509 

199 

316 

Tb 

65 

37 5 

47 9 

i 71 7 

435 

140 

211 

333 

Uy 

66 

39 1 

49 9 

75 0 

462 

146 

220 

345 

Ho 

67 

41 3 

52 7 

79 3 

128 

153 

232 

361 

Er 

68 

42 6 

54 6 

82 0 

133 

159 

242 

370 

Tni 

69 

44 8 

57 6 

86 3 

139 

168 

257 

387 

Yb 

70 

46 1 

59 4 

88 7 

144 

174 

265 

396 

Lu 

71 

48 4 

62 6 

93 2 

151 

184 

281 1 

414 

Hf 

72 

50 6 

65 0 

96 9 

157 

191 

291 

426 

Ta 

73 

52 2 

67 7 

100.7 

164 

200 

305 

440 

W 

74 

54 6 

70 7 

105 4 

171 

209 

320 

456 

Os 

76 

58.6 

76 3 

112 9 

186 

226 

346 

480 

Ir 

77 

61 2 

80 0 

117.9 

1 194 

237 

362 

498 

Pt 

78 

64 2 

83 8 

123 

205 

248 

376 

518 

Au 

79 

66.7 

87 1 

128 

214 

260 

390 

537 

Hg 

80 

69 3 

90 1 

I 132 

223 

272 

404 

552 

T1 

81 

71 7 

92 4 

136 

231 

282 

416 

568 

Pb 

82 

74 4 

95 8 

141 

241 

294 

429 

585 

Bi 

83 

78 1 

100 4 

145 

253 

310 

448 

612 

Nt 

86 

84 7 

109.1 

159 

278 

341 

476 

657 

Ra 

88 

91 1 

117 

172 

304 

371 

509 

708 

Th 

90 

97.0 

119 

143 

327 

399 

536 

755 

U 

92 

104 2 

129 

153 

352 I 

423 

566 1 

805 


1 Values are from ** Intetnetionalc Tabellen zur Bestimmung von Knstallstrukturen,** vol. II, Bo\ri- 
tr&ger, Berlin, 1935. 





APPENDIX IV 

REFLECTING PLANES OF CUBIC CRYSTALS 

The quadratic form for the cubic system can be written 

log sin* 0 = 2 log X — log 4 — 2 log a + log {h^ + A* + /*). 

The following table gives values of log (A* + A;* 4- P) and indicates the 
reflections that are possible from face-centered (F), body-centered (B), 
and diamond cubic (D) lattices. All entries are possible reflections for 
simple cubic space-lattices. 


A* + Jb* + 1* 

log (A* + A« + Z>) 

Lattice 

hkl 

1 

1 0.00000 


100 

8 

0.30103 

H 

110 

3 

0.47712 

FD 

111 

4 

0.60206 

BF 

200 

5 

0.69897 

1 

210 

6 

0.77815 

B 

211 

7 




8 

0.90309 

BFJ) 

220 

9 

0.95424 

1 


300, 221 

10 

1,00000 

B 

1 310 

11 

1.04139 

FD 

311 

12 

1 07918 

BF 

222 

13 

1 11394 


320 

14 

1.14613 


321 

15 

1 

1 



16 

1.20412 

BFD 

400 

17 

1.23045 


410, 322 

18 

1.25527 

B 

411, 330 

19 

1.27875 

FD 

331 

20 

1.30103 

BF 

420 

21 

1.32222 


421 

22 

1.34242 

B 

332 

23 




24 

1.38021 

BFD 

422 

25 

1.39794 


500, 430 

26 

1.41497 

B 

510, 431 


622 
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h* + k* + 

log (A* + + 1*) 

Lattice 

hkl 

27 

1.43136 

FD 

511, 333 

28 




29 

1 46240 

. . 

520, 432 

30 

1 47712 

B 

521 

31 




32 

1 50515 

BFD 

440 

33 

1.51851 


522, 441 

34 

1.53148 

B 

530, 433 

35 

1.54407 

FD 

531 

36 

1.55630 

BF 

600, 442 

37 

1.56820 

• , . . 

610 

38 

1.57978 

B 

611, 532 

39 




40 

1.60206 

BFD 

620 

41 

1.61278 


621, 540, 443 

42 

1.62325 

B 

541 

43 

1.63347 

\ FD 

533 

44 

1 65321 

' BF 

622 

45 

1.66276 


630, 542 

46 

1.67210 

B 

631 

47 




48 

1.68124 

BFD 

444 

49 

1.69020 


700, 632 

50 

1.69897 

B 

710, 550, 543 

51 

1.70757 

FD 

711, 551 

52 

1,71600 

BF 

640 

53 

1 72428 

.... 

720, 641 

54 

1.73239 

B 

721, 633, 552 

55 




56 

1.74819 

BFD 

642 

57 

1 .75587 


722, 544 

58 

1.76343 

B 

730 

59 

1.77084 

FD 

731, 553 
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THE INTENSITY OF X-RAY REFLECTIONS 


E/ecfnc vec/or 
of X-roy beam * 



To determine the structure of a complex crystal a crystallographer 
must analyze the intensities of the reflections he observes, first computing 
true intensities from his films and then relating these intensities to the 
distribution of atoms in the unit cell. Several factors are involved in 
such analyses: the scattering power of individual electrons, of groups 
of electrons in atoms, of atoms in the unit cell, of crystals at different 

temperatures, and of crystals mounted in vari- 
' P ous x-ray cameras that require their individual 
geometrical correction factors. These have 
received only brief mention in Chaps. IV to 
VIII. 

Scattering by an Electron. — J. J. Thomson* 
derived the classical-theory formula for the 
intensity of x-rays that would be scattered by a 
free electron or by an electron that is held under negligible constraining 
forces. Consider a polarized beam of x-rays falling on an electron at 
e, Fig. 1. The electric field of the incident beam will accelerate the 
electron with a vibratory motion and cause it to radiate electromagnetic 
waves of the same wavelength as the original beam. The intensity, 
of this secondary radiation at the point P will be related to the intensity 
of the primary beam, 7o, the distance r, and the 
angle a between the direction of observation and 
the direction of the electric vector of the incident 
radiation. The relation derived by Thomson is 


Fig. 


X-ray 

1. — Scattering from an 
electron. 


/. = 


r^m^c* 


.sin^ a 


( 1 ) 



X-ray 

Fio. 2. — Coordinates for 
scattered ray. 


where e and m are the charge and mass of the 
electron and c is the velocity of light. 

We shall apply Thomson’s formula to an electron at the origin of the 
coordinate axes of Fig. 2, with the incident beam proceeding along the 
X axis and the scattered rays observed at point P in the XZ plane. Let 

* J. J. Thomson, “Conduction of Electricity through Gases,” 2d ed., p. 325, 
University Press, Cambridge, Mass., 1928, reviewed in A. H. Compton and S. K. 
Allison, “X-rays in Theory and Experiment,” p. 117, Van Nostrand, New York, 1935. 
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the angle between OP and the X axis be 2B (since B will then correspond 
to the angle in Bragg’s law). If the electric vector of a polarized beam 
is parallel to Z and if the beam has intensity /„ the intensity at P accord- 
ing to Eq. (1) will be 


-j—j-, cos® 2B\ 


while if the electric vector of the polarized beam is parallel to Y and of 
intensity ly, the intensity at P will be 


lye* 

r^m^c* 


( 16 ) 


Now under ordinary conditions the incident beam is unpolarized, and 
the electric vector Eo of the primary ray may be resolved into components 
Ey along Y and E* along Z such that 

El -b El = El 

With unpolarized rays the electric vector occurs with equal probability 
at all angles; therefore, on the average, its component along Y is equal to 
its component along Z. On the average, therefore, 

El = El = -hEl 

and since the inten.sity is (\}ual to the square of the; amplitude, it follows 
that 

Iy = h = ih. 

The intensity for an unpolarized beam is obtained by adding the con- 
tributions of the two components specified in (lo) and (16), giving 

t- - 


(2 2 ^ 

(1 -f- cos® 2B) 
2 


cos® 2B 


The factor i(l -b cos® 2B) in this equation appears in subsequent formulas 
for intensities of reflection from crystals and is known as the “polariza- 
tion factor.” 

Scattering by an Atom. — In an atom that is much smaller than the 
wavelength of the incident x-rays, the electrons oscillate back and forth 
together so that the atom acts as a unit of mass Zm and charge Ze, 
where Z is the number of electrons in the atom. Equation (2) then 
becomes 
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In x-ray diffraction work, however, the wavelengths used are of the same 
order of magnitude as the atomic diameters. Consequently, the electrons 
within an atom do not scatter in phase and the intensity is less than the 
value predicted by Eq. (3). 

It is customary to use a quantity /, the atomic scattering factor, by 
which the efficiency of the cooperation among the electrons in the atom 
may be expressed. The definition of / is given by the relation 

r-=^T 

j- ft 

or by the equivalent statement — since the intensity of a wave is the 
square of its amplitude — that / is the ratio of the amplitvae scattered by 
the atom to that scattered by an electron. When 9 is very small, / approaches 
the atomic number Z, becau.se the electrons scatter nearly in phase, as 
assumed in Eq. (3). But / falls as $ increases because the waves from 
the individual electrons must traverse increasingly unequal paths. Some 
of the radiation is scattered incoherently with a modified wavelength 
(Compton scattering); this forms an increasing fraction of the total 
intensity at the larger angles. 

The atomic scattering factor is directly related to the distribution of 
electricity in the atom. Every part of the electron cloud surrounding 
the nucleus of the atom scatters radiation in proportion to its density. 
For the atom at rest (not "blurred” by thermal motion in the crystal) 
the formula fo»' the atomic scattering factor is 

f. ~ I' „r (6) 

where k = 4ir(sin d)/\, X is the wavelength of the radiation, and U{r) 
represents the radial distribution of electric-charge density. V{r)dr is 
the number of el(*c1 rons between r and r dr from the center of the atom, 
which is assumed to be spherical,' and 

£^U(r)dr = Z. 

' It is immaterial whether U (r) is considered as the probability of finding an elec- 
tron at a radius between r and r + dr or whether it is assumed that a continuous 
charge is distributed in the atom with a density that varies as U (r). In the language 
of wave mechanics, the function of Shrodinger's wave equation is such that dv is 
the probability of finding an electron in the element of volume dv at the point con- 
sidered, and it has been shown that Eq. (5) gives the coherent scattering from an 
atom if we let U{r) = 47rr*|^|®. Thus, wave mechanical models of an atom can 
predict /o, and, conversely, experimental /« curves afford a test of atomic models. By 
using a Fourier analysis of experimental /o curves it is possible to calculate directly 
the electric-charge density of atoms — thus mathematically to ‘‘see*' the atoms with an 
“x-ray microscope.” 
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It will be seen from Eq. (5) that /o is a function of (sin 0)/\, so that 
a curve in which /o is plotted against (sin d)/\ can be used for various 
wavelengths. The /o curve calculated for cesium by a method based 
on wave mechanics is plotted in this way in Fig. 3. These curves can also 
be determined by direct measurement in certain cases; this has" been done 
by measuring the intensities of diffracted beams from crystals with 
simple structures (NaCl, MgO, KCl, Al, etc.) and in another way by 
measuring the intensity of scattering at different angles from the atoms 
of a gas.^ It has been found that there is good agreement between /o 
values calculated by the method of Hartree (or in the case of heavy atoms 
by an approximate method of Thomas and Fermi) and the various experi- 
mental results. This gives confidence both in the theory of diffraction 
and in the atom models used. The tables of 
calculated /o values which are now available 
for nearly all atoms and some of the com- 
mon ions are accurate enough to be highly 
useful in crystal analysis.^ 

The atomic scattering factors /o in Table 
XXXIII are given for a series of values of 
(sin 0)/X and are therefore applicable to 
various wavelengths; they apply to atoms at 
rest and have not been modified by the tem- 
perature factor. 

In using /o tables it must be remembered 
that they refer to atoms at rest and all 
values will be reduced by the thermal mo- 
tions of the atoms in crystals. This correc- 
tion, which will be discussed later, is often an 
important one. For example, it reduces the 
intensity of the tenth-order reflection from (100) planes in NaCl at room 
temperature to a third the intensity for atoms at rest. While /o is 
tabulated for different values of (sin d)/\ so as to be applicable to all 
wavelengths, experiment shows that marked anomalies arc introduced 
when X is near an absorption edge of an atom in the diffracting crystal ; 
/o is decreased several units under these conditions.® 



Fig. 3.- 


10 
Sin 9 
\ 

Plot of structure factor 
for cesium. 


^ For summaries of this field of physics see E. 0. Wollen, Rev, Modern Phys,^ 
vol. 4, p. 205, 1932; A. H. Compton and 8. K. Allison, ‘‘X-rays in Theory and 
Experiment/' Van Nostrand, New York, 1935; J. T. Randall, “Diffraction of X-rays 
and Electrons by Amorphous Solids, Liquids, and Gases," Wiley, New York, 1934; 
P. P. Ewald, “Handbuch der Physik," vol. XXni/2, Springer, Berlin, 1933. 

* R. W. James and G. W. Brindley, Phil. Mag,^ vol. 12, pp. 81, 104, 1931; Z. 
KrUtf voL 78, p. 490, 1931. W. L. Braoq and J. West, Z. Krist.f vol. 09, p. 118, 
1928. Linus Paulino and J. Sherman, Z. Xmf., vol. 81, p. 1, 1932. 

^ This has been made use of to increase the difference between scattering powers of 
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Scattering from a Unit Cell. — ^I^et us now consider the intensity of 
the diffracted beams that arise from the cooperation of the coherently 
scattered waves from each atom in the unit cell. Each atom scatters 
as a unit with an amplitude proportional to / and with a certain phase 
dependent upon its position. To compute the intensity of the diffracted 
beam it is necessary to add sine waves of different amplitude and phase 
but of the same wavelength and to determine the amplitude of the sine 
wave that results. The intensity of the diffracted wave is the square of 
this amplitude. Differences in atomic scattering power lead to different 
amplitudes of the waves from individual atoms, while differing positions 
of the atoms along the path of, the incident and diffracted beams deter- 
mine the relative phases of these waves. 

If the amplitude of each wave is represented by the length of a vector 
and its phase by the direction of the vector, the resultant diffracted beam 



Fias. 4 and 5. — Vector addition of diffracted rays from individual atoms. 


will be represented by the vector sum of all the individual waves. This 
is indicated in Fig. 4 where four vectors of lengths /i, fi, /s, and fi are 
drawn to represent the atomic scattering factors for four atoms of a 
unit cell, and the angles <^i, <^ 2 , and arc drawn to represent the 
phases of the waves scattejed by these individual atoms. The square of 
the length of the resultant vector, 1^1**, is proportional to the intensity 
that will be observed. 

Reference to Fig. 5 shows that each vector may be resolved into a 
horizontal and a vertical component of lengths / cos <t> and / sin respec- 
tively; these components when added give two sides of a right triangle 
whose hypotenuse is F. The square of the hypotenuse is given by the 
sum of the squares of the sides, and so we may write 

1^1* = (/i cos <f>i + /2 cos <^2 + • • • )* + (/i sin «/»i + /2 sin 02 + • • • )* 
= (S,/, cos <f,,y -f (Sf/, .sin 0i)2 (6) 

where the summation is to be carried out over all atoms in the unit cell, 

Cu and Zn atoms m /3-brass in order to show up their distribution on the lattice points, 
a distribution otherwise masked by the great similarity in their scattering power (F. 
W. Jones and C. Sykes, Proc» Roy, Soc, (London)^ vol. A161, p. 440, 1937). 
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Table XXXIII . — Atomic Scattebing Factors * 


10 -. X 

0 0 

0.1 

0.2 

0.3 

0.4 

1 

0 5 

0.6 

0 

7 

0.8 

0.9 

1 . 

.0 

1 

1 

1 2 

H 

1 

0.81 

0.48 

0.25 

0.13 

0.07 

0.04 

0 

3 

0 02 

0.01 

0 

00 

0 

00 


He 

2 

1 88 

1.46 

1.05 

0.75 

0.52 

0.35 

0 

24 

0 18 

0 14 


,11 

0 . 

09 


Li + 

2 

1 96 

1.8 

1 5 

1.3 

1.0 

0.8 

0 . 

6 

0.5 

0.4 

0 . 

,3 

0 

3 


Li 

3 

2.2 

1.8 

1.5 

1.3 

1.0 

0.8 

0 . 

,6 

0 5 

0.4 

0 

3 

0 

3 


Be ^+ 

2 

2.0 

1.9 

1.7 

1.6 

1.4 

1 2 

1 

0 

0.9 

0 7 

0 . 

.6 

0 

5 


Be 

4 

2.9 

1 9 

1.7 

1.6 

1.4 

1.2 

1 . 

,0 

0.9 

,0 7 

0 

6 

0 

5 



2 

1.99 

1.9 

1.8 

1.7 

1 6 

1.4 

1 

3 

1.2 

1.0 

0 

9 

0 

7 


B 

5 

3 5 

2 4 

1.9 

1.7 

1.5 

1.4 

1 . 

.2 

1.2 

1 0 

0 

9 

0 

7 


C 

6 

4.6 

3.0 

2.2 

1.9 

1.7 

1.6 

1 - 

,4 

1.3 

1 16 

1 , 

,0 

0 

9 



2 

2 0 

2.0 

1 9 

1.9 

1.8 

1.7 

1 

6 

1.5 

1. 1 

1 

3 

1 

16 


N+3 

4 

3.7 

3.0 

2 4 

2.0 

1.8 

1.66 

1 , 

,56 

1.49 

1.39 

1 

28 

1 

17 


N 

7 

5.8 

4 2 

3 0 

2 3 

1.9 

1 65 

1 

54 

1.49 

1 39 

1 

29 

1 

17 


0 

8 

7.1 

5 3 

3 9 

2.9 

2 2 

1.8 

1 , 

,6 

1.5 

1 4 

1 

35 

1 . 

26 


0-2 

10 

8.0 

5 5 

3.8 

2 7 

2 1 

1 8 

1 . 

5 

1 5 

1.4 

1 

35 

1 

26 


F 

9 

7.8 

6 2 

4 45 

3 35 

2.65 

2.15 

1 

9 

1 7 

1 6 

1 . 

5 

1 

35 


F - 

10 

8.7 

6.7 

4.8 

3 5 

2.8 

2 2 

1 

9 

1 7 

1..55 

1 

5 

1 

35 


No 

10 

9 3 

7.5 

5 8 

4 4 

3.4 

2 65 

2 

2 

1.9 

( 1 65 


55 

I 

5 


Na + 

10 

9.5 

8 2 I 

6 7 

5.25 

4.05 

3 2 

2 

05 

2 25 

1 95 

1 

75 

1 

6 


Na 

11 

9 65 

8 2 

6 7 

5 25 

4 05 

3.2 

2 

05 

2.25 

1 95 

1 

75 

1 

6 


Mg '-> 

10 

9.75 

8 6 

7.25 

5 95 

4 8 

3 85 

3 

15 

2 55 

2.2 

2 

0 

1 

8 


Mg 

12 

10 5 

8 6 

7 25 

5 95 

4 8 

3 85 

3 

15 

2 55 

2 2 

2 

0 

1 

8 


Al+3 

10 

9 7 

8.9 

7.8 

6 65 

5.5 

4 45 

3 

65 

3 1 

2 65 

2 

3 

2 

0 


A1 

13 

11 0 

8 95 

7 75 

6 6 

5.5 

4 5 

3 

7 

3 1 

2 65 

2 

3 

2 . 

0 



10 

9.75 

9.15 

8 25 

7 15 

6.05 

5 05 

i ^ 

2 

3 4 

2 95 

2 , 

,6 

2 

3 


Si 

14 

11 35 

9 4 

8 2 

7.15 

6 1 

5.1 

4 

2 

3.4 

2 95 

2 

6 

2 

3 


P+8 

10 

9.8 

9.25 

8 45 

7 5 

6.55 

5.65 

4 

8 

4 05 

3 4 

3 

0 

2 

6 


P 

15 

12 4 

10 0 

8 45 

7 15 

6 5 

5.65 

4 

8 

4 05 

3 4 

3 

0 

2 

6 


p-8 

18 

12 7 

9 8 

8 4 

7 45 

6 5 

5.05 

4 

85 

4.05 

3 4 

3 

0 

2 

6 


s+® 

10 

9.85 

9 4 

8 7 

7.85 

6.85 

6 05 

5 

25 

4 5 

3.9 

! 3 

35 

2 

9 


s 

16 

13 6 

10 7 

8 95 

7 85 

6 85 

6 0 

5 

25 

4 5 

3.9 

3 

35 

2 

9 


S-2 

18 

14.3 

10.7 

8 9 

7 85 

6 85 

6.0 

5 

25 

4 5 

3 9 

3 

35 

2 

9 


Cl 

17 

14 6 

11 3 

9.25 

8 05 

7 25 

6 5 

5 . 

,75 

5 05 

4.4 

3 . 

,85 

3 

35 


Cl- 

18 

15 2 

11.5 

9 3 

8.05 

7.25 

6 5 

5 

75 

5 05 

4 4 

3 . 

85 

3 

35 


A 

18 

15 9 

12 0 

10.4 

8.7 

7.8 

7 0 

6 

2 

5 4 

4.7 

4 . 

,1 

3 

6 


K+ 

18 ! 

16.5 

13 3 

10.8 

8 85 

7.75 

7 05 

0 

41 

5 9 

5 3 

4 

8 

4 

2 


Ca++ 

18 

16.8 

14 0 

11 5 

9 3 

8 1 

7.35 

0 

7 

6.2 

5.7 

5 

1 

4 

6 


Sc+3 

18 

16 7 

14 0 

11 4 

9 4 

8 3 

7.6 

6 , 

.9 

6.4 

5 8 

5 , 

.35 

4 . 

.85 


Tii4 

18 

17,0 

14.4 

11 9 

9,9 

8 5 

7.85 

7 

3 

6.7 

6.15 

5 , 

,65 

5 . 

.05 


Rb+ 

36 

33 6 

28 7 

24.6 

21 4 

18 9 i 

16.7 

14 

6 

12.8 

11 2 

9 

9 

8.9 


Sr 

38 

34,4 

29.0 

24.5 

20,8 

18.4 

16.4 

14 

6 

12.9 

11 6 

10 

5 

9 , 

.5 

a 7 

Y 

39 

35 4 

29 9 

25.3 

21.5 

19.0 

17.0 

15 . 

,1 

13.4 

12 0 

10 

9 

9 

9 

9 0 

Zr 

40 

36 3 

30 8 

26.0 

22.1 

19.7 

17 5 

15 . 

,6 

13 8 

12 4 

11 , 

.2 

10 . 

.2 

9 3 

Nb(Gb) 

41 

37 3 

31 7 

26 8 

22.8 

20 2 

18 1 

16 

0 

14 3 

12.8 

11 , 

.6 

10 

6 

9.7 

Mo 

42 

38 2 

32 6 

27,6 

23 5 

20.8 

18 6 

16 

5 

14 8 

13 2 

12 

0 

10 . 

,9 

10.0 

Ma 

43 

39 1 

33 4 

28 3 

24.1 

21 3 

19 1 

17 . 

.0 

15.2 

13 6 

12 

.3 

11 

3 

10.3 

Ru 

44 

40 0 

34 3 

29 1 

24 7 

21.9 

19 6 

17 

5 

15 6 

14 1 

12 , 

.7 

11 , 

.6 

10 6 

Rh 

45 

41.0 

35.1 

29 9 

25 4 

22.5 

20 2 

18 

0 

16.1 

14.5 

13 

.1 

12 

0 

11 0 

Pd 

46 

41.9 

36.0 

30.7 

26.2 

23.1 

20.8 

18 

5 

16.6 

14.9 

13 

.6 

12 

3 

11 3 

Ag 

47 

42.8 

36.9 

31 5 

26.9 

23.8 

21.3 

19 


17.1 

15 3 

14 

.0 

12 

.7 

11 7 

Cd 

48 

43 7 

37 7 

32.2 

27 5 

24.4 

21 8 

19 

.6 

17.6 

15.7 

14 

3 

13 

0 

12 0 

In 

49 

44.7 

38.6 

33 0 

28.1 

25 0 

22 4 

20 

.1 

18 0 

16.2 

14 

.7 

13 

.4 

12.3 

Sn 

50 

45.7 

39.5 

33.8 

28.7 

25.6 

22.9 

20 

6 

18.5 

16.6 

15 

1 

13 

.7 

12.7 

Sb 

51 

46.7 

40.4 

34 6 

29.5 

26.3 

23.5 

21 

.1 

19.0 

17 0 

15 

5 

14 

1 

13.0 

Te 

52 

47.7 

41.3 

35.4 

30.3 

25.9 < 

24.0 

21 

.7 

19 5 

17.5 

16 

.0 

14 

5 

13 3 

I 

53 

48.6 

42.1 

36.1 

31.0 

27.5 

24.6 

22 

2 

20.0 

17.9 

16 

.4 

14 

.8 

13.6 

Xe 

54 

49.6 

43.0 

36.8 

31.6 

28.0 

25.2 

22 

.7 

20 4 

18.4 

16 

.7 

15 

.2 

13.9 

Cs 

55 

50.7 

43.8 

37.6 

32.4 

28.7 

25.8 

23 

.2 

20.8 

18 8 

17 

.0 

15 

.6 

14.5 
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Table XXXIII. — Atomic Scatterino Factors*. — {CorUinved) 


10-. X (i^J> 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0 G 

0.7 

0 8 

0.9 

1.0 

1.1 

1 2 

Ba 

56 

51.7 

44.7 

38.4 

33.1 

29.3 

26.4 

23.7 

21.3 

19.2 

17.4 

16.0 

14.7 

La 

57 

52.6 

45.6 

39.3 

33.8 

29.8 

26.9 

24.3 

21.9 

19 7 

17.9 

16.4 

15.0 

Ce 

58 

53.6 

46.5 

40.1 

34.5 

30.4 

27.4 

24.8 

22.4 

20.2 

18.4 

16.6 

15.3 

Pr 

59 

54.5 

47.4 

40.9 

35.2 

31.1 

28.0 

25 4 

22.9 

20.6 

18.8 

17.1 

15.7 

Nd 

60 

55 4 

48.3 

41.6 

35 9 

31.8 

28.6 

25.9 

23.4 

21.1 

19.2 

17.5 

16.1 

11 

61 

56 4 

49.1 

42.4 

36.6 

32.4 

29.2 

26.4 

23.9 

21.5 

19.6 

17.9 1 

16.4 

Sm 

62 

57.3 

50.0 

43.2 

37.3 

32.9 

29.8 

26.9 

24.4 

22.0 

20.0 

18.3 1 

16.8 

Eu 

63 

58 3 

50.9 

44.0 

38 1 

33.5 

30.4 

27.5 

24.9 

22.4 

20.4 

18.7 

17.1 

Gd 

64 

59.3 

51.7 

44.8 

38.8 

34.1 

31.0 

28.1 

25.4 

22.9 

20.8 

19.1 

17.5 

Tb 

65 

60.2 

52.6 

45.7 

39.6 

34.7 

31.6 

28.6 

25.9 

23 4 

21.2 

19 5 

17 9 

Dy 

66 

61.1 

53.6 

46.5 

40.4 

35.4 

32.2 

29.2 

26.3 

23.9 

21.6 

10 0 

18.3 

Ho 

67 

62.1 

54 5 

47.3 

41.1 

36.1 

32 7 

29.7 

26.8 

24 3 

22.0 

20.3 

18.6 

Er 1 

68 

63.0 

55 3 

48.1 

41.7 

36.7 

33.3 

30.2 

27.3 

24.7 

22.4 

20 7 

18.9 

Tu 

69 

64.0 

56.2 

48 9 

42.4 

37.4 

33.9 

30.8 

27.9 

25.2 

22.9 

21.0 

19.3 

Yb 

70 

64.9 

57.0 

49.7 

43.2 

38.0 

34.4 

31.3 

28.4 

25.7 

23.3 

21.4 

19.7 

Lu 

71 

65.9 

57.8 

50.4 

43.9 

38.7 

35.0 

31 8 

28.9 

26.2 

23 8 

21.8 

20 0 

Hf 

72 

66.8 

58.6 

51.2 

44.5 

39.3 

35 6 

32.3 

29.3 

26.7 

24.2 

22.3 

20.4 

Ta 

73 

67.8 

59 5 

52.0 

45.3 

39.9 

36.2 

32.9 

29.8 

27.1 

24.7 

22.6 

20.9 

W 

74 

68 8 

60.4 

52.8 

46.1 

40.5 

36 8 

33.5 

30.4 

27 6 

25.2 

23.0 

21.3 

Re 

75 

69 8 

61.3 

53.6 

46.8 

41.1 

37.4 

34 0 

30 9 

28.1 

25.6 

23.4 

21 6 

Os 

76 

70.8 

62.2 

54.4 

47.5 

41.7 

38.0 

34.6 

31.4 

28.6 

26.0 

23.9 

22.0 

Ir 

77 

71.7 

63.1 

55.3 

48.2 

42.4 

38.6 

35.1 

32 0 

29.0 

26.5 

24 3 

22 3 

Pt 

78 

72.6 

64.0 

56.2 

48.9 

43.1 

39.2 

35.6 

32 5 

29.5 

27.0 

24 7 

22 7 

All 

79 

73.6 

65.0 

57.0 

49.7 

43.8 

39.8 

36 2 

33.1 

30.0 

27.4 

25.1 

23 1 

Hg 

80 

74.6 

63.9 

57 9 

50.5 

44.4 

40.5 

36.8 

33.6 

30.6 

27 8 

25.6 

23.6 

T1 

81 

75.5 

06.7 

58.7 

51.2 

45.0 

41.1 

37.4 

34 1 

31.1 

28 3 

26 0 

24 1 

Pb 

82 

76.5 

67.5 

59.5 

51.9 

45.7 

41.6 

37.9 

34.6 

31.5 

28.8 

26.4 

24.5 

Bi 

83 

77.5 

68.4 

60 4 

52.7 

46.4 

42.2 

38.^ 

35.1 

32 0 

29.2 

26.8 

24.8 

Po 

84 

78 4 

69.4 

61 3 

53 5 

47.1 

42 8 

39.1 

35.6 

32.6 

29.7 

27.2 

25.2 

— 

85 

70.4 

70.3 

62.1 

54.2 

47.7 

43.4 

39.6 

36 2 

33.1 

30.1 

27 6 

25.6 

Em (Rn, Nt) 

86 

80 3 

71.3 

63 0 

55.1 

48.4 

44 0 

40.2 

36.8 

33.5 

30 5 

28.0 

26.0 

— 

87 

81 3 

72 2 

|63 8 

55.8 

49.1 

44 5 

40.7 

37.3 

34 0 

31.0 

28.4 

26.4 

Ra 

! 88 

82.2 

73.2 1 

(64.6 

56.5 

49.8 

45.1 

41.3 

37 8 

34.6 

31.5 

28.8 

26 7 

Ac 

1 89 

83 2 

74.1 

65 5 

57.3 

.50.4 

45.8 

41.8 

38.3 

35 1 

32.0 

29 2 

27 1 

Th 

90 

84 1 

75.1 j 

66 3 

58 1 

51 1 ,46 5 

42.4 

38 8 

35 5 

32.4 

29 6 

27 5 

Pa 

91 

85.1 

76 0 ' 

67 1 

58 8 

51 7 

47.1 

43.0 

39 3 

36 0 

32.8 

30.1 

27.9 

U 

92 

86.0 

76 9 

1 

67.9 

59.6 

52,4 j 

47 7 

43 5 

39.8 

36 5 

33 3 

30.6 

28 3 


* Values are from R. W James and G W. Brindley (Z. Krist , vol. 78, p. 470, 1931) and from “ Inter- 
nationale Tabellen zur Bestimmung von Kristallstrukturen,*' vol II, Borntrager, Berlin, 1935; values 
for the lighter elements were computed by Hartree’s method or by interpolation; elements heavier than 
rubidium were computed by the Thomas-Fermi method. 


as indicated by the subscript i = 1, 2, 3 ... . Since /, is the ratio of 
the amplitude of scattering by the «th atom to that scattered under the 
same conditions by an electron, the resultant intensity is proportional 
to JejFl*. The quantity F is the structure factor or structure amplitude 
and is the ratio of the amplitude of the wave scattered in a given direction 
by all the atoms in a unit cell to that scattered by a single electron under 
identical conditions. « 

Relation of Phase, 0, to Atomic Position. — A simple formula gives 
the value of the phase, 4>, of Eq. (6) for an atom at the position uvw in a 
unit cell and for the hkl reflection. Consider first only the atoms on a 
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simple lattice. A set of parallel planes in this lattice will produce dif- 
fracted beams going in directions (given by Bragg’s law) such that 
neighboring planes of the set Avill contribute waves exactly in phase 
with one another. The phase difference between waves from adjacent 
planes of the simple lattice will thus be 2jr in the first order and 2jm in 
the nth order. However, the nth-order reflection of a plane is conven- 
tionally treated as the first-order reflection from a fictitious set of planes 
of 1/nth the spacing and having indices n times the Miller indices. The 
interplanar distance for these fictitious planes in a cubic crystal with a 
lattice constant ao is given by 


d = 




(cubic) (7) 


where h, k, I are the reflection indices. The phase difference between 
waves from neighboring planes of the set is proportional to the path 
difference for these rays and is equal 
to 2ftr. 

The path difference for the planes 
A, A' of spacing d is indicated in 
Fig. 6 by a heavy line. Consider a 
set of interleaved planes B, B' having 
the same spacing as these A planes. 

If the distance to the B plane is p, 
then the path difference to this plane 
is p/d of that to the A' plane, as 
will be seen from the heavy lines in the figure. Consequently, the phase 
difference between the ray reflected by the first A plane and the first B 
plane will be given by 2rp/d. It can be shown geometrically that, with 
the same convention as u.sed in formula (7), an atom at coordinates uvw 
in the unit cell will lie on a set of planes with indices (hkl) such that the 
plane next to the origin will be at a distance from the origin given by 
the equation 



Fig. 6. — Reflection from interleaved 
planes. Path differences are indicated by 
heavy lines. 


_ aojhu -|- fct; -|- Iw) 


(cubic). 


( 8 ) 


Hence Eqs. (7) and (8) give the required expression for the phase of the 
wave from this atom, 

4> = = 2v(Jiu -f- fcr -h Iw). 


Upon suKstituting in Eq. (6), the complete expression for the structure 
factor becomes 

|F(* = [Sf/, cos 2jr(hUi + kvi -|- Iw,)]^ -f- [S,/{ sin 2ir(Au, -}- kv, (9) 
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where u„ t)„ and Wt are the coordinates of the ith atom of the unit cell 
whose atomic scattering factor is /, and where hkl are the indices of the 
reflection. The summation extends over all atoms in the unit cell. 

The above discussion has been limited for simplicity to cubic crystals, 
but the same principles hold for other systems of axes, and Eq. (9) is 
true for all crystal systems. It is an equation of the utmost importance 
in crystallography, for the determination of atomic positions in crystals 
is always based on this relation between the coordinates of the atom in a 
unit cell and the intensity with which they will scatter x-rays in the 
different spectra. This equation has been applied to each of the 230 
space groups, and the characteristic features of the reflections for each 
space group have been derived from it and tabulated.^ There will be 

certain reflections absent from the diffrac- 
tion pattern of a crystal because |i^l* = 0 for 
these. By comparing a list of the missing 
reflections with the tables it is usually pos- 
sible to determine to which one (or more) 
of the space groups the crystal might belong. 
When the space group has been determined, 
to find how the atoms are arranged in the 
unit coll it is necessary to employ the struc- 
ture-factor ecjuation ^either in the general 
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Fio. 7. — Structure factor foi 
.sodium at different teinpoia- 
tures. (R. W, James and E. 
Firth, Proc. Roy. Soc. (London), 
vol. i4117, p. 62, 1927.) 


simplified form appropriate to the particular 
space group in question. 

The equation will give one value of the 
structure factor of a reflection for each 
arrangement of atoms in the cell, and the 
problem is essentially one of choosing an 
arrangement such that the coordinates for all atoms, when inserted in 
the structure-factor equation, will predict the intensities actually observed 
for each of the reflections of the diffraction pattern. This extremely 
tedious procedure has been shortened and simplified in many ways, some 
of which are discussed in Chap. VIII, page 149, and in Appendix VI. 

Equation (9) reduces to a simpler form when the crystal has a center 
of symmetry and when this center is chosen as the origin of coordinates. 
The expression then becomes 


|F|‘^ = [2,/, cos 2x(te, -f- kvi -j- iw,)]*. (10) 

* “Internationale Tabellen zur Bestiinmung von Krlatallstrukturen,” vol. ,1, 
Borntrager, Berlin, 1935. K. Lonsdalk, “Simplified Structure Factor and Electron 
Density Formulae for the 230 Space Groups of Mathematical Crystallography,” G. 
Bell, London, 1936. 
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The Temperature Factor. — In the section on the atomic scattering 
factor it was assumed that the atom was at rest. In crystals, however, 
the atoms are oscillating constantly and very rapidly about their mean 
position. The effect of this thermal motion is to smear the electron 
distribution to larger radii and to decrease the scattering factor, /, below 
the value for the atom at rest, /o. The higher the temperature the more 
blurred the atom will appear and the moi*e rapidly / will decrease with 
increasing angle, as will be seen from the curves of Fig. 7 for sodium 
atoms in crystals of rock salt at different temperatures. 

It has been calculated that for an atom vibrating as a whole 

/ = /oc-" (11) 

where 

M = 

being the mean square displacement of the atoms from their mean 
position measured at right angles to the reflecting planes. The value 
of can be calculated with fair accuracy by theories developed by 
Debye and Waller.^ 

^ The formula deduced by Debye (after Waller^s correction for a numerical error of 
a factor of 2.0 that occurred m his original paper) is 

where m is the mass of the atom, h is Planck^s constant, k is the gas constant, O is the 
characteristic temperature which ls discussed in theories of specific heat, x = 
where T is the absolute temperature of the crystal, is a function evaluated and 
tabulated by Debye, and 6 is the glancing angle of Bragg^s law. In the formula given 
above, the crystal is assumed to have a zero-point energy of one-half quantum per 
degree of freedom at absolute zero. The formula may be derived by considering th(^ 
crystal as an isotropic elastic solid having a serii's of elastic waves in it, forming a fre- 
quency spectrum extending up to a maximum frequency of The characteristic 
temperature, O, is equal to hpm/kj and p,n is given by 



where n is the number of vibrating atoms per cubic centimeter, and where gt and gi 
are the velocities of transverse and longitudinal waves in the crystal, which are sup- 
posed constant for all frequencies and directions in the crystal. At temperatures 
small compared with 0, one can take ft>{x)/x = {Tr^/6)Cn/0^), For tables of the 
4>{x) and 0, see R. W. James and G W. Brindley, Phil. Mag.^ vol. 12, p. 81, 1931; or 
“Internationale Tabellen zur Bestimmung von Kristallstrukturen,^' vol. II, Born- 
trager, Berlin, 1935; for a detailed summary of the temperature factor, see F. C. 
Blake, Rev, Modern Phys.^ vol. 5, p. 169, 1933. Waller has derived an expression for 
Ul that can be evaluated for simple crystals and is in good agreement with x-ray 
intensities from NaCl at temperatures below 500'* abs. (see sumnfiaries mentioned). 
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Since the atoms in a unit cell may have displacements that differ 
among themselves, the values of M may be different for each atom, and, 
strictly, Eq. (9) should be written 

1^!* = [2/oe~^ cos 2ir(/iM + kv + Iw)]^ 

+ sin 2ir{hu + Ar + Iw)]^ (12) 

with the appropriate values of M inserted for each atom; furthermore, 
M may vary with the direction of the crystal planes, thus with the 



0 Ql 0.2 0.3 04 05 0.6 Q7 

SjnJ^ 

X 

Fig. 8. — Values of temperature faotor for different elements. (F. C, Blake, Rev, Modern 

Phya., vol, 5 , p, 169 , 1933 .) 

indices (hkl). In practice, it is common to make the simplifying assump- 
tion that the mean displacement is the same for all atoms and all crystal 
planes; so Eq. (9) may be written 

1^1* = = e-2"{[S/„ cos 2ir(;iM + kv lw)Y 

+ [2/o sin 2w{hu + kv + Ml®!- (13) 

Figure 8 shows the values of the factor for a number of common 
crystals, and it will be noticed that it is a function that falls slowly with 
increasing diffraction angle. When the temperature factor is unknown 
or uncertain, it is best in comparing calculated and observed intensities 
of x-ray reflections to make all comparisons within groups of reflections 
having approximately similar 6 values, since only small variations in 
€~^ are to be expected within small ranges of 6. 

Geometrical Factors Influencing Intensities of Diffracted X-rays. — 
In the preceding sections it has been pointed out that the intensity of a 
diffracted beam depends on the structure factor, and this in turn on the 
temperature and also on the state of polarization of the primary beam. 
But additional factors belong in formulas giving diffracted beam inten- 
sities; these will now be presented. A summary at the end of this 
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appendix lists the more important formulas. In practice, many struc- 
tures have been determined without corrections for temperature, absorp- 
tion, or extinction and with intensities estimated by eye with an error 
of some 25 percent, and so the amount of effort that should be put on 
these corrections is a matter on which opinion differs. 

1. ThS Lorbntz Factor. — A perfect crystallite can reflect a mono- 
chromatic beam of x-rays not only under the exact value of the glancing 
angle given by Bragg’s law but also with smaller intensities at angles 
deviating some seconds of arc from this value. Darwin and others 
have calculated the total energy in the diffracted beam, taking into 
account this variable reflecting power near the angle ff. 

The factor in the intensity equation that takes this into account 
differs for the different methods of diffraction (Laue, rotating crystal, 
powder, etc.), and a derivation would be too lengthy for presentation 
here. For our purposes it is sufficient to know the results. The total 



Fig. 9. — Geometry of a Debye ring in a powder camera. 


energy per second diffracted from a set of crystal planes (hkl) in the 
powder method is proportional to 1/sin 6. This energy, however, 
spreads out along the generators of a cone and intersects the film to form 
a ring. In the powder method (Debye-Scherrer-Hull method) we 
observe only a fraction of the total circumference of this ring on a cylin- 
drical film, and the blackening of the ring will depend not only upon 
the total energy contributing to the ring but also on the circumference 
over which this is spread. 

If the radius of a cylindrical powder camera is R, Fig. 9, the film will 
intersect a circle of circumference 2ir/f sin 26, from which it follows that 
the energy per centimeter along the circumference of this circle will be 
the product of the factor 1/sin 6 mentioned in the preceding paragraph 
and the factor l/{2nrR .sin 26), and the blackening of the powder diffrac- 
tion line will thus be dependent upon this product, the so-called Lorentz 
factor^ l/(sin 26 sin 6), which may also be written 1/(2 sin* 6 cos 6). The 
various constants that go with these factors to make up the complete 
formula are of little interest to us in the usual crystallographic problems 
since they are the same for all lines on a given powder diffraction pattern 
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(as, for example, the radius of the camera, R) and do not influence the, 
relative intensities of lines in the pattern. 

Tables of the combined Lorentz and polarization factors for the more 
important x-ray diffraction methods have been published.^ Buerger 
has shown that the Lorentz and polarization factor can be automatically 
corrected for in certain cameras by a high-speed rotating template in 
front of the film.* 

2. The Multiplicity Factor, p . — It is obvious that with several 
different sets of planes diffracting to a given spot on a photographic film 
the intensity at that spot will be greater than it would be with only one 
set of planes contributing. Since tbe reflections from the different sets 
are independent of one another, the intensity from p sets of equivalent 
planes contributing to the same area on the film will be p tiipes the 
intensity from one set. In the powder method all planes of the same 
interplanar spacing will contribute to the same ring on the film, and p, 
for any crystal will then be equal to the number of permutations of 
indices h, k, I that give identical values of sin* $ in the quadratic form 
for the crystal. In cubic crystals of the most common classes. Oh, 0, 
and the “multiplicity factor” p has the following values; 


Planes . 

{100) 

1111} 

1110} 

(hkOj 

Ihhl} 

{Ml} 

Multiplicity 

6 

8 

12 

% 

24 

24 

48 


Any higher order reflections from these planes will have the same 
multiplicity factors as the listed ones. The multiplicity factor is deter- 
mined by the crystal symmetry and for the powder method is tabulated 
in many crystallographic reference books. 

Certain points should be kept in mind in connection with this factor. 
(1) It is only in the powder method that all planes of similar spacing can. 
superpose their reflections, and so it is only for this method that the 
tabulated values of p hold. In the rotating-crystal or oscillating-crystal 
ftiethods the orientation of the equivalent planes with respect to the axis 
of rotation will determine how many different’ sets give 8uperimpo.sed 
reflections, and p will usually be less than the values for the powder 

I ‘See “Internationale Tabellcn zur Bestimmung von Kristallstrukturen,” vol. II, 
pp. 656-668, Borntrager, Berlin, 1935, for discussion and tables of the Lorentz polariza- 
tion' factors. At the end of the present appendix will be found a list of the intensity 
formulas for each method. The factor for the Laue method is derived and tables 
given in E. Schiebold, “Die Lauemethode,” pp. 11.5-120, Akadcmische Vcrlagsgcsell- 
schaft m.b.H., Leipzig, 1932. For other derivations and discussions of the subject 
see F. C. Blake, Rev. Modem Phys., vol. 5, p. 169, 1933, A. Schleede and E. Schneider, 
“Rdntgenspektroskopie und Kristallstrukturanalyze,” vol. II,' pp. 240-245, Gruyter 
& Co., Leipzig, 1929. 

* M. J. Bueroer, Proc. Natl. Acad. Set., vol. 25, p. 383, 1939. 
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method.^ (2) Planes of different forms may have the same interplanar 
spacings and superposed reflections; both sets of planes must then be 
taken into account. For example, in face-centered cubic crystals, 
{333} and {511} planes have identical spacings and contribute to the 
same Debye ring with different structure factors and multiplicity 
factors. (3) For the rotating- and oscillating-ciystal methods the 
multiplicity factor depends on the orientation of the crystal in the 
camera; in the oscillating-crystal method, it also depends upon the range 
of oscillation. 

3. The Absorption Factor, A (6). — The path of the reflected beam 
within the crystalline specimen varies with the angle of reflection and 
results in a reduction of intensity that changes with 8 and with the shape 
of the specimen. The “absorption factor" that is inserted into intensity 
formulas to correct for this is one of the slowly varying factors that does 
not have an important influence on the relative intensities of neighboring 
reflections. It has been neglected by most experimenters, but Claassen,^ 
Rustcrholtz,® and Blake^ have given detailed discussions of it and have 
presented curves for predicting it from the known dimensions and 
absorption coefficient of the sample when the sample is a cylindrical rod 
in the powder method. While it is freipiently an unimportant factor, 
as when molybdenum radiation is used on small specimens of low absorp- 
tion coefficient, it may change manyfold when soft radiation is used. 
Calculations of the absorption factor, A(d), by Blake are represented 
in Fig. 10, in which the ratio of the factor at angle 9 compared with 
the factor a,t 9 — 90° is plotted against 9 for cylindrical samples. The 
radius of the sample is assumed small compared with the radius of the 
cylindrical camera (c.g., about 0.02-cm.-diameter samples in ordinary 
Debye cameras) . In this figure, r is the sample radius in centimeters and 
H is the linear absorption coefficient for the rays in the powdered sample — 
not in the solid crystal — , and the curves are plotted for different values 
of the product nr.* 

'Tables will bo found in F. Halla and H. Mark, “Rontgenographischc Unter- 
suchung von Kristallen,” p. 236, Barth, Leipzig, 1937; and for the powder method in 
R. W. G. Wyckoff, “Structure of Crystals,” 2d cd., p. 177, Chemical Catalog Co., 
New York, 1931. For certain crystals of lower symmetry (with parallel-face hemi- 
hedrism) the structure factor of certain superposed reflections may differ from others, 
i.e., the different faces of a form will not have equal reflecting powers. This should 
be taken into account in evaluating p. 

* A. Claassbn, Phil. Mag., vol. 9, p. 67, 1930. 

* A. Rusterholtz, Helv. Phya. Acta, vol. 4, p. 68, 1931. 

* F. C. Blake, Rev. Modem Phya., vol. 5, p. 169, 1933. 

* Tables will be found in “Internationale Tabellen ziir Bestimmung von Kristall- 
strukturen,” voh II, Borntrager, Berlin, 1935. For powders of 200 mqgh or smaller, 
iir is perhaps 0.6 of the value for a homogeneous solid. 
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The absorption factor for the Laue method is, of course, entirely 
different and is complicated by the fact that the wavelength, and there- 
fore the absorption coefficient, are different for nearly every spot;* one 
must consider the critical absorption limits of atoms in the sample which 
may cause important changes in absorption coefficients at certain wave- 
lengths. The quantitative estimation of intensities by the Laue method 
is very difficult and is seldom attempted. Nevertheless, relative intensi- 
ties of certain pairs of reflections are directly comparable if the pairs are 
chosen so that they involve the same wavelength and the same length 
of path in the crystal. 



0 10 20 30 40 50 60 70 so 90 

Glancing Angle ©in Degrees 

Fig. 10. — Absorption factor for cylindrical specimens. {Blake,) 

At the time of writing, the absorption factor for the rotating-crystal 
method has been treated only for the zero layer line of reflections.* 
Wells* and Buerger^ have discussed absorption in Weissenberg photo- 
graphs for crystals that have certain external forms, but such corrections 
are complicated and are best avoided by making the crystals so small that 
absorption is negligible. 

* R. W. G. Wyckofp, “The Structure of Crystals," p. 148, Ciiemical Catalog Co., 
New York, 1931; E. Schibbold, “Die Lauemethode,” p. 124, Akademische Verlag4- 
gesellschaft m.b.H., Leipzig, 1932. 

* A. J. Bbadlby, Proc. Phys. Soc. {London), vol. 47, p. 879, 1935; O. P. Hender- 
SHOT, Rev. Set. Instruments, vol. 8, p. 324, 1937. 

» A. F. MJells, Z. Krist., vol. 96, p. 451, 1937. 

* M. J. Buerger, Z. Krist., vol. 99, p. 189, 1938. 


Camera roctfus 
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Fig. 11. — ^Velocity factor for rotating crystal photographs on cylindrical film. 
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4, The Velocity Factor, V{d), in Rotating- and Oscillating- 
CRYSTAL Methods. — When a single crystal is turned about an axis with 
constant angular velocity, the crystal planes have various lengths of 
time in which to reflect, times that are inversely proportional to the rate 
of change of the glancing angle 0 as the crystal rotates. Only for those 
planes which reflect to the equatorial line of spots (the planes whose 
zone axis coincides with the rotation axis) is V{B), the velocity factor, 
equal to unity; it is less than unity for all spots above or below the equator 
and depends on the position of the spot in a way shown graphically in 
Fig. 11 for a cylindrical film.* If this figure is placed on a rotating- or 
oscillating-crystal pattern reduced to the same scale, the factor applicable 
to any spot can be read directly from the line that falls on that spot. 
Spots lying approximately above or below the direct beam at the center 
of the chart always give untrustworthy intensity data. The factor for 
Weissenberg photographs has been treated by TunelP and by Warren and 
Fankuchen.* 

5. EixTiNCTiON. — ^The ability of a crystal to reflect is influenced by 
the degree of perfection of the crystal; unless the crystal is very imperfect, 
the reflected intensities are abnormally low. It happens that this effect 
is seldom of importance in metallurgical work, for imperfection is the 
rule in metals and alloys.^ Even in crystals such as quartz, Rochelle 
salt, or fluorite, where the high perfection would require important 
corrections for extinction, the correction can be reduced to negligible 
amounts by powdering the crystals. The severe "strains from cleaving a 
crystal into minute fragments introduce suflicient imperfection to reduce 
extinction to a negligible amount. The reflecting power of relatively 
perfect crystals can also be increased by grinding the surface or roughen- 
ing it with abrasives, for this process reduces extinction in the surface 
layers. Internal strains induced in a quartz crystal by piezoelectric 
oscillations cause increased reflecting power at various points throughout 
the interior of the crystal.® The extinction effect has been troublesome 
chiefly in precision intensity determinations (spectrometer studies).* 

‘ E. G. Cox and W. F. B. Shaw, Proc. Roy. Soc. (London), vol. A127, p. 71, 1930- 
Other references are H. Ott, Z. Physik, vol. 88, p. 699, 1934; E. Sciiiebold, “Methoden 
der Kristallstrukturbestimmung mittela Rontgenstrahlen,” vol. II, Die Drehkristall- 
methodc, Akademische Verlagsgellschaft m.b.H., Leipzig, 1932; H. Ott, “ Handbuch der 
Experimentalphysik,” Wien and Harms, vol. VII/2, Akademische Verlagsgellschaft 
m.b.H., Leipzig, 1928; A. Hettich, Z. KrisL, vol. 90, p. 473, 1935. For Weissenberg 
photographs (inclined), see G. Tvnell, Am. Mineral., vol. 24, p. 448, 1939. 

* G. Txjnell, Am. Mineral., vol. 24, p. 448, 1939. 

* B. E. Wahbbn and I. Fankuchen, Rev. Sd. Instrumente, vol. 12, p. 90, 1941. 

* See the determinations of R. M. Bozorth and F. E. Haworth, Phys. Rev., vol. 45, 
p. 821, 1934, for example. 

‘ C. S. Barrett and C. E. Hows, Phys. Rev., vol. 39, p. 889, 1932. 

•See A. H. Compton and S. K. Allison, “X-rays in Theory and Experiment,’ 
Van Nostrand, New York, 1936. 
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Summary of Formulas for Relative Intensities. 

1. Powder method, cylindrical film (Debye-Scherrer-HuU cameras) : 


/« (1 + 2 ^) 

sin® & cos 9 


p • |Fp • Aie). 


(14) 


2. Rotating- and oscillating-crystal method, assuming negligible 
absorption: 


Joe 


(1 -f- cos® 260 
sin 2$ 


p' • |F1® • V{e). 


( 15 ) 


For flat films, F(tf) = 1/sin |8, where is the angle in Fig. 12 between 
OP and OA, where 0 is the central spot, P the diffracted spot, and OA the 



Fig. 12. — Angle ^ in the velocity factor. 


projection on the film of the axis of rotation. For cylindrical films, see 
Fig. 10. The multiplicity factor p' must be calculated for each spot; in 
photogoniometers, such as the Weissonberg, p' is always unity. 

3. Laue method: 


Joe 


(1 + cos® ^ 
sin® 0 


|F|®-A'(0)-/(X) 


(16) 


where /(X) takes account of the variation with wavelength of the photo- 
graphic efficiency and the incident intensity. 
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DETERMINATION OF CRYSTAL STRUCTURE WITH FOURIER 

SERIES 

Electron Density Expressed by Fourier Series. — The density of the 
diffracting material in a crystal (the electron density) varies periodically 
along any direction through the lattice, going through a complicated 
cycle of peaks and minima with the same spatial periodicity as the dis- 
tribution of atoms of the lattice. Therefore, it is possible to describe 
the electron distribution by a Fourier series,^ as can be done for any 
periodic function. Let us consider first the general case, which is not 
convenient to use in structure analysis, and then treat certain special 
cases and modifications. 

Let p(uvw) represent the electron density at a point whose coordinates 
in the unit cell are uvw. If a Fourier series for p(uv‘w) is set up, each 
term in the series represents a stationary system of density waves. Each 
set of waves is capable of diffracting x-rays with a certain intensity, 
\h\kkl)\^, for the successive parallel sheets of density act as reflecting 
planes. A set of standing waves parallel to the (hfd) plane in the crystal 
is represented by a Fourier term having F{hkr) as a coefficient, and 
summing all terms gives the series 

p(mw) =^222 (1) 

00 fc=s— 00 00 

where V i.-i the volume of the unit cell. Carrying out the summation is 
thus equivalent to superimposing the sheets of electron density, crossing 
each other in all directions, and also results in adding a constant term 
F{000) which is equal to the total number of electrons in the unit cell. 
The relation is stated using the complex ejuantity i = -\/— 1 because 
this is a convenient way to take account not only of the amplitude but 
also of the change of phase of the beam when it is scattered.^ 

1 Reviews of this field will be found iii W. L. Bbagg and J. West, Phil, Mag,^ 
vol. 10, p. 823, 1930. W. L. Buaqg, “The Crystalline State, “ Macmillan, New York, 
1934. A. H. Compton and S. K. Allison, “X-rays in Theory and Experiment,” 
Van Nostrand, New York, 1935. J. M. Robertson, “Reports on Progress in 
Physics,” vol. IV, pp. 332-367, Physical Society, (London), 1938. 

* Usually \F{hkl)\ « \F{fi1il)\ (FriedePs law) when the wavelength used is not near 
an absorption edge of any atom in the crystal and when the phase change on scattering 
is the same for all the electrons. 
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This expression takes a simple form when the crystal has a center 
of symmetry, for then the imaginary parts vanish and 

1 ” + * f » 

p{uvui) = y 2v{hu + kr + Iw). (2) 

A direct determination of crystal structure is suggested by this 
relation: if one determines a great many F(hkl) values for various planes 
and solves the series for different points (uvw) in the unit cell, a plot 
results that shows the distribution of electrons throughout the cell with 
peaks occurring at the position of atom centers. There are serious 
hindrances to this procedure, however. In the first place, there is an 
ambiguity as to the sign of each term, for the intensities are proportional 
to \F(hkl)\^, not to F{hkl). It requires an approximate knowledge of 
the .structure of the cry.stal to determine these signs, for they are positive 
or negative depending on whether the diffracted waves have a phase the 
same as or opposite to that of a wave scattered by the origin. The 
second hindrance to the u.se of Eq. (2) is the tremendous number of 
calculations involved. 

By projecting the electron density in the unit cell onto one of the 
principal planes of the cry.stal the number of terms to be calculated can 
be diminished from several thousand to several hundred. Suppose the 
electron density is projected parallel to the a axis .so as to form a density 
pattern on the plane containing the h and c axes; Eq. (2) then reduces to 

1 + ” I * 

p(rw) = 1 2 2 (3) 

— 00 / = — QO 

or, if the projection has a center of symmetry at the origin, 

1 ” + * 

p{vw) = ^ F(0kl) cos 2‘n-(kv + Iw) (4) 

OO^B-'OO 

where A is the area of the face of the unit cell on which the projection is 
made. It will be seen that the only data needed for this projection are 
the reflections from planes of the type (Okl) (prism reflections), which 
belong to a single zone [100]. A plot of this function is shown in Fig. 1 
for the crystal shbwn in a similar projection in Fig. 2.^ The same uncer- 
tainty as to .signs of the terms has to bo dealt with by preliminary deter- 
minations of the .structure. 

This method has received considerable attention since its development 
by W. L. Bragg. Other types of projection somewhat analogous to this 

* W. L. Braoo, Z. Krist. vol. 70, p. 47.5, 1929. 
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were devised earlier by A. H. Compton and others but are less used in 
structure analysis. Lonsdale ‘ has published simplified electron-density 
formiilas for each of the space groups; these speed the computations 
relating reflection intensities to atom positions. 

It should be noticed that series which predict structure factors from 
an assumed distribution of atom positions [Chap. IV, page 79] are just 
the inverse of the series of this chapter, which deduce structures from 
observed F values. 



Fio. 1. — Electron density of diopvside (calcium-magnesium silicate) projected upon (010) 

plane. {W. L, Bragg.) 



Fio. 2. — Atom positions in diopside, projected as in Fig. 1. {W. L. Bragg.) 

The Series of Patterson. — A later development by Patterson* 
and its modification by Marker* stem from the same fundamental prin- 
ciples and will find wide usage in solving complex structures. It is 
possible to set up a Fourier series in which \F{hkl)\^ occurs, and infor- 
mation about the atomic positions can be derived from it without making 
assumptions as to the signs of the coefficients as is necessary in F{hkl) 

‘ K. Lonsdale, “Simplified Structure Factor and Electron Density Formulae for 
the 230 Space Groups of Mathematical Crystallography,” G. Bell, London, 1936. 

* A. L. Patterson, Z. KrisL, vol. 90, pp. 517, 543, 1935; Phy$. Rev., vol. 46, p. 372, 
1934. 

* D. Harker, J. Chetn. Phys., vol. 4, p. 381, 1936. 
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series. Patterson’s series for three dimensions is 


-f 00 + « + fo 

P(uvw) = 2 2 2 


g 2 Ti ( A u +Ar v-f- Zw) 


This reduces to the cosine form (either with or without a center of 
symmetry in the crystal), 


-f 4- ” -f- ao 

Piww) =• 2 2 2 cos Mhu + kv-^ Iw). (5) 


— oo oa 1 = 


The function P(uvw) represents the product of the electron density at 
any point in the unit cell whose coordinates are xyz and the electron 
density at another point whose coordinates are x + u, y + v, z + w. 
Thus, if there is an atom in the crystal at xyz and another at a; + tt, 
y + V, z + w, there will be two peaks in the electron density p(xyz), 
their distance apart will be given by the vector whose components are 
uvw, and theie will be a maximum in P{vxw) at the point uvw coiTe- 
sponding to this pair of atoms. In other words, Eq. (5) defines an 
electron-density product P(tww) that has maxima at distances and 
directions from the origin corresponding to the distances and directions 
between pairs of atoms in the crystal. The amplitudes of the peaks 
of P(uvw) correspond to the products of the electron densities at the two 
points considered (roughly products of the two atomic numbers). 

This triple Fourier series cannot be employed without a prohibitive 
amount of labor in calculation, but it becomes manageable if P{uvw) is 
projected on one of the faces of the unit cell. With projection along the 
c axis onto the (001) plane, for instance, the projected function is 

' + M -4- w 

= \ Piuvw) dw = ]/'’(^/;0)|^ cos27r(AM -f- A:t)). (6) 

A two-dimensional “Patterson plot” can then be made of the function 
pim) with contours drawn to show the distribution of this function 
throughout the projection, as shown in Fig. 3.^ A peak at uo on this 
plot corresponds to an interatomic distance in the crystal whose com- 
])onents along the x and y axes are u and v. It is to be noted that there 
is a certain ambiguity in interpreting the plot because it shows only the 
m components of the interatomic vectors rather than the true vectors 
with components uvw] thus if there are two interatomic vectors with 
u and V components the same but with the w component different, these 
will supeipose on the P{uv) plot. 

* L. Patterson, Z. KrisL, vol. 90, pp. 517, 543, 1935. It is frequently unneces- 
sary to plot more than a half or a quarter of a unit cell, if symmetry elements supply 
the rest. 
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In practice, the operations involved in using Eq. (6) are as follows: 
The intensities of all available reflections of the [001] zone are measured. 
This may be done by visual estimation of intensities from a film, using a 
set of graded exposures as a comparison standard. The intensities are 
then corrected by the Lorentz and polarization factors, and perhaps by 
additional factors, so as to yield \F(hkl)\^ values. The series is then 
computed for a large number of values of u and v — perhaps 60 values 
of each variable — each value of p(uv) being determined by some 20 to 
200 values of The computed values are plotted on a projec- 

tion, and points of equal value are connected by contour lines as in Fig. 3. 


+ c/2 0 -c/2 



Tig. 3. — Contour-line plot of series for CcCU. (Patterson,) 


The Patterson-Harker Series. — Ilarker' has applied Eq. (5) in 

such a way as to make use of knowledge of the symmetry elements 
in crystals, thus simplifying the method. When pi-eliminary analysis has 
determined the space group to which a crystal belongs, a knowledge of 
the symmetry elements makes it .possible to write down all the possible 
equivalent positions that atoms can occupy. Suppose there is a twofold 
axis parallel to the b axis of the crystal; then an atom at xyz has an 
equivalent atom at xyz, and the vector between these two has com- 
ponents 2x, 0, 2z. These values substituted in Eq. (6) will yield a maxi- 
mum value of P{vxw) at the point u = 2x, v = 0, w = 2z, which will 
be a point in the plane v = 0. Every other atom will also be paired with 
an equivalent atom in the same way and will lead to maxima in the 
same plane. Therefore, the u and w coordinates of every atom in the 
crystal can be found by evaluating P{uvw) for the special case of v = 0. 
Equation (5) then becomes 


-■I- ao -f- ^ 00 

P(uOw) =222 + Iw) 

/{s— 90 4a:-.9o/xi— » 

•4-90 -U 90 

= Chi cos 27r(/iw -4 Iw) 

— 90 I SCI — 90 


( 7 ) 


^ D. Harker, J, Chem. Phys., vol. 4, p. 381, 1936. 
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where 

+ <» 

u= 2x, w ^ 2z, Cu = 2 

— oo 

On the two-dimensional plot of P(uOw) there is now no confusion arising 
from interatomic vectors that are not parallel to the planes y = & con- 
stant, for these vectors do not appear. The maxima on the plot will 
show directly the values of the parameters x and z of the atoms in the 
unit cell. A two-dimensional series P{uOw) is used for all symmetry 
elements that are axes of rotation parallel to b, and similar ones with 
appropriate cyclic changes apply to rotation axes parallel to the other 
crystal axes. 

With a twofold screw axis parallel to b an atom at xyz is equivalent 
to one at X, y -f- z, and interatomic vectors have components 2x, 
—i, 2z. Thus P(uvw) must be evaluated for v = — J [or, .since P(uvv>) 
has a center of symmetry, for v = ^], 

P(uiw) =222 (hu -t- * -H lw\ 

ooA:=~«?=— 00 ' ' 

00 00 

= 2 2 Chi cos 2T(hu + Iw) (8) 

- « /= - 00 

whore 

1 00 

2 U = 2x, w = 2z 

A; = — 00 

The “ Patterson-Harker plot'' for a twofold screw axis parallel to b 
thus will be a two-dimensional plot having peaks from which the coordi- 
nates u and w of the interatomic vectors may be obtained. Other screw 
axes lead to related series.^ 

^ The table below gives the form of series required for each type of symmetry axis 
parallel to b and for each type of symmetry plane perpendicular to h. Cyclic inter- 
change will yield the corresponding cases for elements parallel and perpendicular to 


a and c axes. 

Symmetry Element Form of P{uvw) 

(a) Axes parallel to b: 

2, 4, 42, 4, 6, 62 F(uOw) 

2i, 4i, 48, 61, 06 P(uiw) 

3i, 62, 64 . P(wW) 

(b) Planes perpendicular to b: 

Reflection plane . ... P(CM)) 

Glide plane with glide of iao . . P(4v0) 

Glide plane with glide of Jco . P(0v4) 

Glide plane with glide of 4(ao -h co) ... P(JwJ) 

Glide plane with glide of J(oo + co) P(lwi) 

Glide plane with glide oT i(3ao + co) P(ivi) 
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Whenever possible, a plane of symmetry or a glide plane is used as a 
basis for the series, since for these cases Eq. (5) can be reduced to a one- 
dimensional series that is quickly computed. For a plane of symmetry 
perpendicular to b, equivalent atoms are at xyz and xyz with inter- 
atomic vector components 0, 2y, 0 giving maxima in P{tww) on the b axis 
only. Then 

-)- 00 *4" “f* 

p(o»o) - 2 2 2 i''(***)i* 


= 2 

Ar»» — 00 


cos 2irkv 


where 


-f- oo “f" 

2 2 \F(hkl)\^ and v = 2y. 

A* — ooZ= — 00 


Series in Structure Determination. — A Patterson-Harker plot 
effectively focuses all the diffraction data from a crystal on a certain 
feature in the structure, for instance on the interatomic distances for 
atoms on a certain plane in the unit cell. The resolving power that 
results is correspondingly higher than is found in a two-dimensional 
Patterson plot which uses only reflections from planes of a single zone 
[e.g., (hkO) reflections in Eq. (6)]. Furthermore, this resolving power 
can be brought to focus on any plane the inve.stigator believes will be 
most illuminating; or on a whole series of planes in turn that are spaced 
at intervals through the cell, giving a series of cross sections; or on a line 
that is run through the cell at any important position where a hint as to 
the structure might be found. The method thus can be an extremely 
powerful aid in solving complex crystal structures. The review by 
Robertson is recommended for a detailed discussion of the use of series 
of all types in structure determination.* 

None of the methods, of course, avoids the difficulty inherent in any 
Fourier method that the phases of the terms are not determined by the 
diffraction data. Phases must be assumed or determined otherwise or the 
whole question of phases must be circumvented by plotting F* series, 
which give less complete data but do not involve the phase uncertainty.* 
The F* series method contains the ambiguity that results from the 

‘ J. M. Robebtson, “Reports on Progress in Physics,” vol. IV, pp. 332-367, 
Physical Society, London, 1938. 

* It is interesting that two different crystal structures have been found with the 
same |F|* values, but with different signs for F values. These were found in the two 
forms of Bixbyite, (FeMn)»Os, in the space group Tl — laZ. A. L. Patterson has 
remarked that a similar ambiguity in determining structures from Fourier series 
could occur in OjI** — Ia3d and perhaps in some other space groups. 
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fact that it is not directly possible to decide which pair of atoms in the 
crystal belongs to a given interatomic vector. However, in some crystals 
there are only a few heavy atoms of large scattering power, and these 
can be identified readily. 

Computing Aids for Series. — The labor of computing any of the 
Fourier series mentioned above or any modifications of them is con- 
siderable, and much thought has been given lately to methods of shorten- 
ing the work. Without shortcuts, some crystal pi'ojections that have 
been published would require over 500,000 separate terms to be evaluated 
and summed. Robertson ^ has employed cards on which are printed 
appropriate sine and cosine functions. A semimechanical sorting device 
picks out the proper set to be added for a series summation. Lipson 
and Bcevers* have made up sets of numbered strips or slide rules with 
some of the computations already performed on them, which, when 
placed on a board in proper positions, make visible a column of numbers 
that are the individual terms of the scries to be summed. The same 
operations are accomplished in a different way by a smaller set of strips 
and templates devised by Patterson and Tunell.® By using one of these 
strip devices it is possible to compute a series in two or three days that 
would have required as many weeks by the older methods. Methods 
based on extensive use of card sorting and computing machines may 
ultimately replace the strip methods and reduce the task to simply 
punching buttons. 

Optical Synthesis of Fourier Series. — A field of research that holds 
much promise for crystal-structure workers in the future is the summation 
of Fourier scries by physical methods rather than mathematical ones. 
W. L. Bragg^ opened the field by using an optical method of summing 
the terms of a Fourier series so as to produce photographically the pro- 
jected electron density in a unit cell. He prepared a photographic 
plate with alternating light and dark bands on it that transmitted light 
with intensities varying approximately according to the cosine of the 
distance from one edge of the plate. When this was placed in an enlarg- 
ing camera, it projected the bands upon a film or printing paper find 
recorded them; by varying the exposure time and the projection distance 
the amplitude, phase, and period of these bands could be varied, and a 
series of these exposures could be summed simply by superimposing them 
on the same film or print. Each exposure was made to correspond with a 
single term in a Fourier series and represented the sheets of electron 
density that produced the given term. The final print was then a 

• J. M. Robertson, Phil. Mag., vol. 21, p. 176, 1936. 

’ H. Lipson and C. A. Bebvers, Proc. Phys. Soc. {London), vol. 48, p. 772, 0936. 

’ A. L. Patterson and G. Tunbll, Am. Mineralogist, vol. 27, p. 655, 1942. 

* W. L. Brago, Z. KrisL, vol. 70, p. 475, 1929. 
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synthesis of the electron density in the unit cell projected on onci of the 
faces of the cell. The photograph confirmed the computed results. 
Huggins^ has refined this method so that a lantern-slide projector can 
be used at a fixed distance from the printing paper. Lantern slides are 
prepared with bands at appropriate spacings and orientations for the 
different series terms, both positive and negative, and from this set the 
operator picks out and projects the proper slide for each term in the series. 
Early results obtained by Huggins are illustrated by Fig. 4 for fluorite 
(CaF 2 ).* An unwanted uniform background on the resulting photo- 
graph can be eliminated by the use of a suitable type of photographic 



Fig. 4.- Structure of CaFz by optical summation of Fourier series. {Huggins,) 


emulsion which is insensitive to this amount of exposure. A 50-term 
summation can be made in half an hour by this optical-summation 
method. It can be employed not only for electron-density plots in w'hich 
there is a center of symmetry, but also for nonsyrnmetrical projections, 
provided that the phases of the terms are known, and for Patterson and 
Patterson-Harker plots. 

M. J. Buerger has been developing methods for the synthesis of 
Fourier series by optical diffraction. He has shown that it is possible 
to drill a metal plate with holes spaced according to the points in a layer 
of a reciprocal lattice and by placing this plate in a lens system to form 
a diffraction image of the light passing through the holes. The diffrac- 
tion image is the Patterson or the Harker plot of the data drilled into the 

1 M. L. Huogixs, J. Am. Chem. Soc., vol. 63, p. 66, 1941., 

* Contributed by M. L. Huggins. The data used were from R. J. Havighurst, 
Rhys. Rev., vol. 28, p. 869, 1926. 
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plate. By adjusting the amount of light that passes through each hole 
in the plate (for example, by varying the size of the holes) the various 
F values for each reflection can be represented and the projected image 
can be made to show all the large and small peaks that are found on the 
mathematically computed plots. Further developments of this principle 
appear likely. 
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CRYSTAL STRUCTURES OF THE ELEMENTS 


The following table has been obtained from summaries by M. C. 
Neuberger {Z. Krist., vol. 93, p. 1, 1936) and by H. S. Rawdon and 
H. C. Vacher {Metals Progress, vol. 40, pp. 187, 581, 715, 1941) and 
references given in these articles. It represents a critical review of the 
data as of 1941. 

An asterisk indicates the ordinary form of an element that exists 
(or is thought to exist) in more than one form. Included in the list is 
the A symbol used by P. P. Ewald and C. Hermann in the “Struktur- 
bericht” {Z. Krist., vol. 66^., Akademische Verlagsgesellschaft m.b.H., 
Leipzig. 





Lattice constants in A 

Tempera- 

Distance 
of closest 
ap- 

Modifica- 

Element 

Type of structure 

1 



ture for 

tion 

i 



which con- 



1 

1 « 

! 

b 

c or axial 
angle 

stants apply 

proach, 

1 


Actinium 

Alabamine 

Aluminum 

;Fc.c.iii 

4 0414 



25*C 

2 8577 


Antimony 

Rhombohedral A7 

4 4975 


a = irw 

25*C. 

2 8795 


Argon 

, Fee. A 1 

5 42 



~233*C. 

3 83 


Arsenic 

^ Rhombohedral A 7 

4 135 


a-84'7.5' 

Room 

2 507 


Barium 

Bcc Al 

5 015 1 



Room 

4 343 

a 

Beryllium* 

H c p. A3 

2 2680 


3 5942 

20°C. 

2 2236 


Beryllium 

Hexagonal 

7 1 


10 8 

Room 



Bismuth 

Rhombohedral A 7 

4 7356 


a = 57*14 2' 

18 5*C 

3 1036 


Boron 

Probably hexagonal 







Bromine 

Orthorhombic 

4 48 

6 67 

8 72 

-150T, 

2 27 


Cadmium 

H.C p. A3 

2 9731 


5 6069 

25*C. 1 

2 9731 

a 

Calcium* 

Fee A1 

5.560 



20*C. 

3 932 


Calcium 







y 

Calcium 

H,cp.A3 

3 94 


6 46 

460*C. 

3 94 


Carbon 

Diamond cubic A4 

3 561 



18®C. 

1 511 


Carbon (graphite)* 

Hexagonal AO 

2 46 


6 78 

Room 

1 42 

a 

Cerium 

H c.p A3 

3 65 


5 91 

Room 

3 63 


Cerium* 

Fcc.Al 

5 143 



Room 

3 637 

Cesium 

B.c.c. A2 

6 05 



~173*C 

5 24 

a 

Chlonne 

Tetragonal 

8 56 


6.12 

<~110T. 

1 88 

ft 

Chromium* 

B.c.c. A2 

2 8786 



17*C 

2 4929 


Chromium 

H.c p A3 

2 717 


4 418 

Room 

2 709 

y 

Chromium 

Cubic A 12 

8 717 


.... 

Room 

1 043 

a 

Cobalt* 

H.c.p. A3 

2 507 

, 

4 072 

Room 

2 499 

ff 

Cobalt 

F.O.C. A1 

3 545 



Room 

2 506 


Columbium 

B c.c. A2 

3 2941 



20*C 

2 8527 


Copper 

F.C.C. A1 

3 6080 

. . 


20*C. 

2 5512 
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Modifio 



Lattice constants in A 

Tempera- 
ture for 

Distance 
of closest 

ElemeLfc 

Type of structure 




ap- 

tion 

which con- 



a 

5 

e or axial 
angle 

stants apply 

proach, 

A 


Dsrsprosium 

Erbium* 

Europium 

Fluorine 

H.c.p. A3 

3.74 


6.09 

Room 

3 73 


Gadolinium 

Gallium 

Orthorhombic^ 1-face 

4 517 

4 511 

7.645 

Room 

2.437 



centered All 







Germanium 

Diamond cubic A4 

5 647 



Roam 

2 445 


Gold 

F.C c. A1 

4 0700 



20*C. 

2 8779 


Hafnium 

Helium 

H.C p. A3 

3 200 


5 077 

Room 

3 139 


Holmium 

H.c.p A3 

3 657 


5 620 

Room 

3 480 

Rtni- 

Hydrogen 

Hexagonal 

3 75 


6 12 

~271“C. 



Illinium 

Indium 

Face-centered tetrag- 

4 585 


4 941 

22*C. 

3 242 



onal A6 







lodme 

Orthorhombic, 1-face 

4 795 

7 255 

9 180 

Room 

2 ;o 



centered A 14 







Iridium 

F c.c. A1 

3 8312 



1S‘C. 

2 7091 

a 

Iron* 

Bee A2 

2 8610 



20*C. 

2 4777 

y 1 

Iron 

F c c A1 

3 564 



20‘’C 

2 520 




3 b4D 



9«0T. 

2 580 

a 

Iron 

Bcc A2 

2 93 

i 

1 


1425*C. 

2 53 


Krypton 

Fee. A1 

6 68 



-191*0 

4 02 

a 

Lanthanum* 

H c p. A3 

3 75 


6 06 

Room 

3 73 


Lanthanum 

Fee A1 

5 296 



Room 

3 754 


Lead 

F.C.C A1 

4 9389 



20*C. 

3 4924 


Lithium 

Lutecium 

B C.C. A2 

3 5019 



20*C 

3"033 


Magnesium 

Hep A3 

3 2022 


5 1991 

20*C. 

3 1899 

o 

Manganese* 

Cubic ^12 

8 894 



Room 

1 065 

fi 

Manganese 

Cubic A 13 

6 300 



Room 

2 368 

y 

Manganese 

Face-centered tetrag- 
onal A6 

3 774 


3 526 

Room 

2 582 


Masurium 

Mercury 

Rhombohedral All 

2 999 


a = 70“31.7' 

-46*C 

2 999 


Molybdenum 

Bcc. A2 

3 1403 



17X\ 

2 7i96 

a 

Neodymium* 

Hep A3 

3 657 


5 88 

Room 

3 620 


Neon 

Fee. A1 

4 52 



-268T. 

3 20 

a 

Nickel 

Hep A3 

2 49 


4 08 

Room 

2 49 


Nickel* 

F.CC A1 

3 5169 



25‘’C. 

2 4868 

a 

Nitrogen 

Cubic 

5 66 



-252*C 

1 06 

fi 

Nitrogen 

Hexagonal 

4 34 


6 59 

-234*C. 



Osmium 

H.C p. A3 , 

2 7298 


4 3104 

20*C. 

2 670 

a 

Oxygen 

Orthorhombic 

5 50 

3 82 

3.44 

-252*C. 


0 

Oxygen 

Rhombohedral 

6 19 


a « 99 1* 

-238*C. 


y 

Oxygen 

Cubic 

6 83 



-225*C. 



Palladium 

Fee. A1 

3 8817 



20*0. 

2 7448 

Black 

Phosphorus* 

Orthorhombic Aid 

3 31 

4 38 

10 50 

Room 

2.17 


Platinum 

Fee. A1 

3 9158 

^=*92* 


20*C. 

2 7689 


Polonium 

(Probably) moiioclinio 

7 42 

4 29 

14 10 

Room 

3 4 


Potassium 

3 C.C. A2 

5 333 



Room 

4 618 

a 

Praseodymium* 

Prctoactinium 

H.CP.A3 

3 657 


5 924 

18*C. 

3 64 




554 


STRUCTURE OF METALS 


Modifica- 

tion 



Lattice constants iii A 

Tempera- 
ture for 
which con- 
stants apply 

Distance 
of closest 

Element 

Type of structure 

a 

b 

c or axial 
angle 

ap- 

proaebp 

a 


Radium 

Radon 

Rhenium 

Hep ^3 

1 

2 7553 


4 4493 

20*C. 

2 7349 

a 

Rhodium 

(^ubic 

9 21 



Room 


fi 

Rhodium* 

Fee Al 

3 7956 



18*C. 

2 6839 


Rubidium 

h ce A2 

5 62 



-173*C. 

4 87 

a 

Ruthenium* i 

Samarium 

H.C p AZ ' 1 

2 6987 


4 2740 

! 

18“C, 

2 6447 

a 

Scandium* 

Fee 

4 532 



Room 

3 925 

fi 

Scandium 

Hep -(43 

3 30 


5 23 

Room 

3 23 


Selenium* 

Hexagonal ^48 

4 337 


4 944 

Room 

2 316 

a 

Selenium 

Monoclinic ' 


0 = 9^34' 







8 992 

8 973 

11 52 

Room 


fi 

Selemum 

Monoclinif* 


/5 = 93“4' 







12 74 

8 04 

9 2.) 

Room 



Silicon 

Diamond cubic 

5 4ir3 

i 


20*C. 

2 3457 


Sliver 

Fc.c Al 

4 0778 



25*C 

2 8835 


Sodium 

Bee A2 

4 2820 


1 

20“C 

3 708 


Strontium 

Fee .41 

6 075 



Room 

4 296 

a (Yellow) 

Sulphur* 

Face-centered ortho- 

10 48 

12 92 

24 55 

Room 

2 12 



rhombic <417 

1 

0 - 83*16 




0 

Sulphur 

Monoclinic 

10 90 

11 02 

10 96 

103*C\ 



Tantalum 

B 0 c 42 

1 3 2959 



Room 

2 8544 


Tellurium 

Terbium 

Hexagonal 48 

1 

4 445 


5 912 

Room 

2 858 

a 

Thallium* 

H c p 43 

3 450 

1 

5 520 

Room 

3 404 

if 

Thallium 

Fee 41 

4 841 1 

1 ; 


Room 

3 423 


Thorium 

Thulium 

Fee 41 

5 077 

1 


Room 

3 590 

a (gray) 

Tin 

Diamond (ubic 44 

6 46 



18*C. 

2 80 

(white) 

Tin* 

Body-centered tetrag- 

5 8194 


3 1753 

20*C. 

3 0161 



onal 






1 

a 

Titanium* 

H e p 43 

2 953 


4 729 

Room 

2 915 

0 

Titanium 1 

Bee 42 

3 32 

1 


900*0. 

2 88 

a 

Tungsten 

Cubic 41 

5 038 



20*0. 

2 519 

0 

Tungsten* 

Bcc 42 

3 1586 



25*0 

2 7354 


Uranium 

Orthorhombic 

2 852 

5 865 1 

4 945 

Room 

2 76 


Vanadium 

Bcc. 42 

3 0338 



25*0. 

2 6274 


Virginiiim 

X^non 

Ytterbium 

Fc.c. 41 

6 24 

i 


-185*0. 

4.41 


Yttrium 

H.e p 43 

3 663 


5 814 

Room 

3.595 


Zinc 

Hep 43 

2 6595 


4 9368 

25*0. 

2 6595 

a 

Zirconium* 

H c.p. 43 

3 223 


5 123 

Room 

3 166 

0 

Zirconium 

B c.c. 42 

3 61 



867*0. 

3 18 


*Ordinaty form of an element that exists (or is thought to exist) in more than one form. 
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INTERNATIONAL ATOMIC WEIGHTSi 


i 

Element 

Sym- 

bol 

Atomic 

number 

Atomic 

weight 

Element 

Sym- 

bol 

Atomic 

number 

Aluminum 

A1 

13 

26 97 

Molybdenum 

Mo 

42 

Antimony 

Sb 

51 

121 76 

Neodymium. . 

Nd 

60 

Argon. 

1 

18 

39 944 

Neon . . 

Nc 

10 

Arsenic 

1 As 

33 

74 91 

Nickel 

Ni 

28 

Barium 

1 Ba 

56 

137 36 

Nitrogen 

N 

7 

Beryllium .... 

Be 

4 

9 02 

Osmium 

Os 

76 

Bismuth 

! Bi 

83 

209 00 

Oxygen 

0 

8 

Boron 

B 

5 

10 82 

Palladium 

Pd 

46 

Bromine 

Br 

33 

79 916 

Phosphorus 

P 

16 

Cadmium 

! cd 

48 

112 41 

Platinum ... 

Pt 

78 

Calcium 

Ca 

20 

40 08 

Potassium 

K 

19 

Carbon 

C 

6 

12 010 

Praseodvimum 

Pr 

59 

Cerium 

Ce 

58 

140 13 

Protoactinium 

Pa 

91 

Cesium 

Ch 

55 

132 91 

Radium 

Ra 

88 

Chlorine 

n 

17 

35 457 

Radon . . 

Rn 

86 

Chromium 

Cr ! 

24 

52 01 

Rhenium 

Re 

75 

Cobalt 

Co 

27 

58 94 

Rhodium 

Rh 

45 

Columbium 

Cb 

41 

92 91 

Rubidium 

Rb 

37 

Copper 

Cu 

20 

63 57 

Ruthenium 

Ru 

44 

Dysprosium 

Dy 

66 

162 46 

Samanum 

Sm 

62 

Erbium 

Er 

68 

167 2 

Scandium 

Sc 

21 

Europium 

Ku 

63 

152 0 

Selenium . 

Se 

34 

Fluorine 

F 

9 

19 00 

Silicon 

Si 

14 

Gadolinium 

Gd 

64 

156 9 

Silver 

Ag 

47 

Gallium 

Ga 

31 

69 72 

Sodium 

Na 

11 

Germanium 

Ge 

32 

72 60 

Strontium 

Sr 

38 

Gold 

Au 

79 

197 2 

Sulfur 

S 

16 

Hafnium 

Hf 

72 

178 6 

Tantalum 

Ta 

73 

Helium 

He 

2 

4 003 

Tellurium 

Te 

52 

Hoi mill in 

Ho 

67 

164 94 

Teibium 

Tb 

65 

Hydi ogen 

11 

1 

1 0080 

Thallium 

T1 

81 

Indium 

In 

40 

114 76 

Thoiium 

Th 

90 

Iodine . . . 

I 

53 

126 92 

Thulium 

Tm 

69 

Indium 

Ii 

77 

193 1 

Till 

Sn 

‘50 

Iron 

Fe 

26 

5> 85 

Titanium 

Ti 

22 

Krypton 

Kr 

36 

83 7 

Tungsten ^ 

W 

74 

Lanthanum . . 

La 

57 

138 92 

Uranium ! 

U 

92 

Lead 

Pb 

82 

207 21 

Vanad um 

V 

23 

Lithium 

Li 

3 

6 940 

Xenon 

Xe 

54 

Lutecium 

Lu 

71 

174 99 

Ytterbium 

Yb 

70 

Magnesium 

‘ Mg 

12 

24 32 

Yttrium 

Y 

39 

Manganese 

Mn 

25 

64 93 

Zinc . . 

Zn 

30 

Mercury. 

i 

Hg 

80 

200 61 

1 

Zirconium 

Zr 

40 


^J. Am. Chem. Soc., vol. 63, p, 850, 1941. 


Atoirm 

weight 


95.95 
144 27 
20 183 
58 69 
14.008 
190.2 
16 0000 

106 7 
30 98 

195.23 
39 096 
140 92 

231 

226 05 
222 
186 31 
102 91 
85 48 
101 7 
150 43 
45 10 
78 96 
28 06 

107 880 
22 997 

87 63 
32 06 

180 88 
127 61 
159 2 
204 30 

232 12 
169 4 
118 70 

47 90 
183 92 
238 07 
50 95 
131 3 
173 04 

88 92 
65 38 
91.22 


555 





APPENDIX IX 

PHYSICAL CONSTANTS^ AND NUMERICAL FACTORS 

Planck’s constant h — (6.6242 ± 0.0024) X 10“*'^ erg-sec. 

Charge on the electron e = (4.8025 ± 0.001) X abs. e.s.u. 

Mass of electron at rest mo = 9.1066 X 10~** g. 

Velocity of light c = (2.99776 ± 0.00004) X 10'® cm. per sec. 
Boltzmann’s constant k = 1.38047 X 10“'® erg per deg. 

Gas constant R — Nk — 1.9869 cal. per deg. per mol 

= 8.31436 X 10^ ergs per deg. per mol 
Avogadro’s number N = 6.0227 X 10*® per mol 

Mechanical equivalent of heat J = 4.1855 abs. joules per cal. (15°C.) 
Mass of atom of unit atomic weight \/N = 1.67339 X 10“*‘‘g. 

Ice point To = 273.15®X. 

Faraday constant F = 9648.7 + 1 abs. e.m.u. per gram equivalent 

= 2.89247 X 10'* abs. e.s.u. per gram equivalent 

1 electron volt = 1.602 X 10“’*erg 
1 electron volt per molecule = 23.05 kcal. per moJ 
1 kcal. = 4.185 X 10'®ergs 
1 electron volt = 11,500A: 

1 cal. (15‘’C.) = 4.182 joules 
1 volt = 1/300 e.s.u. = 10® e.m.u. 

I radian = 57.29578 deg. 

1 in. = 2.5400 cm. 
lA = 10“*cm. 

1 micron = 10“* mm. = 10*A 
1 psi. = 1422 kg. per sq. mm. 

In » => log, X = 2.302585 logio x 

The base of natural logarithms, e = 2.718 

» 11. T. Birgc, 1941. 
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INDEX 


A 


B 


Aborn, 267 

Absolute reflecting power, 83 
Absorption coefficients, 520 
Absorption factor, 537 
Adamantine compounds, 210 
Age hardening, 340, 461-474 
Aluminum, rolled, preferred orientations 
in, 395-401, 425 

A.S. r.M. card index of x-ray data, 138 
Amorphous metal, 1 
electron diffraction studies of, 503- 
505 

Amorphous solids, 229 
Andersen, 188, 191 
Andrade, 290-294 
Angles, formulas for, 511-515 
table for cubic crystals, 35 
Anisotropy, in crystals, 453-460 
in polycrystalline metals, 371, 443- 
453 

Annealing, sharpening of lines during, 86, 
375-377 
Ansel, 290, 324 

Antimony, explosive, 229, 440 
Antimony structure, 200 
Archer, 461 

Arsenic, amorphous, 229, 440, 501 
Astbury, 146 
Asterism, 82, 350-362 
in age hardening alloys, 470-474 
Atomic percentage, formula for, 205 
Atomic scattering factor /, 77 
Atomic weights, 555 
Atoms, determining positions of, 150 
radii of, 150, 216-218 
Austenite, 203, 476 
AX and AX 2 compounds, 209-218 
Axes, choice of, 145 
principal, secondary, tertiary, 24 
systems of, 3 
table of, 4 


Bain, 230, 476, 478 
Bainite, 479 
habit planes, 485 
orientations, 484 
Bakarian, 162, 411, 414 
Baldwin, 427-429, 446, 450 
Bardeen, 253 
Barkhausen effect, 263 
Bauschinger effect, 329 
Beck, 449 
Becker, 239, 473 
Becker-Orowan theory, 333 
Bend test, effect of orientations on, 412- 
415 

Berg, 361 

Bernal, 98, 107, 109 
Beta phases, 211, 232, 265 
Bethe, 238-240 

Binary diagrams, determination of, 178- 
185 

Birge, 556 

Bitter, 264, 432, 433, 451 
Bjurstrorn ruler, 129, 151 
Blake, 536, 537 
Boas, 373, 429, 437, 458, 459 
Boas and Schmid's theory, 387 
Body-centered cubic structure, 197 
Body-centered lattices, absent reflec- 
tions from, 77, 127, 146 
rotating crystal patterns of, 101 
Bohr theory of atom, 49 
Boron nitride structure, 209 
Bozorth, 34, 125, 221, 403, 432, 451, 
453 

Bradley, 117, 119, 133-135, 187-195, 234, 
538 

Bragg, 44, 142, 350, 356, 542-549 
Bragg spectrometer, 83 
Bragg- Williams theory, 236, 241, 248 
Bragg's law, 70, 75-77, 134 
in reciprocal space, 106 
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Brass, line widths from, 374-377 
phases in, 180, 211-215 
rolled, directional properties in, 443-446 
preferred orientations in, 395-402, 
424-429 

Bravais lattices, 2 

Brick, 293, 397, 402, 416, 425, 430 

Bridgman, 1, 173, 370 

Brill, 373 

Brillonin zones, 257 
Brindley, 367-374, 527, 533 
Buerger, 98, 114, 135, 145, 221, 536, 538 
Burgers, 334, 359, 422, 448, 475 
Burghoff, 445 

C 

Calcium fluorite structure, 210 
C'alibration of films, densities, 65 
for e, 84, 121, 132-137 
Cameras, back-reflcction Lane, 167-172 
back-reflection powder, 81, 85, 122, 
124, 135, 280 
Buerger, 111, 113 
Davey-Wilson, 165-167 
de Jong-Bouman, 114 
focusing, 84, 121 
for grain distortion, 361, 362 
high temperature, 98, 119 
Laue, 80, 88, 89, 172 
low temperature, 98, 120 
pinhole, 87, 88 
powder, 84, 89, 97, 115-125 
for preferred orientations, 87, 163 
rotating crystal, 82, 89, 97 
precision, 145 
Sauter, 114 

for stress measurement, 270, 274, 279 
universal, 89, 97 
Weissenberg, 111 
Canfield, 344 
('arbon black, 358 
(Hastings, textures in, 436H137 
Cementite, 476 

Cesium chloride structure, 209, 232 
Chalmers, 311, 314, 325, 345, 347 
Characteristic x-rays, 47 
Charts, Davey-Wilson, 164, 166 
Greninger, back reflection, 170 
Hull-Davey, 128-130 
stereographic, 29 
Wever, pole figure, 160, 161 


CJhemical affinity effect, 206 
Chemical analysis, by x-ray diffraction, 
86, 139 

by x-ray emission, 44, 49 
Claasen, 537 
Clark, 56, 142, 410 
Classes, symmetry, 13-18 
Cleavage, 317-324 

Cleavage planes, analysis of, stereo- 
graphic, 37 

Cbchrane, 496, 500, 505 
Cohen, 135-138 

Cohen’s analytical extrapolation, 136 
Cohesion, in metals, 251, 254 
Cold work, asterism from, 350-363 
effect of, on physical properties, 460 
from fatigue stressing, 377-380 
vs. line intensities, 372-375 
vs. line widths, 363-372 
residual energy from, 339, 364 
revealed by x-rays, 86 
theory of resistance from, 261 
Colloidal state, 229 
Colloids, diffraction lines from, 142 
(impressibility, 253 

(compression, deformation textures from, 
385-387 

recrystallizatioir textures after, 422, 
424 

theories of textures, 387-395 
Compton, 52, 527, 542 
Compton effect, 58 
Conductors, theories of, 254-261 
Constitution diagrams, determination of, 
86, 178-195 

Continuous spectrum, 46, 93 
(inversion factors, 556 
Coolidge tubes, 59, 61 
Coordinates, of atoms, 3 
of equivalent points, 18, 24 
of lattice points, 4 
of reciprocal lattice points, 103, 106 
Copper, line widths from, 369, 371 , 377 
Covalent binding, 196 
Cox, 540 
Creep, 344-348 
Cristobalite structure, 209 
Cross rolling, recrystallization textures 
after, 433 

Crossed-grating diffraction, in age-hard- 
ening alloys, 470 
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Crossed-grating diffraction, in crystals, 
356, 358 
in electrons, 600 
Laue equations, for 73 
Oystal, definition of, 1 
tJrystal structure, of adamantine com- 
pounds, 210 

of amorphous solids, 229 
of elements, 196-201 
table, 552 

of Hume-Rothery phases, 211-‘216, 265 
imperfections, 219-223 

{See also Imperfection in crystals) 
of intermediate phases, 208-219, 265 
of interstitial compounds, 216 
of liquids, 224-229 

of normal valency compounds, 208-211 
reference books on, 196 
of solid solutions, 201-208, 266 
superlattices, 230-240 
use of term, 3 

C-rystal-structure determination, Fourier 
series methods, 144, 542-551 
fundamental methods, 76-85, 114 
by Laue method, 93 
outline of steps, 144-153 
by powder method, 125 
x-ray, limitations of, 114, 144-148 
Crystal systems, table of, 4 
Crystallographic formulas, 51 1-515 
(yube texture, 425-430, 446 
Cubic system, angles between planes, 34, 
35, 511 

diffraction lines from, 126, 522 
(Cylindrical coordinates, 106 

D 

Dahl, 425, 428, 444, 451 

Ilarwin, 220 

Davenport, 480, 484 

Davey, 118, 127, 133, 165, 221, 403, 405 

Debye, 533 

Debye equation, for liquids, 225 
Debye-Scherrer-Hull method, 83, 115- 
143 

Decrement, 341 

Deep drawing, textures from, 417 
Deformation bands, 305, 360, 391-395 
asterism from, 360 
Dehlinger, 366, 370 


do Jong, 114 

Densities, of crystals, calculated, 138 
photographic, 65 
in Laue patterns, 93 
Derge, 482 

Diamond cubic structure, absent refle(; 

tions from, 127 
Diamond structure, 199, 210 
Diffraction, discovery of, 44 
of electrons, 493-510 
from lattices and space groups, 146-148 
of x-rays by crystals, 69-87 
Directional properties, 443-460 
Disappearing phase method, 181, 187 
Dislocation theory, 334-348 
Dislocations, diffraction from, 366 
resistance arising from, 261 
Dixit, 440 

Domains, in ferromagnetic ni(*tals, 263 
in superlattices, 239 
Domes, 19 
Donnay, 146, 511 
Drudc-Iyorentz theory, 254 

E 

h^asthope, 238, 240 
Eccentricity errors, 134-137 
Iklmunds, 414, 436, 447, 449 
lOlain, 294, 304-307 
Elastic aftereffect, 329 
Elastic constants, 268, 278, 453-458 
of superlattices, 247 

Electrodeposits, line broadening from, 
229, 368, 501 
textures in, 437-439 
Electron compounds, 2U-216 
Electron density, in crystals, 542-551 
Electron diffraction, 493-509 
apparatus, 494 
extra rings, 498 
identification of phases, 497 
particle-size determination by, 501 
reciprocal lattice relations, 106 
Electron microscope, 142, 223 
hJectron theory, of metals, 251-266 
Electron waves, 254 
Electronegative valency effect, 206 
Electrons, atomic energy states of, 49-52 
in x-rav tube, 46 
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Elements, structures of, 552-554 
symmetry, 13, 19, 21 
Elmore, 264 

Enantiomorphic crystals, 16 
Endurance limit vs. x-ray patterns, 377- 
380 

Energy levels, 49-52, 255-266 
Epsilon phases, 212-214, 265 
Equi-inclination photograph, 113 
Equivalent points, 18, 19, 24 
Errors in powder cameras, 132-137 
Etch pits, 174, 223 
orientations by, 173-177 
Eutectoid reactions, 475-492 
Evaporated films, 439-442 
Evaporation, metal deposited by, 229, 
439 

Ewald, 552 

Exposure, measures of, 65 
Extinction, 369, 374, MO 
Extrapolation of errors, 135 

F 

/, atomic scattering factors, 77, 372, 526 
table of, 529 

F, structure factor, 79, 528-532 
F* series, 544-551 
Face-centered cubic structure, 197 
Face-centered lattices, absent reflections 
from, 127, 146 

rotating crystal patterns of, 101 
Faces, growth, 144 
Fankuchen, 540 
Farnam, 422 

Fatigue, A.S.T.M. committee reports, 
378 

deformation of grains by, 369, 377- 
380 

effect of, on residual stresses, 282 
Ferrite, 203, 476 
Ferromagnetism, 241, 248 
theory, 261-264 

Fiber textures, 154-158, 381-395 
Films, calibration of, 84, 132-137 
calibration of densities, 65 
characteristic curve of, 65 
efficiency of» 65-68 
methods of reading, 280 
shrinkage of, 132-135, ?71 
Filters, x-ray, 56, 125 


Finch, 496-509 * 

Fink, 461-468, 478 
Fisher protractor, 33 
Fluorescent x-rays, 52, 85 
Fluorite structure, 209 
Focusing cameras, 84, 121 
Foote, 183 

Form, planes of,* 8, 18, 19 
Fourier analysis of structure, 144, 542- 
551 

Fowler, 242 
Fracture, 317-324 
Furth's theory of, 321 
Fricke, 374 
Friedel's law, 89 
Fuller, 412, 449, 498 

G 

Gallium liquid, 227 
Gamma phases, 213-216, 265 
Gas, structure of, 1 
Geisler, 467-474 

Gensamer, 268, 328, 407, 416, 431 
Gerraer, 441, 493-504 
Glassy state, 1, 229 
Glide plane symmetry, 21 
Glocker, 268-282, 424, 426 
Gnomonic projection, 43, 90 
Goldschmidt, 150, 208, 209 
Goniometers, for crystal orientation, 165- 
173 

for preferred orientation, 163 
Goss, 409, 416, 424, 432, 451 
Gough, 310, 378 

Grain boundaries, effect of deformation, 
325 

Grain size, after cold work, 1, 363-375 
determination of, by line broadening, 
142, 363-372 
by spot size, 82 

Graphical methods, for powder patterns, 
127, 134 

Greenland, 292, 298 
Greninger, 167, 477-491 
Greninger chart, 170 
Griffith, 332 
Groth, 145 
Guinier, 471 

Guinier-Preston zones, 470-474 
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H 

Habit planes, austenite decomposition, 
484-491 

Hanawalt, 413, 414 

Hanawalt’s chemical analysis system, 
139-141, 497 

Hardness, vs. grain size, 326 
vs. line widths, 375, 376 
of solid solutions, 326, 340 
of superlatticcs, 246 
Harker, 544, 546 
Haworth, 221, 365-370 
Heindlhofer, 323 
Hemihedral symmetry, 16 
Hemimorphic crystals, 16 
Hendricks, 358, 496 

Hermann-Mauguin notation, space-lat- 
tices, 6, 22 

symmetry elements, 16, 17 
Heusler alloys, 234, 248 
Hexagonal close-packed structure, 197 
Hexagonal crystals, axes of, 4 
indices of, 9 

interpretation of patterns from, 131 
stereographic projection of, 37 
unit cell of, 7 
Holohedral symmetry, 16 
Homopolar binding, 196 
Hot rolling textures, 416 
Howe, 305 
Huggins, 550 
Hull, 139 

Hull-Davey charts, 128 
Hume-Rothery, 120, 184, 185, 476 
Hume-Rothery 8 — iV rule, 199 
Hume-Rothery structurally analogous 
phases, 211-216, 265 

I 

Imperfection in crystals, 82, 219-223 
asterism from, 358 

Indices, determination of, metallograph- 
ically, 41 
of directions, 8 
of Laue spots, 90 
law of rational, 12 
Miller, 7 

Miller-Bravais, 9, 10 
of planes of form, 8, 18 


Indices, in powder patterns, 126 
of reflected beams, 75, 84 
in rotating crystal patterns, 100 
transformation of, 11 
in Weissenberg patterns, 111 
zone, 8, 13 

Insulators, theories of, 254-261 
Intensities of reflections, absolute, 83 
for electron diffraction, 508 
formulas (x-rays), 79, 541 
Laue spots, 81, 93, 538 
along Laue streaks, 351 
measurement of, 65, 83 
relation of, to crystal stru(?ture, 78-80, 
524-551 

Intermetallic compounds, 204 
Internal friction, 341-344 
Interplanar spacings, 76, 126 
Interstitial compounds, 216 
Inversion, center of, 14 
Iodine structure, 200 
Ionic binding, 196 
Ionization spectrometer, 83 
Iron, line widths from, 376 
microstructure from transformation, 40 
preferred orientations in, 386, 391, 394, 
402-410, 417, 424, 431-433 

J 

James, 527, 533 

Jay, 234 

Jeffries, 424, 461 

Jette, 121, 124, 138, 188, 203 

Jetter, 464-471 

Jevons, 447, 450 

Johansson, 230, 241 

Johnson, 53 

Jones, 265 

K 

K series, 47, 85 
Kaiser, 470 
Kanter, 345 
Kauzmann, 345 
Kettman, 134 
Kies, 379 
Kikuchi, 608 

Knot theory of age hardening, 461 
Koeler, 336-339 
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Kommers, 378 

Kurdumow-Sachs orientation relation- 
ship, 481 

L 

Lark-Horowitz, 498 
Lattice complex, 148 
Lattice constants, precision dotermina- 
tion, 132-139 

theoretical calculations, 253 
Ivattices, 2 
types of, 5, 6 
use of term, 3 
Lane, 44 

Tiaue equations, 71-74 

in rota ting-crystal method, 98 
Laue method, 80, 88-96 
asterism, 350-362 
shapes of spots, 93 
liayer lines, 82, 98, 108 
Lees, 419, 505 
Leonhard t, 94 
Lester, 267 
Limiting sphere, 106 
Line broadening, from cold work, 363-372 
from particle size, 142, 370-372, 501, 
502 

Lineage structure, 221 
Lipson, 476, 549 
Liquid, structure of, 1, 224-229 
Liquid crystals, 2 

Local-curvature theory, 356, 359-302 
lionsdale, 149, 532, 544 
Loreiitz factor, 535 
Lustman, 431 

M 

McCandless, 491 
McKeehan, 126, 264, 314 
Magnesium, directional properties in, 449 
preferred orientations m, 410-414, 433 
Magnetic domains, 263 
Magnetism, changes during annealing, 
375 

theory of, 261-265 
Marsh, 194 
Martensite, 478 

Greninger-Troiano theory of, 483 
habit planes, 483-485 
orientations, 480-484 


Martensitic transformation, in /9-briiss, 
309 

Mathewson, 308^313, 323, 388 
Mehl, 202, 239, 407, 464-492 
Mercury, 227 
Merica, 461 
Mesomorphic state, 2 
Metallic binding, 196, 251 
Meteorites, structure of, 464 
Mica, structure of, 2 
Microcreep, 348 

Microstructure, during age hardening, 
461-470 

in steel, 475-491 
vs. strength, 328 
Molecular binding, 196 
Moller, 270-282 
Monochromator, 118, 125 
Mosaic blocks, 219-223 
effect of, on dislocations, 337, 338 
on intensities, 372 
on line widths, 363-371 
Moseley law, 48 
Mott, 468, 470 
Multiplicity factor, 536 

N 

Nabarro, 468, 470 

Nelson, 501 

Neuberger, 552 

Neumann bands, 308 

Nickel arsenide strueture, 210, 216 

Nishiyami, 482 

Nishiyarni orientation relationship, 482 
Nitride needles (plates), 42 
Nix, 231, 430 
Norbury, 215 

Normalizing, random texture from, 433 
Northcott, 437 
Norton, 283-285, 417 

O 

Omega (w) coordinate, 106, 112 
Optical synthesis of series, 549 
Order of reflections, 71, 75 
in Laue spots, 81 
in reciprocal lattices, 102 
Order in superlattices, 230-250 
long range, 235 
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Order-disorder transformations, 230-250 
Orientation of crystals, determination, 
stereographic, 38, 40, 41 
of precipitate, 466-474 
preferred, 87, 381-442 
representation of, 34 
Orthohcxagonal axes, 11 
Orthorhombic crystals, diffraction lines 
from, 131 

example of structure determination, 
151 

Oscillating crystal method, 109 
Overgrowths, 491 

P 

Parameters (atom positions), 149 
Parametric method, 182, 187 
Particle-size determination, 142, 370, 502 
Patterson series, 544 
Patterson- Harker series, 546 
Paulies exclusion principle, 255 
Pauling, 151, 527 
Pearlite, 477 
orientations in, 484 
Pen field protractors, 28, 33 
Periodic table, 198, 219 
Pcrmallov, line widths from, 365, 368 
Pfeil, 305 

Phase changes, stereographic analysis of, 
in iron, 40 

{See also IVansformations) 

Phase diagrams, determination of, 178- 
195 

Phase rule, 180 

Phases, determination of, in alloys, 
178-195 

in Fe-C alloys, 475-480 
identification of, by x-rays, 86 
intermediate, structure of, 208-219 
theories of, 265 
Phillips, 447, 458 
Physical constants, table of, 556 
Piezoelectric crystals, 16 
Pinacoids, 19 
Planck constant, 50 
Plane of symmetry, 14 
Planes, indices of, 7 
intersection of, 38 
spacing of, 12 

traces on two surfaces, 37-42 


Plastic deformation, grain distortion 
from, 362 

mechanism of, 288-330 
theories of, 332-348 
Point groups, 13 
table, 17 

Points, coordinates of, 18, 24 
Pole figures, cold rolling, 398-416 
compression textures, 386, 392, 393 
deep-drawn pail, 418 
plotting of, 158-162 
Poles of planes, 25, 33, 37-42 
Polished metal, 1 

Polished surfaces, electron diffraction 
studies of, 503-505 
Post, 403, 410 

Powder cameras, errors in, 132-137 
Powder method, 80, 83, 115-143 
absorption errors, 135-137 
for binary diagrams, 179-185 
choice of camera dimensions, 119 
choice of radiation, 85, 125, 138 
interpretation of films, 125-143, 151 
specimens, 118, 121, 122, 184 
for ternary diagrams, 185-195 
Precipitation, during age hardening, 
461-474 

of planes, analysis of, 37-42 
Precision lattice constants, 86, 132-139 
Preferred orientations, 87, 381-442 
analysis of, 154-163 
in castings, 435-437 
causing asterism, 351-354 
from cold drawing, 417 
from cold rolling, 395-415 
from compression, 385-395 
after compression and re(Tystalliza- 
tion, 422-424 
from cross rolling, 415 
from deep drawing, 417 
in deposited films, 439-442 
directional properties from, 443-452 
effect of, on properties, 381, 443-453 
electron diffraction evidence of, 502, 503 
from hot rolling, 416 
from machining and polishing, 418 
recrystallization, theories, 420, 428 
ill rolled sheet recrystallized, 424-434 
from torsion, 417 
from wire drawing, 381-395 
in wires, recrystallized, 420-424 
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Preston, 357, 471 
Primitive space-lattices, 6 
Primitive translations, 2 
Principal stresses, 269 
measurement of, 270-287 
Prisms ^(crystal forms), 19 
Projections, gnomonic, 42, 90 
reflection, 43 
spherical, 25, 31, 32 
standard, 33 
stereographic, 25 
nets, 29, 30 

Protractors, stereographic, 28, 33 . 
Pyramids, 19 
Pyroelectric crystals, 16 

Q 

Quantum numbers, 258 
Quarrcll, 499, 501, 506 
Quasi-binary lines, 194 
Quick, 379 

R 

Radii, atomic, 150, 216-218 
Radiography, 54 
voltages used, 46 
Radius errors, 134-137 
Randall, 527 
Ransley, 415, 448 
Rational indices, law of, 12 
Reactions, orientation and habit in, 491 
Read, 335 — 343 
Reciprocal lattice, 101, 472 
for electron diffraction, 507 
Reciprocity law, x-ray, 67 
Recovery, 375 
revealed by x-rays, 86 
Recrystallization, 375 
accompanying age hardening, 463, 464 
revealed by x-rays, 86 
Recrystallization textures, 420-434 
table, iron and its alloys, 432 
Reference sphere, 25, 42 
Reflection, of x-rays, 70-87 
table of reflecting planes, 522 
Reflection projection, 43 
Reflection sphere, 103 
Refraction error, 138 
Relative valency effect, 206 


Resistivity, changes during annealing, 
375, 376 

vs. magnetism, 264 
in superlattices, 243-245, 248, 261 
theories of, 254-261 
Robertson, 542, 548, 549 
Rock salt structure, 209 
Rolling and recrystallization, textures 
from, 424-434 
Rolling textures, 395-417 
theories of, 406, 407 
R6ntgen, 44 
Ross filters, 58 
Rotating crystal camera, 145 
Rotating crystal methods, 80, 82, 97-114 
Rotation axes, of symmetry, 13 
Rotation-inversion axes, 14 
Rutile structure, 209 

S 

Sachs, 270, 283, 286, 330, 354, 364, 395- 
431, 463, 481 
Sauter, 114 
Sauveur, 485 

Scattering of x-rays, 53, 77, 524, 534 
Scherrer, 142 

Scherrer particle size formula, 142, 370 
Schiebold, 536 
Schmid, 382-459 

Schoenflics, space-group notation, 6, 22 
symmetry-class notation, 15, 17 
Screens, intensifying, 67 
Screw axes, 21 
table of, 22 

Seeman-Bohlin camera, 121 

Seitz, 251, 335-342, 345, 454 

Semiconductors, 260 

Shear, in twinning, 315-317 

Shear stress, for slip, 294-302, 332, 34 1 

Shearing fracture, 321 

Shockley, 231, 240, 241, 251 

Shrinkage errors, 132-137 

Shrodinger equation, 257 

Siegbahn, 138 

Sisson, 408, 410 

Sixtus, 432, 452 

Size factor, 206 

Slide rule, for cubic patterns, 127 
Slip, crystallography of, 288-294, 304 
rotation caused by. 802-307 
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Slip, stress required for, 294-302, 332- 
340 

theories of, 532-341 
Slip lines, 201, 338 
analysis of, stereographic, 37-42 
precipitation along, 462 
Slits, design of, 117 
Smekal, 332 
Smith, C. 8., 446 

Smith, D. W., 461-468, 474, 484, 483 
Smith, G. V., 484, 485, 491 
Sodium, liquid structure rf, 226 
Solid solutions, in iron alloys, 219 
structure of, 201-208 
theory of, 266 
Sommerfeld's theory, 258 
Space groups, 19 
determination of, 146 
tables of, 148 
Space-lattices, 2 
determination of, 146 
drawings of, 5 # 

table of, 6 

x-ray determination of, 114, 126, 146, 
151 

Spacings, interplanar, 76, 126 
Specific heats, of metals, 256 
of superlattices, 242 

Specimen preparation, 118, 121, 122, 184 
for pole figures, 162 
Spectrometer, ionization, 83 
Sphere of reflection, 103 
Spots, shapes of, 93-96 
Spretnak, 409, 496 
Sputtered films, 439-442 
Steel, rolled, diffraction from, 158, 161, 
162 

directional properties in, 447, 452 
preferred orientations in, 402-405, 
407-410, 415-418, 431-433 
for transformers, 432 
Stereographic projection, 25-43 
angle measurement on, 26, 32, 33 
applications, 25, 37, 145 
of Lane asterism, 351-354 
of Laue equations, 73, 74 
nets and their use, 29-33 
of orientation of crystals, 34, 40, 163- 
177 

of preferred orientations, 155-162 
(See also Pole figures) 


Stereographic projection, protractors, 28, 
33 

standard projections, 33 
Stibitz, 365 
Stickley 368, 371 
Stillwell, 151 

Strain hardening, 298-302, 326-330, 335- 
338 

Strains, macroscopic, measurement of, 
by x-rays, 267-287 
Stress coat, 380 

Stress measurement, by sectioning, 286 
by x-rays, 86, 267-287 
Stresses, in age hardening alloys, 467, 468 
altered by fatigue, 282 
vs. asterism, 354 
for cleavage, 317-324 
macroscopic vs. microscopic, 363 
for slip, 294-302 
for twinning, 315, 322 
from welding, 281-285 
Structurally analogous phases, 211-216 
Structure, use of term, 3 
Structure factor F, 79, 127 
Sublimation energy, 253 
Superlattices, 239-250 
origin of resistance in, 261 
Symmetry, determination of, 81, 144-148 
of point positions, 148 
rotation axes of, 13 
of x-ray patterns, 89 
Symmetry elements, 13, 19 
reflection characteristics of, 147, 546 
Systems, crystal, 2, 6 

T 

Tamman, 230 
Tarasov, 451, 452 

Taylor, 304, 330, 334-336, 364, 388-390 
Tellurium structure, 200 
Ternary alloys, recrystallization textures 
in, 430 

Ternary diagrams, 185-195 
Tetartohedral symmetry, 16 
Tetragonal crystals, diffraction lines 
from, 129 

Texture (see Preferred orientations) 
Thermal vibrations, asterism from, 357 
Thomas, 127 
Thomassen, 374-377 
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Thomson, 493, 496, 624 
Torsion textures, 417 
Traces of planes, 37-42 
Transformations, in age hardening alloys, 
466-474 

asterism from, 356 
of metals, 474 
in steel, 475-492 
Translation, repetition by, 21 
Translation groups, 2 
Troiano, 483, 485 
Tubes, x-ray, 59-64 
Tunell, 540, 549 

Twinning, atom movements in, 313-315 
crystallography of, 307-313 
effect of, on pole figures, 413-415 
in magnesium, 449 
shear in, 315-317 
stresses for, 315, 322 

Twinning planes, analysis of, stereo- 
graphic, 37-42 

U 

Ulrey, 45 
Unckel, 444 
Unit cell, 3 

atoms in, determination of, 148 
choice of, 145 
determination of, 145 
Lane, 93 

rotating crystal, 100, 107 
hexagonal, 7 
volume of, 102 
Uranium, structure of, 151 

V 

Vacher, 397, 552 
Valency compounds, 208-211 
Vegard's law, 202 
Velocity factor, 540 
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von Hevesy, 44, 52 
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White radiation, 45-47, 94 
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recrystallization textures in, 421—424 
theories of, 387-395 
Wollen, 527 
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Wooster, 111, 454 
Wright, 33, 43 
Wulff, 505 
Wulff net, 29 
uses of, 38-42 
Wurtzite structure, 210 
Wyckoff, 22, 88, 93, 151, 196, 537, 538 
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X-bands, 305 

X-constituent in steels, 480 
X-ray tubes, 59-64 
X-rays, absorption of, 51, 53 
absorption coefficients, 520 
characteristic spectrum, 47, 85, 516 
chemical analysis by, 44, 49 
choice of, powder method, 85, 125 
continuous spi^ctrum, 46 
diffraction fundamentals, 69-87 
discovery of, 44 
efficiency of production, 45, 47 
filtering, 56 
fluorescent, 52 

generating equipment, 59-64 
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K and L series lines, 47-49 
line intensities vs. voltage?, 52 
photographic effects of, 65-68 
properties of, 44, 45 
protection from, 64 
scattered, 58, 69 
true wavelengths, 138 
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Zernike-Prins formula, 225 
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Zinc, rolled, directional properties in, 449 
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410-414, 433 

standard projection of, 37 
Zinc blende structure, 209 
Zinc-sulphide screens, 68 
Zintl, 217 
Zone axes, 12 
determination of, 39 
Zone theory, 257-266 
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